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cepis gisuuna «SAapa, wacTaHkm, nons», sun. 1 /13/ TeopeTuko-nonesoe onucanne boropacienneHus ..,

VIAK 539.172:3

- TEOPETHKO-IIOJIEBOE OIIMCAHUE ®OTOPACHIEILIEHUS MAJIOHYKJIOHHBIX
CUCTEM |

AJ0. Kacarkun, 1.K. Knpuqemco*, A.H.Kopm“

Hayuonanenuiii nayunviii yenmp Xapvxosckuti Pusuxo-Texnuveckuil Hucmumym,
Hucmumym meopemuueckoil ¢pusuicu,
61108, Yxpauna, 2. Xapvkos, nep. Axademuneckuii 1,
' Yipauncran unocenepro-nedazozuvecrkan akademus,
61003, Yxpauna, 2. Xapexos, yn. Yrusepcumemcxan 16,
" Xapvrosckas zocydapemeennan axademMus. MexHOROZUY U OP2AHUIAYUN NUMAHUS,
61127, Yxpauna, 2. Xapvkoe, ya. Knouxosckas 333,
IMoctynuaa 8 penaxumio 14 ¢espans 2001r.

Pasgut mozxon ans goropaciuennenns nervaliumix aTOMHBIX SJep B aMILIHTYAE KOTOPOTO, YAOBJETBOPEHSI TpeGoBaHHA
KOBaDHAHTHOCTH M TDAIMEHTHON WHBAPUAHTHOCTH C YYETOM BHYTpeHHeH CTPYKTYpsl coCTaBHOM cucTeMsl. TlposeaeHsi
MCCJIEI0BAHNS OTHOCUTENBHBIX BK/IAO0B MOMIOCHOM U perynspHoit yacTelt moNHON aMILIMTYABI Ce4eHMA NPOLECCa.
KJIFOYEBBIE CJIOBA: doropacmennenue, dynkums [puHa, Bepluninas GyHKINA, CeYeHHe MpoLiecca

OcHoBHO#i 3afadell KBaHTOBOM TeOpHM MONA ABMsAETCA BhIYHCIeHWe Qymkmuu [puna (OT), T.e. BaKyyMHBIX
CPEAHNX XPOHONOTHYECKMX NPOH3BEACHUH B3auMOAeHCTBYrOIMX nonel. Mcnmoms3oBanne GpyHKUMOHATBHBIX METOMIOB,
no3sosiseT obbeauauTs Bece ®I' B mpomsBomMIMN (YHKIMORAN, a NPUMEHEHWe PEIYKIMOHHOW TEXHUKH NAeT
BOSMOXHOCTb YCTAHOBHTH CBA3b Mexay OI' ¥ ee BKIaZNOM B COOTBETCTBYIOWMM 3NeMEHT S-MaTpuiml. Sta
COBpEMEHHAA CXeMa TIONYyYeHWS MAaTPHUHBIX SJEMEHTOB pas3IMYHBIX MPOLECCOB OCHOBaHa Ha MCMONb30BaHWH
JlarpaHKuaHa. _ :

B otmmane 0T KBaHTOBOMW 3JIEKTPOAMHAMUKY, DU OMMCAHMH MPOLECCOB B3aMMOIEHCTBUA GOTOHOB C ATOMHBIMHU
ANpaMH (COCTAaBHBIMH CHJILHOCBA3AHHBIMYM CHCTEMaMHM), BBINIE ONMCAHHAA CXEMa CTAHOBUTCA HENPHUMEHHMOM o
NPHYHHE HEBO3MOXHOCTU HaNMACaHKA JIarpatkKyiaHa, ONHCEIBAIOILET0 “pa3Bai’” COCTABHON CHCTEMBI HA COCTABJISIOLINE,
a 3HAYMT U “BKIIOYMT” B HEro dNeKTpoMarsuTHoe (OM) moie IyTeM yIIMHEHHs MPOM3BOAHBIX €r0 KHHETHYeCKoH
YacTH. ;

B Hactosime#t paboTe npeanoxkeHa TeopeTHYECKas MOJENb, B KOTOPOH 06Go3HaYeHHas npobiemMa pemaerca MAHys
CTa[MI0 HAMHCAHWA NarpamknaHa COCTABHOM CUCTEMBI, NpEAroNaras, 4YTO H3HAYANBHO Y)K€ W3BECTHBI HBYX- W
TpexyacTHunble @I B3auMOIeHCTBYIOMMX MoJel. DTOrO CTAHOBUTCH HOCTATOYHO A7l HANMCAHMS TMOMHOM AMITTUTYIEI
QoTompouecca, B KOTOPOH yAOBNETBOPAIOTCS TPeOOBAHMA KOBAPHAHTHOCTH M KaTMOPOBOMHON WHBAPMAHTHOCTH MpPH
NOCIICAOBATEILHOM Y4eTe BHYTPEHHEH CTPYKTYpPbl COCTABHOM CHCTEMBI,

KOBAPUAHTHOE OBOBINEHHUE METOJA ®OTOHHBIX BCTABOK
Paccmotpum pensruBucrckoe oGobmienne Merona QoTOHHBIX BeTaBok [1,2] Ha npuMepe (oTopaciienieHHs
CKANAPHOH CBA3AHHOM CHCTEMBI C 06pa30BaHHEM B KOHEYHOM COCTOSHHUM TAKOKe JIBYX CKANAPHBIX COCTABIIAIOLIMX.
PaccMOTpeHue BBIMOMHHUM B HMIYIBCHOM MpeNCTaBNeHuM. N8 WUNOCTPalMM PasBUTOTO  MOAXOAa
TPOAEMOHCTPHPYEM €10 Ha (QyHKIMH pacpoCTpaHeHWA CKaIApHOro most. “Bimouum” OM none & , C 4 — AMITyNECOM

g, B®T" D(p) ckanspHO 9aCTHIILI C HMITYJJbCOM p H Maccolf m TOCpeJICTBOM OIlepaTopa:

\dl 0O

zee#j—h-{D(p + ﬂq)},

v A Og
U

rae ze - 3apAA B3aUMOIEHCTBYIOMIEH ¢ MONEM 4YacTHUbl. 3HaK IOCc neped A B MOOUHTErpalbHON (YHKUHH

BBIPAXXEHUA COOTBETCTBYET NOIJIOINEHMIO 10/, @ MHUHYC €T0 MCIyCKaHwmO. B JanbHeiem 1 TPOCTOTH! W3NOKEHUs

noJ B3auMofieficTBHEM YACTHLIEI C NOJIeM OyaeM MpeanoaraTh ero rnorjiomeHue.

Hcnons3ya cBoicTBO mpamoro u ofparoro nponaratopos: DD™ =D™'D =1, u muddepeAuupys ero no gq,,
nomysum 0D/6q, =-Dx 0D [8g, x D . Torna Bxmodenne OM nons B iByx4acTiuyio ®I” umeeT BHA
zesyl%a?-{.{)(p +ig)}= —zeeﬂj—f—D(p + }“q’jéj_ {D'l(:o - lq)}D@) +1q).
H H
Asepii  BMA  nponararopa D(p)=1/ (p’ -m’ + :'0] OO3BOAAET  BHINOAHMTE  AMpPEepeHUMpOBaHHe
oD (p + 2q)/3q, =24p, B pesynsrate uero
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2ip

a

L d L dj
zeeyj-——a {D(p+iq)}=-zeeﬂj— s —
" 4 9q, .4 [(p-f-).q) —m +:0]

2 2 .
Mpencrapnss 3sHameHatens npasoif yact B suge: (p+Ag)' —m® +i0=Aa + (] s ﬂ,)b rae a=(p+q) —m’ +i0,
b=p’—m’+i0 nsbraucnas delHmaHoBCKuR MHTerpa, IPUXOIMM K BBIPAKEHWIO
L dl 2, 3
[ e = D+ (20 +9), /D) 0
o A kp +Agq) - m’ +:’OT
Takum obpasom, BkmoueHue OM moNd B HBYXHACTHUHYIO (YHKIMIO PacmpOCTpaHEHWA BOCHTPOU3BOIUT
W3BECTHYIO B KBAHTOBOMH 3/IEKTPOAUHAMHUKE BEPUINHY B3anMoneiicTBus M H 3apsHKeHHOTO CKaNAPHOTO noneH

g“gq E“gq zet,| %D+ 1)) = 2D+ (e, 20+ AIDD. @)
0 A q,
i L ' CTUY ®I' MOkHO
D) D() D(ptq) [lpouecc Bxmouwerns OM noas B JAByX4a HYIO "
- m006pasuth rpadudecku (puc.l). CrenopaTesibHO, BKIIOUCHNE nons

B JByx4acTmdHyio @' mopoxzmaer TpexdacTuuHylo @I, conepikairyio
ONHY BHELIHIOI JIMHHIO, CBA3aHHYIO C peajbHbIM (POTOHOM, U ABe
ApyTHe, COOTBeTCTByromue aByxdactwdHeiMu OI. [larHaa npouemypa
AB/SETCA aHATOroM oOpasoBaHMs B KBAaHTOBOM TeopuW moms TpexToueuHodt @I, rme QoToHHas (yHKuUMA
PacnpoCTpaHeHHA peayIpOBaHa K BOTHOBOH QyHKIMH peanbHoro potoxa. Caenas B (2) 3aMeHy &, — g, , IPHXOAHM

K U3BECTHOMY TOXKAECTBY Yopna-Takaxamm:

Puc. 1. Brnioyenne OM nons B
asyxuactuanyio OI' D(p).

9,2p+4),=D"(p+9)-D"(p). 3)
B ciryyae wactuip! co caHoMm 1/2 omHodoTOHHas BCTaBKa B IByxuacTaHyo @I S(p) ocymecTBngercs aHaNOrHYHO
tdh 0 Ldl & e
zeeﬂj—— .——{S(p + Aq)} = ~zeg,[—S(p + Rq}——{S '+ Aq)}S@ +g). “4)
oA Oq, o L ok,

BocnonesoBasiwincs S8HEIM BunoM mpomnaratopa S(p + Ag) =1/ (EJ +Ag~m+ :'0) W BBIMONHUB NHQ(epeHUNpOBaHHe
IOJ1 HHTETPAIOM B MPaBoii yacTH (4) mosryunm
zespjifg-a—{S@ + lq)} = -—zea‘yjd/'l. (rdgs m}}')u(p et M)-
v 4 8g, o [(p+;lq)1-m2+x'0r
Tlposens ToxaecTBeHHbIE MPe06pPa3OBAHMA B YHCIIHTENE MOAMHTerpaibHOM (yHKIEM npaBoii yacTu
(B+2g+my, (b+2g-+m)=2p,(p+m)-(p* = m’y, +24(p, i - gy, )
W BBOAIA B 3HAMEHATENE 4 M b apanorndHo (1), B NPaBYyIo YacTh BLIpakenns (5) MPUBOTHTCS K BUITY

» 1
4 ; [219,, p+m)=by, [da
jﬂ(p+iq+m}n(p+lq+m) _ (p+m) E [Aa+@- 28] ’
o Kp+Ag) —-m' +iof SR y) ' ©)
+ 2(p#k -(gp)y, )di
° [ra+@-2y)

&)

Berancisia unrerpansr Qeifmana, mpasas 4acts éupaﬁceune (6) npumer Bun

2p (p+m)-b ;.] " /
| (ab) y"*z(m-(qp)n){ : +m|a”b|}.

alb-a) (b-a)’

al_ a a-b [(a-b
YyuteBag, 4T0 }a/bf ~1,n ln{;{ = lnll +[—5 -l} ~ - + TJ » IPHXOMIUM K pe3ynsTary

sﬂ{lzpﬁ(p+q+m)—"h]}= — 1 [é_or,,,&‘,,q,J i e (ﬁ+m)((ap)é—-(pq)§) B
pey (p+§-m+i0) 2m (ﬁ—mﬂ'ﬂ) ml(p+q)’-—m’+i0]p1—m2 +EH

=S(p+ q)[e“ = Zwud JS(p) +o(q).
2m

NPHBOAKT aHANOTMYHO (2) K M3BECTHOY B KBAHTOBOM 3NEKTPOIMHAMUKE B
CIIMHOPHOTO NoJieH:
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zee,

Q"—'—l!—

o dds
A 9g,
3amena &, — g, , Kak 4 B c/y4ae (3) NPUBOIUT K M3BECTHOMY ToXzAeCTBY Vopaa-Taxaxamy § =S8 ( p+q)-5"(p).

PaccMoTpeHHbie BbILE Cilygan MeTola BKMOYeHus DM nons B AByxuacTudnsie O MOKHO pacnpoCcTpaHuTh Ha
CHIPHOCBASHYIO TpexToueuHyro pepmuHHyio O G, p,,p,) (puc. 2). Ilpeanonaras, YTO BHEIIHWE KOHLIEI
AByXHacTHYHBIX @I ycewennsie, B3anMoeicTBYE OCTaBIISHCA BepWHHLI ¢ DM IoJeM 3anHIIeTcs B BUIE

{S(jv + Aq)} = —zeS(p+ q)(é - &—g”——)S(p)

2m

di ©
IT%{ZIG@'*M};%+’1q:pz)+zzch+2'q;Pnp1 +AQ)}a (7)
i
TAe Z,¥ z, BEJIMYHHBI 3aPANOB 4aCTAL 1 M 2 COOTBETCTBEHHO (Z2 =2, +2,).
Paccmotpum Temeph BXmodeHHe DM Mons B MONHYIO CHIILHOCBASHYIO TPEXTOYEUHYIO
G{p plpz)/)(pl) dynxiao pacnpoctpanenus (puc. 3).

Brmoyenue OM mons B NomHYH TpexTodeuHyio PI° B COOTBETCTBMH C xnamonoﬁ

D(p) (p) TEOpHEH MONsd TOPOXHAeT 4eThIpexTodeunyro @I, conepmamy}o TPH OJHOYACTHYHO
\o OpHBOAMMBI® YacTH, CBA3AHHBIE JpPYyr ¢ JPYroM “KPOCCHHTOM” H OZHOYAaCTHYHO-
HEMPHBOJHMYIO 4acTh, BHEIIHHMH JIHHHAMH KOTOPBIH ABJAIOTCA TOYHBIE NPOMAraToOphl

Puc. 2. Tpextouednas p3ammopeHcTBYIOmMX vacTvn, MatemaTHueckas 3amuch Npolecca BKTOueHMs DM mons B
BEPIHHHAS  QYHKLYA CHIBHOCBSA3HYIO TPEXTOUSYHYIO BEpPUIMHHYIO (YHKIUHMIO B COOTBETCTBHH C BHILLIEH3NOKEHHOMH
G(p; Py, P2)- TeOpHell  PeNATUBACTCKOrO  OGOIeHHs MeTOoAa (OTOHHBIX BCTABOK MMEET  BHA

(PIG, P, 2IDRID(P)+ s, } = {— ce,2| T Do+ M)}G(p +4, 5, 2)D()D(p,) +

H

H

+D(P)G(p, P, -4, pz){- e6,5] 22 D(p,+ (4~ l)q)}D(p;) +

(8)
+ D(p)G(p, p,, P, — 9)D(p, ){” e"ﬂ"*ii?_

D{p, + (4~ 1>q)} +
M
+ D(p)- fﬁi R H s W DI e sty
% +22G(P+M,P1;Pz '+(/1_I)Q) 2-
Vbenumcs B KanHOPOBOYHOM MHBAPHAHTHOCTH
nanHoro BepaxeHus. [Ipoussons B (8) sameny &, — ¢,

Gen) D) “g‘! ¥, BBIYHCIIAA TIPH 3TOM MHTETPAIBI, TOTYIHM:

e a0 ) = - 2[D(p + @)~ D()IG(p + 4, 2 2,) D(p) Dl ;) +
D(p)G(p, p, - ¢, )|~ ez(D(2) - D(p, - 9))|D(p,) +
D(p)G(p, by» P, = DD(pI- e2,(D(p,) - D(p, - )]

ez, D(p)G(p + ¢, p» P,) - G(p, P, - 4, p)ID(2)D(p,) -
ez,D(p)[G(p + 4, p» ,) - G(p, b, P, - DID(P)D(p,).

D(p) Dip+q
Bocnons3oBasmuce ToXAecTBOM  Vopaa-Takaxaiun,
NOJTy4eHHBIM U3 (2) Ipy 3aMeHe £, —> ¢,
Puc. 3. Bxmouenne OM noss B NoAHYIO CHISHOCBA3HYIO eq }ﬂi{l)(p+lq)} - e[Dﬁo +q)- D(p)] -
b

TPEXTO4EYHYIO BepIIMHHYIO byHKUHIO G(p; p,, p,y) -

H

=~eD(p +9){2(pg)}D(p) ,
H peAayuupys BHEIUHHME ABYXHAcTHYHbIE QYHKUMM DPacnpOCTPaHeHHA COOTBETCTBYIOLIMMM BONHOBBIMH (YHKLAAM
CBOGOAHBIX YACTHII, HAXOAAIIMXCS HA MaccoBoi obonouke ( p! =m/ ), KOTOpbIE LA CKAJAPHBIX N0JIEH paBHb! eAUHULE
B MPHHATON HaMH HOPMHpOBKE, U ¢ ydeTtoM D{(p*gq)= }/[(piq)2 - m’]-—— +1/2 pg, nonyyaem BKJIaZl NAHHOTO psjia
(eliMaHOBCKIX AHATPAMM B MaTPHHHBIA 37IEMEHT S — MaTpHLbL:
GZG(P"' 9, P =P2) "esz(P» P4 P;) = ezzG(p’pnpz “Q)"’
~&(z, +23)G(p +4,p,P,)+ EZ.G(p, P, —Q’:Pz)+ ez:G(p:pn P, -q)=0.
Cneposarenbto, BeipaxkeHue (8) rpafueHTHO WHBapUaHTHO. TaxuMm 00paszom, He HCNOJNB3YS ABHLIN BHMA BEPUIHHHOM
$ysxumn G, p,, p,), OBUCHIBaIOMEH pa3Baj] COCTABHOW CHABHOCBAZAHHON CHCTEMBI Ha COCTABIAIOULHE, & 3HAR MM

: ]
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e¢ 3aBHCUMOCTh OT AMHAMUYECKMX MEPEMEHHbIX B CHUTy 00wMX TpeGoBaHMi KOBApUAHTHOCTH U 3aK0HOB COXPAHCHNA,
MPEeACTaBIAETCS BOIMOXKHBIM YAOBIETBOPHTS TpeGOBaHUIO COXPAHEHUS NMOJHOro M AnepHoro Toka.

Hcnonk3sys pasBATEIi METOA NMpU WCCNEA0BAHHA ANEPHBIX PeaKiyil MPOLECcCOB (POTOPACUIETIIEHNSA aTOMHBIX AAEP,
BO3HMK@eT npobnema 3ammucM sBHOTO Buma BepmHHOM Gysxumn G(p, p,,p,), ONMHCHIBAOUIEH DPEIATUBHCTCKOE
CBA32HHOE COCTOSHHUE C MOCNEAYIOMMM €€ pa3BaioM Ha cocTaBiswoiye. [TonHoe omucanne AaHHOHA npobieMbl CBA3AHO
C pelieHHeM pPeNITUBUCTCKOTO ypaBHeHus bere-Connutepa. Haxe s Takoi cnaGoCBA3aHHON ANEPHON CHCTEMBE Kak
AEUTPOH, ONMCAHME PENATHBHCTCKOTO CBA3aHHOTO COCTOAHUS NMOCPEACTBOM ypasHeHu bere-ConmuTepa COMPAKEHO
€O 3HauyuTenbHBIMM TpyaHocTaMM. [lo3TOMy B HACTOAIIEe BpeMs HCMOMB3YIOTCA MOAXOHBI, OCHOBAHHBIE Ha
NPHOMKEHHBIX METOAaX, ABNAIOIIMXCA pELIeHMAMH NpUO/IKeHHBIX ypaBreHmit bBere-ConmuTepa, TakuX Kak
ypaBHerua Jlorynosa-Tasxenunse, Kanpruesckoro-BatinGepra, ['pocca u ap. Pemenus 2TuX ypaBHEHMH, B KaXAOM
KOHKPETHOM NpHOMWKEHUH TO3BOJAIOT 3amucaTh BepmHHywo OGyskmmo G(p, p,,p,), He Hapyuias NPH 3TOM
KOBapPHAHTHOCTH W rPAAMEHTHON WHBAPHAHTHOCTH MONHOM ammauTyasl (8), OcraHoBuMcs Ha 3ToM moapobree. Kak
H3BECTHO, DPELICHHS MEPeYUCIIEHHBIX MPUO/MDKEHHBIX YpaBHEHW, CBOAMUTCA K NPOEKTHPOBAHUIO KOBAPUAHTHOFO
ypaBHeHus bere-Connurepa Ha NpOCTPaHCTBEHHO-MOZOGHYI0 IHIEPNOBEPXHOCTb, ¢ LEABIO NPUAAHUA MOTYYEHHBIM
PELICHUAM BEPOATHOCTHOM HMHTEpNpETald, YTO O03HA49aeT 3aBHCMMOCTb BepiMHHON ¢ynkuwin G(p, p,,p,) OT

KBa/[paTa TPEXMEPHOr0 OTHOCHTEIBHOrO UMIyabca G(p’). Takum 06pasom, UCTONE3ya BhipaxeHue (8) U KOHKPETHOE
BLIPaXXCHHE BEPLIMHHOW QyHKLMY, NOTy4eHHOE U3 NPUOIIKEHHBIX pelneHnil ypasHerui Bete-Conmurepa, COXpaHHTh
KOBapHAHTHOCTh M IPaMCHTHO-HHBAPHAHTHYIO 3alMCh MATPUYHOrO 3/IEMEHTa MPOLEeCCcOB (OTOpaCIIenIeHus f1ep,
MOXHO JHIIL B TOM ciydae, eciu OyHeT YCTaHOBJAeHA CBA3b TPEXMEPHOTO OTHOCHTENBLHOrO MMITYJIbCA C
4 — BEKTOpamMH, BXOAAIAMH B OGLIYIO 3aNiCh 3aBUCHMOCTH BEpIIMHHOH dysxumm, Te. G, p,,p,)—>G(p’). B
CBA3H C ITHM, BO3HUKAET HEOOXOMMMOCTb YCTAHOBJIEHHS CBS3H MEXKIY (DOPMATBHON 3aBHCHMOCTHIO BEPIIMHHOM
$yHKIMM OT KOBAPHAHTHBIX aPIYMEHTOB H TPEXMEPHBIM OTHOCHTENBHBIM MMITYBCOM 00pa3oBaBIIMXCS B pe3y/bTaTe
COCTaBJISFOLLHX. _ :
Hns 3TOr0 paccMOTPUM OXHY M3 BO3MOKHOCTEH peamu3auyy STOM CXeMBI Ha npoLecce pasBajia MOKOAWErocs
CBSA33HHOTO COCTOAHUA ¢ NONHOM sHeprueit W (puc. 4).
Beenem mpocTpancTBeHHO MONOGHEIM 4 — BekTop K ¢ NPOCTPaHCTBEHHOM

; YacCTbI0O PaBHOW TPEXMEPHOMY OTHOCHTENLHOMY BekTopy P :K =(0;p) wm
G Py Pz)/ p'=-K'. CBsa3sp 4-pextopa K ¢ BekTopaMH P, p,, W p, BEpIIHHEI

T)—)—q CBA3AHHOI0 COCTOAHHMA 3aNHILEM CIEIYIOMMM 06pa3om:
Q’W; ¢) \ P (Pp ) (PP )
B(EyP) K=—P:2—P1*T;“Pz-
ng 4. Bepuumna “paspana” O4eBHOHO, 4YTO TpPH TaKOM BhIGOpe 4 —Bektopa K BBIONHAETCH
BO30YXIACHHOTO CBA3AHHOIO =
4 SO, ycnosue (KP) =0 . Torna G(P; p,, p,) = G(-K?) = G(ph).

Cneuosamhﬂo, 3anuchiBas MATPUYHBIN 3IEMEHT Ha OCHOBE BhIpakeHus (8)
ANA KOKOON KOHKPETHOH peakuwyt GoTOopaciIenieHns aTOMHbBIX AP W HCTIONB3Ys BLIPAXKEHHA U1 CATBHOCBA3AHHOM
BEPWMHB H3 TPUOMIKEHHBIX pEIIeHHN YpaBHeHHSA Bere-Connurepa  ymosnetropstores byHIaMeHTATLHEIE

TPeGOBaHHsA TEOPETHIECKOH BUIHKH COXPAHEHUT KOBAPUAHTHOCTH H KaTHOPOBOYHON MHBAPHAHTHOCTH Y9aCTBYIOIIUX
CHJTBHOB32MMOIEHCTBYIOMKX 3aPMKEHHBIX YACTHIL,

AHAJIA3 TPOLECCA ®OTOPACLUEILIEHHS CKAJISIPHON COCTABHOM CHCTEMB]

[IpomnmocTpupyeM  mpeyioxeHHHEI TOEXOA  mOCTpOeHUs KaniOpOBOYHO-HHBAPHAHTHO aMILIUTY Al
OTBEAIOWIEH pa3Baly COCTABHON ANEPHOM CHCTEMbI B peakuusx (oTopacmienenenus, ¢ uensto uzyueHus ponu 5
SKCTIEPUMEHTANbHO HAO/IOAaeMbIX XapaKTePUCTHKAX M3y4aeMbIX TIPOLECCOB, >PPEKTOB TOUHOTO COXPAHEHHS MONHOLO
OM sapeproro Toxa. He orpasmumBas oGuiHOCTH BEIBOAOE MNpEeANIONKEHHOrO MOAXOxa, PaccMOTpUM  mporece
poropaciierieHns CKANAPHOM COCTABHOM ACTHUEI, ¢ 06PAasoBAHHEM B KoHewHOM COCTOSHHM HBYX CKANADHBIX
cocToAHnA. Ecny HasanbHOe CBA3AHHOE COCTOAHHE M 06pasoBaBIIECs aIIpOHB! KOHEYHOro cocTosHUA GymyT Hl:;e-n,
CNUH OTAMYHBIA OT Hynd, BCA NPUHIMIMATBHAT CTOPOHA BBIYHC/EHMIY OCTaHeTCA npexHed. Mensercs muus

g KOHKPETHBIH BH] BepIIHH H
g_ _ fiponararopos. Ilpu 3tom okaxercs, uro
”& 5 b3y P 8tyg HOCAe YCPENHEHHMS N0 MOMAPHAAINIAM
o N, R P, .2 Ap, @NPOHOB m Gorona Bce BEIBOAM
o N 9—{&(‘ o o TOMyNeHHe HIDKe ocTaHyTes

V2 M cripasennueer p Oymyr nmern o6t

XapaKTep A peantHMIX MPOLEccos

&

8

i doTopacmennenuis wa JIOrKUX aTOMHbIX

Puc. 5. @eiiimanonckde auarpammer 0606ueHHON 'PAANCHTHO-uHBApHanTHoro  AAPAX.  DelttiManoBCkue ANRTpEMAG,
MOJUOCHOTO PAAa POTOPaCIEnIeRHs CKatAPHOR COCTABHON CHOTeML] OTBevaIoNMe :

fAHHOMY  mpoueccy
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MPeacTaBHM Ha pHC. 5.
MaTpH4HSIH 3/IEMEHT NaHHOTO HpoLecca B COOTBETCTBMHM ¢ (14) 3anmmercs B Bume M = ZM, . AMTUIATY OB,

1=x,l.u.c

COOTBETCTBYIOWIHE § —, ! —, % — KAHAIbHBIM M KOHTaKTHOM AMarpaMMaM MMEIOT BHIL:

(2p+9)
M, w2 _SHM-—”G (p+q;p,py)s M ezla‘ﬂG‘(p;p] q, Pl)-(_&-%’ M, =ez,e,G,(p;p, P, ~ Q)_(""_i)’
Ydi 8 ; ;
Mc =e$p‘ 75_{ [G(p —M;pl _ﬂq-pz)'*'zzG(p _j’q;pnpz ”M)} (9)
0 o

3nmeck z, z,, z, - 3apaBl B EMHMLEX €, a p, p,, P, - MMITyJIbCEl COCTaBHOM ¥ 00pa3soBaBIIMXCH YACTHIL
COOTBETCTBEHHO; p'=p+q; M - Macca COCTaBHOM YACTHLBL, m - MacChl 06pasoBaBLIMXCA YacTUL, KOTOpBIE A
YNpOIIEHHA BLIKNAAOK OyaeM CYUTaTh OAHHAKOBBIME; s = (p +q), ¢ = ( r—-9’, u=(p,-q).

Ans cryydas, KOraa BepIIMHHAS QyHKIMS, OTBEYAIOWAs PasBaTy COCTABHOH CHCTEMBbI 3aBHCHT JIALIb OT KBazlpata
OTHOCHTE/IBHOTO TPEXMEPHOI0 HMITYJIbCa COOTBETCTBYIOILHE UM 4 — UMITYBChI GYIYT MMETL BHI

(p lq)p;(l —2g) _' - -A9p, _ (P'-Aq9)p,

Pua )= g Pe T gt M Py (10)
u.,,.u%(” o e~ L - ), = - LD s,
ITocnie BBeEHUS OTHOCUTENLHBIX 4 — HMITYJIECOB, MATPUYHbIE IEMEHTHI (9) NepenuiryTCs
M, =eBGr1=0), M, = ZIGCEG=1), M, =—ez§—“’%6(—a:m=m oy
M,=s, [ % 5 eot Bl est-r@)

JUiA BBITIONHEHWA AQNbHEHINNX PacyeToB, YYHTHIBAS MX YHCTO WULOCTPATHBHBIN XapakTep, paccMOTPHM ABa
BapuaHTa PyHKIHOHANIBHON 3aBUCHMOCTH BEPIHUHAOK dynkumn G(p’), ABNMOMMXCA PEIIEHMAMH ABYX PAsIAYHBIX
TUNIOTETHYECKHX KBA3UIIOTEHUMANLHEIX YPABHEHUMH, ONUCHIBAIOINX Pa3Bajl COCTABHOM CHCTEMbI Ha COCTABIIAIOLLIKE:

Ne™® ()
=3y 1
G(F)=1 v ay’ (12)

2 -
al +p’

IIe p - TPEXMEPHEIH OTHOCHTENbHBIHl HMITYNbC KOHEYHOM CHMCTEMBI OODa3OBaBIIMXCA COCTOSHME, N, (N,) -
HOPMHPOBOYHEIE MHOXMTEIH, 00eCTeqnBaloLyie BEPOATHOCTHYIO MHTEPIPETALMIO BEPIUMHAON PyHKIMH, 2 & W o -

(uKcHpoBaHHbE NapameTpsl, obecneymBalOmKe CXOACTBO G(p’) ¢ peansHBIM HMITYJbCHBIM pacTpeleNCHHEM

BEPILIMHHOH QYHKIIMM B 3aBHCHMOCTH OT KHHEMaTHYeCKHX YCIIOBHY H3y4aeMoro poLecca.

OO6patuM BHMMaHH Ha TO, 4TO OoTMHUYHe QyHKImMOHanbHOM 3aBucuMoctd (I) u (II) B (12) npuHUMMHANBLHO U
BLI3BAHO CACACTBHEM pa3indHON CTENeHM Y4YeTa ME30HHOTO CeKTOpa, YYacTBYIOLIEro B (HOPMUPOBAHUM
KBa3UTOTEHIIHATA TMITOTETUYECKOrO yPaBHEHHUA CHITbHOB3auMoaelicTByrome#i BepmuHel. [TonHas aMInuTyna npouecca
COLEPKUT MOMIOCHYIO W pery/iapHylo uacTd. [TomoOCHBIE YacTH ONPeiensioTcs TONLKO abCOoMOTHBLIM 3HAYEHHEM

BEPUIHHHOK (YHKIMM B Kaxnod TOUKe ee aprymMeHTa. A peryispHas 4acTh
ZA aMIUTATYIbl ONpeeNsieTcss He TONbKO abCOMOTHBIM 3HAYEHHEM BEpLIMHHOM
©YHKIMHE, KaK 3TO MPOMCXOAUT B MOJIOCHBIX AUArpaMMax, HO W YIJIOM HakioHa
KacaTeIbHOM K KpHBOHM B KaxJoW TOYKe (YHKUHA pacnpenesieHHs, MOCKOIbKY
MOAMHTErPANILHOE BHIDAXEHHUE COHEPXKHT npomsBoaHyro, C aToff Hensio
9 A‘;;’ npoBeAeM JaibHEHNIne HCCHeAOBaHMA AN JBYX BLIOpaHHBIX HaMu QyHKIMH
pacnpemeneHna (12) ¢ wUenpi0 BBHIABICHWA pOAM pachpeAeNeHHs BKIana
MOJIFOCHON M PEryNAPHOY 4acTel B MOJNHYIO aMIIMTYLy B KKIOH H3 BBEAEHHBIX
Bbllie (yHKOM pacnpeneneBus B OTHENLHOCTH W nepepacnpeneneuua ITHX
f BKJIafiOB B MONHON aMIUIMTY/IE 32 CUET MX PasNUduA.
' Jna paneHeMmMX (akTHYECKMX DPAacdeToB BBIGEPEM CHCTEMY LEHTpA Macc
v-q HAYaIbHBIX YACTHIl, B KOTOpO# MMIyIsC (POTOHAa § HampaBieH BAoab ocu OZ

(puc 6). B namHOM cHcTeMe OTcYeTa JOpeHLEBCKOe ycnosue (&9)=0

:‘“"'6‘ Ewmﬁ;?ﬂﬁmml';; JKBHBAIEHTHO BHIGOpY TpexMepHO-nionepeyHol KanHOpoBKH, COBMECTHM
uc:r:;p KOOPAHHATHYIO MNOCKOCTE XOZ ¢ MIOCKOCTHIO peaxkuuu. Torga xOMMOHOHTH
4 —BEKTOPOB, YHA4CTBYIOIUMX B PpEaKUMH 4HacTHLL OyDyT HMEIOT B

QO
v
<
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q=(4,;0,0, ‘ﬂ) )
p, =(@;-|p|sin $,0,—

£, =(0;la010))

¢,=(0;0,1,0),
plcos 9). Buimonuss anddeperunposare no g, B mogMHTErpanbHoM peipakeHud (11) u

Plcos9),

p=(£;0,0,-lg),  p =(o;|psin9,0,

cca ana
YYHTBIBas, YTO B BbiGpaHHOI cucteMe yderta (gp) =0, NonHbIH MATPUHUHBIN 31EMEHT PACCMATPUBAEMOTO MMPOLIECCa Al

$yuxmm pacnipenenenus (12-) Gyner umers Bua:

M'zdtbraNl{z,[(gvz)Jl -

2 1
tie a=e’f4r, O =exp{0?(:,](1: l)}, D, =cxp{5PW(i= 1), a

r =25]’d,1 E”’f_

a ana GyHkumu pacnpenenenus (12-11)

M =,f4mN,{z.[(épz)Jl T

1

1

e );:1 exploP2(A)}, J,

(

Aq9)

() 7. @) g B (13)
(qp;)Q'}z’[(%) Y o(gpy) "
1 (P -Aq)p 2
=26 [di 2 —Z42B oynlsp? (1)),
ﬂI (p'~Aq) expl /
() (p,) H
) I —Eiday I (14)
ap,) ;jl"‘z;[:(&p-) (gp,)

rneCDr= ¢ =

@, =PL(A=D’

1

,a
ol —PLG=])
(P,“ﬂq)pl

da (Pf”/lq)}’: 1

J, = 2:[dﬂ,
1]

(' -49) |t -PPW]

J, =2

0

(P-4 [t -P(Wf

HAuddeperunansioe u nomHoe ceyenus QoTOpaculeIVIeHHs CBA3AHHOTO COCTOSHHA B CHCTEMe LEHTpa Macc

HaYaJIBbHBIX YaCTHU OnNpeaesdeTcsa Kak

G(F")
m-

m-
200
tfi:l-'%°
100+
m-
M“N"’“N” 500808 60
0 01 02 03 04
Pl rs8
Puc.7. Monenu gynxumit umnyascHoro
pacnipenenerus (12).
da (E;‘."g)

0 20 40 B0 80 100120140 160180
8, 2pad

Puc.8. Yrnoseie 3asucumoctu anddeperuuansusix ceeryii npu porona 42 MbB p -

YCNOBHBIX ¢AWHMUAX usMepeHns. Jleppiit
(12-1), npaswifi - (12-11).

anemenrom (13) u (14), coorsercraenno. Toueunbie kpushic - PAcHeT ¢ y4yeToM nume ¢
nomocos. ITyHKTHPHEIE KPUBBIC = PACHET CEHEHUR TOMBKO C KOHTAKTHON AuarpamMmo,

0.5 06

'COOTBETCTBUA WX  pealbHbIM

i)

do 1 IMJ iﬁl } do ae.
s, o E*e =2 dx E ,‘9 4
o O sy e 0 g

TZie MHOXUTENb 1/2 OTpakaer HanvMMe B KOHEYHOM COCTOSHUM JABYX
|
&l
2
anementa (13) unu (14) mpoCYMMHUpPOBAHHBIN MO CUHAM KOHEYHbIX

YaCTHIl ¥ YCPCIHEHHBIH 1O CTMHAM HaYanbHbIX wactuu, W =+s :
x=cos9.

BossMeM 3HaueHms mapameTpoB GyHKuuY pacupenenenus (12)
=80 TI3B? a}=00094 TI3B% wucxoms ms coobpaxeHuit

MMITJIECHBIM ~ pacripeieNieRusM

i 3
TOXJECTBEHHBIX aIPOHOB; fg{! KBazpaT MaTPHYHOTO

MaJIOHYKIOHHBIX ~ CBA32HHBIX  COCTOSHMIM, a HOPMHPOBOYHbIE
ko3 uumenTs monoxum N, =300 u N » =1,56 ncxons ms ycnoeus
HOPMMPOBKH byHKIM
3
‘!3)

d’p 5
acnpenenenus |——@G (p?)=1.

Ha puc. 7 noxazana
3aBHCHMGOTh QYHKIMI pacripenese-
HWH B HHTEpBale UMMYNBCOB 0T 0 10
0,6 B, rze cnnommas JTUHUA
COOTBETCTBYET QyHKIMM (12-I), a
ToeuHas - (12-II). Benvuuna G(p?)

H306pakeHa B yCAOBHRIX eIMHHLIAX,

HE HMCIOMHUX  OPUEUMIAANBHOTO
3Ha :

g A YEHHA ASs HoCHe Ayiomux

& b PacieToB. 3w pacripepenenus

OTIIHYAIOTCA “KeCTKOCTBIO" Kak npH

PHCYHOK COOTBETCTBYET BEPIIMHHON dynkuuy MATBIX HMITynbCax, TaK H
Cunownsie KpuBbIe - pacer cevenus c NONHBIM MATPUHEIM TIOBEACHHEM B BBICOKOUMITYNLCHO U
ofnactu.

Obpativ  BHuMasme, wro npH
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uMnynsce nopanka 0,15 I'B GynkuuM papHel, HO HMEIOT pasHBI yroa HakioHa KacaTensHOW K KPHBBIM. DTO
3HA9CHHE OTHOCH-TENBHOTO MMITyJbca OGpasOBABIIEHCS CHCTEMBI COOTBETCTBYET SHEPIHM HANETAIONIETO dorona B

nabopa-TopHO# cHCTEME MMINEHH El" =42 M>3B. JIna BbIsABIEHMA DONH KOHTAaKTHOM OWarpaMMbi B aMIUITMTYHe
MPOLIECCa BEIONHMM PaceT MpH 3TOH SHepriu (OTOHA YrIOBEIX MHDPEPEHLMATLRBIX Ceuennii do(E'*,9)/dQ, ,

¢ynkomit pacnipenenenus. W3 puc. 8 BHAHO, YTO 3HAYEHMS TOYEUHBIX KPHBLIX npu E'“ =42 M>3B B ycaoBHbIX

CHHHWIAX H3MEPEHWA (B MOCHEAYIOLIEM PUCYHKE Tak Xe KaK W Ha PHC.8 CeYeHHS NpHBENeHE B YCTIOBHBIX €IMHULIAX),
Kak H CNEN0BAN0 OXUNATE, OIMHAKOBLL. AGCOMOTHAS BeIIMHA BKIaia KOHTAKTHOM AMarpaMMsl (ITyHKTHpHAA KpuBas)
B TIOMHOE CeueHne ii mepBod (QyHxuum pacnipenenchus (12) cocTaBmsat 28% OT BENMUMHE! MOJHONO ceyeHnd, a
abcomoTHad Be/MUMHA BKIa/a TIOMOCHOH 4acTy (TOYeYHas KpPUBAs) - COCTARNAT 23% OT BeTWYMHL] TOTHOIO CEYEHM.
A Ana BTopoit ¢yukumn pacnpegeneHus (12) COOTBETCTBYIONIHE BKIAE! COCTABNAOT 7% 1 52%. Besmimna BKJIaJa
PETYJApHOM HacTH (MYHKTUPHBIE KPHBBIE), HECMOTPSA HA PABEHCTBO B 3TOH TOYKEe aBCOMOTHBIX 3HAYCHMI BEPIIMHHBIX
¢ynxuuit (puc. 7) pasmmuna. Dtor ¢axT ABNIETCH CIEACTBHEM PasIMaUA 3HAYCHUH NPOU3BOMAHBIX OT BEPIIMHHBIX

bynkundi B Touke E]“ =42 M>dB, koTopoe OGBACHSET M pasnHYHOE 3HAYEHHE maddepeHIMANBHEIX CeYeHHH,

PacCYMTAHHBLIX Ha OCHOBE [OJIHON aMILTHTY B! (CIVIOUIHEIE KPHBBIE).

CnexyeT OTMETHTB, YTO 3HAYEHUA CEYEHHM OT KaTHOPOBOYHO-HEMHBAPHAHTHEIX YacTeH MOMHOMN aMIUTUTY B!
(TodeyHble M MYHKTHPHBE KPHUBbIE) He HMEIOT aGCOMOTHOTO CMBICNA, T.K., MX BEWHHA 3aBHCHT or BbIGOpa
kanuOpoBKH, B TO BPeMs Kak BE/MYHHA MOTHOrO CEYEHHS ABJACT,.CA HHBAPHAHTOM IO OTHOIIEHHIO K KaJTMOpOBOYHBIM
npeoGpa3oBaHUAM, '

[TpoBenem pacuet sHepreTHYecKol 3aBUCHMOCTH NPH YTIle BLLIETa KOHSYHON YacTHIE! paBHOM 45°. Kak BUAHO U3
puc. 9, BKIax KOHTAKTHOM HATPAMMBI [UTS BEPLUMHHON ByHKIMH (12-1) Haumnas c s3Hepruu 40 M3B B 3HEPreTHYeCKuit

CIeKTP SABIAETCA OIepeeIMOLIHM,
dg" &9 Jins BepmmnHOH ke dynkumn (12-11)
o ONpEaeNAIOMUM BKIAJIOM B CeYECHUE
ABJIACTCA TMOMOCHAs 4YacTh AMIUIH-
TYyOel. 3Ta TEHAEHUMS MNOCTOAHCTBA
COOTHOILICHHUA BKJIANOB KOHTAKTHOH W
TIOJIFOCHOH 9acTed NMOMHON aMILTHTY /b1
BTOpO# (YHKUMM WMITyNBCHOTO pac-
npefe/ieHnst 0CTaeTcs HeM3MEHHOH Ha
BCEM PAacCMOTPEHHOM MHTEpBaJe 3He-
pru.

W3 mposenenHoro avanmsa AByX
PasNHYHBIX PEIIEHUNH KBa3HIIOTEHIM~
anbHOrO ypasHeHus Bere-Commarepa,
HamomaeTcs CWIbHAA YYBCTBHTENb-
HOCTb K BEIGOpY BeplunHHON byHKkuuM
KaKk B NMOJHOW aMIUIMTYAe, TaK H B COOTHOLUCHMH OTHENBHBIX BKIALOB TONIOCHOM M PeryispHON uacTeil, YBS3aHHbIX
MexIy coboi dyHmameHTanbEBIM TpeGoBaHNEM KaluOPOBOIHOM! HHBAPHAHTHOCTH.

BoonHe ecTecTBEHHO BO3HMKAeT BONPOC, a OyAeT M HabmIOJaThes Takad ke UYBCTBUTEILHOCTh CEYEHMA K
BBIOOpY ApYroro, HO yxe He MPOCTPAHCTBEHHO-TIONOGHOIO, OTHOCHTENBHOTO 4 — MMITyJTbCa, SABJAIOINETOCA PEIICHHEM
KaKoro-anGo HHOTO rMNOTETHIECKOrO NPUGMIDKEeHHOTO ypasHeHus Bere-Connurepa, Mpy YCIOBAM COXPAHEHMS TOH ke
QYHKUMOHANBLHOM 3aBUCHMOCTH BEPIIMHHBIX OyHKimd. C 37Ol LENbio OonpeneniM OTHOCHTENbHbe 4 — AMITYJIECEI
TakuM obpasom:

002 004 005 008 01 012 002 004 006 008 01 012
E}“ MsB E;“,MsB

Puc.9. Sueprernyeckue 3aBHCUMOCTH AnbepeHUMANEHEIX CeYeHHI Y YITie BELIETa

obpasosasuiefics yacTubl 9 = 45° . Tun KPUBBIX Kak ¥ Ha puc. 8.

‘F:ﬂ)n (2') = “Dma (s)a 2 a

_Z'(_’;;e;—lqui R[mla(l)=P +j’(_‘e'£h_)-q ¥ (I’S)

Ipu Takom nx BeIGOpE, HE3ABMCHMO OT ABHOTO BUIA BEpHIMHHOH (yHKuMH G(—P’), NoAMHTErpaibHOE BhLIpaXEHHE
(11) obpasyer nomueiit nuddepesIman, 4T0 AaeT BOIMOKHOCTL BEIYMCIIUTE HHTETPAT KOHTAKTHON YaCTH aMILIHTY/Ib!
AHATATHYECKH. MaTpuyHBIN 3/1EMEHT B 3TOM CiTydae OyaeT UMeTh BUJ '

M = e[zz(i‘?ils(—ﬁl) ~5, B g py 5 B gpy ER G Py s G-PY - 2G(-P? )]} . (6)
ap

(gp) *(gp,) (gP.) |
B narno#l opomyne ANA MATPHYHOTO 3AEMEHTa, NpeJHAMEPEHHO OCTABJEHAa JIOPEHLOBCKas KAIMGPOBKA 3aNMCH, ¢
HeNBbI0 HAMMANHOCTY NPOBEpKH ero kannbpopouHolf MHBapHAHTHOCTH. Hanpuue B 3HaMEHaTeNle KOHTAKTHOW 4acTw
MHOXUTENA (gP,), Ha nepeell B3rAAA NPUBOAMT K CHHTYNSPHOCTH NAHHOTO BBIP@KEHMR, NOCKONBKY CKanApHOe

npoussenenme (gP,)=-g|pjcosd mpm 9=90° obpamaercs B Hyms. Ho 3amMcaB uMcIMTENh B BiLe
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:.G(‘P ‘2*2££‘§Q(qp,)J*zzG("R’—29@%)]“16(—?3), ¥ PEMIOKER BEpINEHMC QYHEOEN B DA
' p' p

(gP) &G CHHTyMApHOCTe (gP.) yCTpaHsieTcs, 4YTO CBUIETENBCTBYET O
" Iy 7 f
p" O(-F})
PETYNAPHOM XapaKTepe KOHTAKTHOrO BK/IA/la aMIUTUTYAbL. -
Crenyer oTMeTuTh, WTO MaTpWYHEIA 3neMeHT (16) MOXKHO mepenucaTb B TEepMHHaX TEH30Da noJIA

va =g,4,~64,:

Telinopa 2[2,(10"0,)—2;(10301)]

M=o fufer |, Py GBS 5, e iy, 22 G(-Pf}} . (17)
(eP) | (ap) (gp.) (92,)
= ez {agir0
Mapiuubiit snement (16) MoxwHo npeactasuts B suxe M = es, {M ) + M%)} 4 (17) - B suge M=eZ, fM: },
rie £, = Fuln _ 5, - &0 W3 nocnemmero BIpaXeHHs BHAHO, 4TO KalHOPOBOYHOE mpeoGpasoBaHKe

PR BT L q, -
(gP) " (gP)™
€, —> €, +7]q, OCTABIACT HEHIMCHHBIM £, . OT1HMdue IBYX GOPM 3afHCKH MATPUIHOTO 3IEMEHTA CBA3AHO HEKOTOPBIM
(UKCHPOBAHHBIM AMHAMEYECKHM KATHGPOBOYHBIM npeoGpasoBanueM, Il MapaMeTp mpeoGpasoBaHus 77 ABASETCH
(yHkupert or numamudeckold mepemenHoi P:n=n(P)=~-(eP)/(gP) . PacueThl ceueHHif Ha OCHOBe MaTpPUYHOTO

anementa (16) ¢ oraocurenvEbIME 4 —ummynscamu (15) mpuBomAT X MPaKTHYECKH ONMHAKOBBIM pe3yNbTaTaM B
CPaBHEHHH C COOTBETCTBYIOIMMH pacueTaMy ¢ 4 —ummyibcamu (10). Pasnudue w B yrioBbIX; U B IHEepPreTHYEeCKHX
CriekTpax He npessimaet 4% Ha BCeM AHANa30He paccMAaTPUBAEMBIX SHEPTHL.

BbIBOJbI

Pa3BuT noaxox mns omucaHmA mpoueccoB (OTOPACIETUIEHUS NeryaiiiuX ATOMHLIX A0ep, B KOTOPOM B TOJTHOM
aMILIATY e MpoLIecca COBMEMIEHb (yHIAMEHTIbHEIE TPEGOBAHUSA KOBAPUAHTHOCTH H TPaAMeHTHON UHBAPHAHTHOCTH C
OZIHOW CTOPOHBI, U y4eT BHYTpEHHEH CTPYKTYpBI COCTABHOM CHCTEMEI ¢ XPYyToM,

OnHUM ¥3 JOCTOMHCTB PasBUTOrO MOAXOAA SBASETCH TOYHOE coxpaHenre 3M ANEPHOTO TOKA HE3ABHCHMO OT
ABHOTO BWJZ BEPUIMHHON (YHKUMU COCTABHON CHCTeMbI. DTO MO3BOIAET B KauecTRe BEpIINHBI HCIONB3OBATh Kak
TOuHO® pelleHue ypasHeHua bere-Connmrepa, Tak W BapmamTHI pelnensit KBa3UMOTEHLUHNAIEHBIX ypaBHEHHH.
KOHKpETHBIMH BEIMHCTIERMAMH YCTAHOBJIEHO, 4TO HAGNIONACTCS CHILHAS 9YBCTBHTENBHOCTE K MCITONB3OBAHMIO B
Ka4eCTBe BEPIWHHON (PYHKIMM Pa3HBIX ee BAPHAHTOB, ¢ Pa3HOMN CTETICHBIO ydeTa ME30HHOI0 CEeKTOpa, BIUAIOLIEro Ha
B/l pelleHUl KBa3UNIOTeHIHANBHBIX YPaBHEHHUL. ;

[Toxazawo, 4to BEIGOp OTHOCHTEBHOTO MMITY/TBCA, OT KOTOpOTO 3aBHCHT BepIUMEHAA GyHKUMA cnabGo BIUAET HA
BEITHCIIAEMBIC XApAKTCPHCTHKH H3Y4aeMOro NPOLECca, YT0 MO3BONIET NPH ONPEeACICHHOM BbiGOpE €ro BUIa, NOJY4UTh
AHANMUTHYECKOE BBIPAXCHHWE IUIA PETyIAPHON 4acTH monHOM aMIUIATY L. PerynapHas wacts aMIUIATYAB MOKET OBITH
NOyYeHa W3 HOMOCHOM ee YacTM MyTeM (HKCHPOBAHHOTO AMHAMHYECKOro KanubporouHoro npeobpazoBaums,
3aBHCALIETO OT OTHOCUTENBHONO MMITYJIbca 0Gpa3oBaBmieiics KOHeYHOM aIPOHHOM CUCTEMBI.
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Supermatrix semigroups and their different reductions are introduced and investigated. One-parameter semigroups of antitriangle
idempotent supermatrices and corresponding superoperator semigroups are defined and their features are studied. It is shown that
t-linear idempotent superoperators and the usnal exponential superoperators are mutually dual in some sense. The first one gives
an additional (odd) solution (to the standard exponential operator) of the initial Cauchy problem. The corresponding functional
equation and an analog of resolvent are found. Differential and functional equations for idempotent (super)operators are derived
for their general ¢ power-type dependence.

KEYWORDS : supermatrix, reduction, one-parameter semigroup, idempotent, Canchy problem, resolvent

Supermatrix groups [1, 2, 3] play indispensable role in modern supersymmetric models construction [4, 5, 6]. Further
mathematical development [7] needs thorough consideration of their inner properties and include noninvertibility in a strong
way [8, 9], i.e. by exploiting of the semigroup theory methods [10, 11, 12]. Usually matrix semigroups are defined over the
field K [13] (on some nonsupersymmetric generalizations of K-representations see [14, 15]). But modern realistic super-
symmetric unified particle theories [16] are considered in superspace [17, 18]. So all variables and functions are defined
not over the field K, but over Grassmann-Banach superalgebras over K [19, 20, 21], they become in general noninvertible
and therefore they should be considered by the semigroup theory, which was claimed in [22, 23]. Some new semigroups
having nontrivial abstract properties were found in [24]. Also, it was shown that supermatrices of the special (antitriangle)
shape can form various strange and sandwich semigroups not known before [25, 8].

From another side operator semigroups [26] are very much important in mathematical physics [27, 28, 29] viewed as a
general theory of evolution systems [30, 3 1, 32]. Its development covers many new fields [33, 34, 35, 36], but one of vital for
modem theoretical physics directions — supersymmetry and related mathematical structures [37, 38]— was not considered
before in application to the general operator semigroup theory. The main difference between previous considerations is the
fact that among building blocks (e.g. elements of corresponding matrices) there exist noninvertible objects (divisors of zero
and nilpotents) which by themselves can form another semigroup. Therefore, we have to take into account this fact and
investigate properly such a possibility as well, which can be called a semagroup x semigroup method.

Here we study continuous supermatrix representations of idempotent operator semigroups previously introduced for
bands in [25, 39], then consider one-parametric semigroups (for general theory see [27, 30, 40]) of antitriangle supermatrices
and corresponding superoperator semigroups [41]. The first ones continuously represent idempotent semigroups and second
ones lead to new superoperator semigroups with nontrivial properties.

Let A be a commutative Zy-graded superalgebra [1] over a field K (where K = R, C or @,) with a decomposition into
the direct sum: A = Ay @ A;. The elements a from Ay and A, are homogeneous and have the fixed even and odd parity
defined as |a| = {1 € {0,1} = Zy|a € A;}. The even homomorphism m; : A — B is called a body map and the odd
homomorphism mg : A — S is called a soul map [42], where B and S are purely even and odd algebras over K and A =
B S. It can be thought that, if we have the Grassmann algebra A with generators &, ..., &6 +6;&6=0,1<1, 7 < n,
in particular &2 = 0 (n can be infinite, and only this case is nontrivial [43, 44] and interesting [45]), then any even z and
odd s elements have the expansions (which can be infinite)

T = Thody + Tsoul = Thody + ¥126182 + 1136183 + .. . = Tiody + Z E Yiy.igeiy oo &iae (D
1<r<n i< <...<i3.<n
®=Asoul =Y1§1 + Y262+ ... + 9128058+ ... = Z Z Yiroigees §ir < - - Gignen 2

1<r<n 1< <...<t. <7

where y;,. «, € K. So we obviously have my, (Z) = Zpody, Mp () = 0 and m, () = Zsoul, Me (%) = H0ul-

From (1)-(2) it follows
Corollary 1. The equations z° = 0 and zr = 0 have nonzero nontrivial solutions (zero divisors and even nilpotents, while
odd objects are always nilpotent).
Conjecture 2. If zero divisors and nilpotents will be included in the following analysis as elements of matrices, then one
can find new and unusual properties of corresponding matrix semigroups.

From this viewpoint we consider general properties of supermatrices [1] and introduce their additional reduction [25]
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IDEAL STRUCTURE OF (1 + 1) x (1 + 1)-SUPERMATRICES

Let us consider (p|q)-dimensional linear model superspace AP'? over A (in the sense of [1, 2]) as the even sector Oftilf‘:
direct product API4 = AD x A? [42,21], The even morphisms Homg (AP!4, A™I™) between superlinear spaces AP — A
are described by means of (m + n) x (p + q)-supermatrices [1, 2] (for some nontrivial properties see [46, 47]). In what
follows we will treat noninvertible morphisms [48, 49] on a par with invertible ones [25].

We consider (1 + 1) x (1 + 1)-supermatrices! describing the elements from Homg (A
basis [1]

11 A1) in the standard A

M= ( ; ‘g ) € Maty (1)1), 3)

where a,b € Ao, a,8 € A1, a® = 2 = 0 (in the following we use Latin letters for elements from Aq and Greek letters
for ones from A, and all odd elements are nilpotent of index 2).
The supertrace and Berezinian (superdeterminant) are defined by [1]

strtM = a— b, “4)
_a  fa

Observe that first term corresponds to triangle supermatrices, second term - to antitriangle ones (which we use below).

For sets of matrices we use corresponding bold symbols, e.g. Ml -4 {M € Maty (1|1)}, and the set product is standard

M- N % {UMN |M,N € Mat (1]1)}. Denote a set of invertible elements of M by M*, and I = M \ M*. In [1] it

was proved that M* = {M € M|ms (a) # 0 A myp (b) # 0}. Consider the invertibility structure of Maty (1]1) in more

detail. Let us denote
M' = {M € M|my (a) # 0}, I'={M € M|my (a) = 0}, 6
M’ ={MeM|my(b) #0},  I'={M e Mm,(b) =0}, )

Then M = M'UT' = M"UTI"and M'NT' = 2, M" N1" = @, therefore M* = M’ N M"". The Berezinian Ber M is
well-defined for the supermatrices from M" only and is invertible when M € M?*, but for the supermatrices from M’ the
inverse (Ber M) ™" is well-defined and is invertible when M € M too [1].

Under the ordinary supermatrix multiplication the set M is a semigroup of all (1]1) supermatrices [50], and the set M *
is a subgroup of M. In the standard basis M* represents the general linear group GL (1|1) [1]. A subset T ¢ M is an
ideal of the semigroup M [51].

Proposition 3. 1) The sets I, I' and I’ are isolated ideals of M.

2) The sets M*, M and M are filters of the semigroup M.

3) The sets M' and M" are subsemigroups® of M, which are M' = M* U J' and M" = M"* U 3" with the isolated
ideals J' = M'\M"* = M'N1" and J" = M" \ M* = M" NI respectively.

4) The ideal of the semigroup M is I =T U I =1"U J".

Proof. Let My = M, My, then ag = 4103 + 0102 and by = byby + 51 ap. Taking the body part we derive my (ag) =
mp (@1) mp (ag) , and my (bg) = my (b) mp (bg) . Then use the definitions. 0

TWO TYPES OF SUPERMATRIX REDUCTION
From (5) we obviously have different two dual types of supermatrices [25].

Definition 4. Even-reduced supermatrices are elements from Maty (1]1) of the form

Mepen = ( g ‘; ) € RMatg"*" (1]1) ¢ Mat, (1)1). D

Odd-reduced supermatrices are elements from Maty (1]1) of the form

o
Moga = ( 8 b ) ERMat,‘{dd(lll) C Maty (1]1). (8)

Sometimes we restrict ourselves to this simple case for cleamess taking i
ng into account that th perties i
blmz;k (2 + q) % (p + q)-supermatrices as well. Ve and conclusions hold valid for genersl
But not subgroups as it was incomrectly translated in the English edition [1 ], see i
,5ee pp. 95, 103, which correspond o : aia
MGU, 1983, pp. 89, 93, where the scis M and M denoted as G' Mot (1, 1{A) and G Mat (1, 1{A) are come m:l;’:g’mg“‘m"d"““*”w~
explain the fact, why semigroups were not intensively developed in supermathematics before, while in Oxﬂimf:themad Sermgroups, This can partially
positively {52] (see also for numerous applications the references in [26, 51, 53, 11, 27, 13, 30] and even in [54]), tics this question was answered
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Conjecture S. The odd-reduced supermatrices have a nilpotent (but nonvanishing in general case) Berezinian

o
BerModd = éb?’_ ?5 O, (BCIModdﬁ = 0. (9)

REMARK. Indeed this property (9) préventcd one in the past from the use of this type (odd-reduced) of supermatrices in
physics. All previous applications (excluding [25, 39, 55, 9]) were connected with triangle (even-reduced, similar to Borel

[56]) ones and first term in Berezinian BerMyen = % (5).

The even- and odd-reduced supermatrices are mutually dual in the sense of the Berezinian addition formula [25]
BerM = BerM yen + BerM,44. (10)

Obviously, the even-reduced matrices Meyen form a semigroup Meyen (1|1) which is a subsemigroup of 9 (1]1),
because of Meyen MevenS Mepern and the unity is in MMeyen (1|1). This trivial observation leads to general structure
(Borel) theory of ordinary matrices [56]: triangle matrices form corresponding substructures, subgroups and subsemigroups
(see for general theory e.g. [57]). It was believed before that in case of supermatrices this situation should not be changed,
because supermatrix multiplication is the same [1]. But they did not take into account zero divisors and nilpotents appearing
naturally and inevitably in supercase [9].

Conjecture 6. Standard (lower or upper) triangle supermatrices are not the only substructures due to unusual properties
of zero divisors and nilpotents appearing among elements (see (1)-(2) and Corollary 1).

It means that in such consideration we have additional (to triangle) class of subsemigroups. Then we can formulate the
following general

Problem 1. For a given n, m, p, ¢ to describe and classify all possible substructures (subgroups and subsemigroups) of
(m + n) X (p + q)-supermatrices.

An example of such new substructures are ['-matrices considered below.

Conjecture 7. These new substructures lead to corresponding new superoperators which are represented by one-
parameter substructures of supermatrices.

We first consider possible (not triangle) subsemigroups of supermatrices.

ODD-REDUCED SUPERMATRIX SEMIGROUPS

In general, the odd-reduced matrices M,44 do not form a semigroup, since their multiplication is not closed in general
Ma4d - Moga € M. Nevertheless, some subset of M 44 can form a semigroup [25]. That can happen due to the existence
of zero divisors in A, and so we have M,4q + Moga N Moaa = M3 # @.

def

To find M7¥ we consider a (1 + 1) x (14 1) example. Let @, 8 € I'se;, Where I'se; C A;. We denote Anna =
{yeA|y-a=0} and AnnT';.,s =N €I Anna (here the intersection is crucial). Then we define left and right T'-
o

matrices o " B ot
r def set r def nnlse;
Moaar) = (Annl"seg b ) Mosar) = (r b ) | an

set

Proposition 8. The [-matrices MEdd( Lr C M 44 form subsemigroups of M (1|1) under the standard supermatrix
multiplication, if bI' C I.

Definition 9. T'-semigroups mtEdd(L,R) (1]1) are subsemigroups of 91 (1{1) formed by the ['-matrices MEdd(L,R) under
supermatrix multiplication.

Corollary 10. The '-matrices are additional to triangle substructures of supermatrices which form semigroups.
Let us consider general square antitriangle (p + g) X (p + ¢)-supermatrices (having even parity in notations of [1]) of
the form 0, "
MPle %t ( xp Lpxg ) 1 (12)
i Agxp Bgxq
where ordinary matrix quq consists of even elements and matrices lf‘,;,x g and Ay, consist of odd elements [1, 2] (we

drop their indices below). The Berezinian of Mﬂz can be obtained from the general formula by reduction and in case of
invertible B (which is implied here) is (cf. (9))

(t3)
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Assertion 11. A set of supermatrices Mﬂ!fd form a semigroup D, (plg) of TPl marrices, if UsetDset = 0, ie
antidiagonal matrices are orthogonal, and Use;B C Tyet, BAser C Qe
Progf. Consider the product
aele pgrle - [ Tide ['1B, (14)
odd; " odd; BiAy B1Bs+ A4l
and observe the condition of vanishing even-even block, which gives I'; A, = 0, and others are obvious. O
From (14) it follows

Corollary 12. Two I'?!%-matrices satisfy the band relation My My = My, iff

148y =T, BijA; = A, B1By+ Ay =B;. (15)

Definition 13. We call a set of ['?/9-matrices satisfying additional condition A ,e¢I'se¢ = 0, a set of strong I'?!%-matrices.
Strong I'?!%-matrices have some extra nice features and all supermatrices considered below are of this class.
Corollary 14. Idempotent strong ['?/%-matrices are defined by relations
B=I, BA=A, B'=B. (16)
The product of n strong I'P!?-matrices M; has the following form

0 [1An.-1Bn )

MiMy ... M, = ; 1

14 ( BiAn-1An BiAn-1Bn el
where A,,_1 = B9Bj...B,_1, and its Berezinian is

det (F1An_]ﬂn)

*det (BiAn-1Bn)

ONE-(EVEN)-PARAMETER SUPERMATRIX IDEMPOTENT SEMIGROUPS'

Here we investigate one-(even)-parameter subsemigroups of I'-semigroups and as a particular example for clearness of
statements consider Moq4 (1]1), where all characteristic features taking place in general (p + q) x (p + ¢) as well can be
seen. These formulas will be applied for establishing the corresponding superoperator semigroup properties.

A simplest semigroup can be constructed from antidiagonal nilpotent supermatrices of the shape

Yo () & ( 2 %t ), (19)

where t € AY is an even parameter of the Grassmann algebra A which continuously “numbers” elements Y, (t) and
o € A% is a fixed odd element of A which “numbers” the sets Y, =U Y, (t).
:

Ber (M1 Ms ... My) = (18)

Definition 15. The supermatrices Y, () together with a null supermatrix Z “/ ( g g ) form a continuous null semi-

group 3, (1|1) = {Y4 U Z; -} having the null multiplication
Ya(®)Ya(u) = Z. (20)

Assertion 16. For any fixed t € AM° the set {Y, (t), Z} is a O-minimal ideal in 3, (1f1).
REMARK. If we consider, for instance, a one-(even)-parameter odd-reduced supermatrix of another shape R, (t) =

0 a : .

, th ultiplication of R, (%) i i = 0 ou

( . ) enl?l._lp ion of R, (t) is not closed since Ry (t) Ry (u) = ( o ¢ Ry = [JR, (t). Note
that any other possibility except ones considered below also do not give closure of multiplication. t

Thus the only nontrivial closed systems of one-(even)-parameter odd-reduced (antitri
supermatrices are P, =LEJ P, (t) where (antitriangle) (1 + 1) x (1+1)

e 0
P, (t) o ( # G;t ), PCE (¢) = P.{t), Ber P, (t) =0 21
and Qa =L1J Qo: (u) where
def { 0O
Qa(w) = ( s 1 ) @ (W) = Qa(u) BerQ,(u)=0. (22)

We establish multiplication properties of the idempotent noninvertible supermairices £y, (t) and Q ()
o
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Assertion 17. Sets of idempotent supermatrices P, and Q. form left zero and right zero semigroups respectively with
multiplication

Pa(t)Pa(u)=Pa(t)1 (23)
Qa (t) Qa (v) = Qu (u). (24)
if and only if o® = 0.
Proof. It simply follows from supermatrix multiplication law and general previous considerations. O

Corollary 18. The sets P, and Q,, are rectangular bands since

P (t) Pa (u) Pa (t) = Pa (8), (25)
Py (w) Py (t) Pa (u) = Py (u) (26)
and
Qo (u) Qo (t) Qu (v) = Qa (u), (27)
Qa (1) Qa (v) Qu (t) = Qx (t) (28)
with components ¢ = ¢3 + Ann o and © = ug + Ann a correspondingly.
They are orthogonal in sense of
Qa (t) Pa (u) = Ea, (29)
where
Eadéf(g ‘:) B2 =E,, BerE,=0 30)

is a right “unity” and left “zero” in the semigroup P, because
Po(t)Es=Pylt), EoPalt)=E, (31)
and a left “unity” and right “zero” in the semigroup Q,, because
Qu(t) Ba = Ea,  EaQa(t) = Qu(t). (32)

It is important to note that P, (1) = Qq (1) = E,, and so P, N Q, = E,. Therefore, almost all properties of P, and
Q. are similar, and we will consider only one of them in what follows. For generalized Green’s relations and more detail
properties of odd-reduced supermatrices of higher dimension see [39, 8, 9].

ODD-REDUCED SUPERMATRIX OPERATOR SEMIGROUPS

Let us consider a semigroup P of superoperators P (t) (see for general theory [27, 28, 30]) represented by the one-even-
parameter semigroup P, of odd-reduced supermatrices P, (¢) (21) which act on (1|1)-dimensional superspace R!/! as

follows P, (t) X, where X = ( z ) € R, where z is even coordinate, s is odd coordinate (x2 = 0) having expansions

(1) and (2) respectively (see Corollary 1). We have a representation p : P — P, with correspondence P () — P, (t)
or P (¢) = P (t), but (as is usually made, e.g. [30]) we identify space of superoperators with the space of corresponding
matrices®,

Definition 19. An odd-reduced “dynamical” system on R'!? is defined by an odd-reduced supermatrix-valued function
P(-) : Ry — Myaq (1]1) and “time evolution” of the state X (0) € R/ given by the function X (£) : Ry — R, where

X(t) = P (¢)X(0) (33)

and can be called as orbit of X (0) under P (-).

REMARK. In general the definition, the continuity, the functional equation and most of conclusions below hold valid also
fort € RY° (as e.g. in [30, p. 9]) including “nilpotent time” directions (see Corollary 1).

*For convenience we preserve operator potations and use somewhere the representation sign & for cleamess
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From (23) it follows that
P(t)P(s)=P(), (34)

and so superoperators P (2) are idempotent. Also they form a rectangular band, because of

P{)P(s)P () =P(t), (35)
P(s)P(t)P(s) =P (s). (36)
We observe that 6" T 5 0
P(O)m(a l);él::(o 1), (37
as opposite to the standard case [27]. A “generator” A = P’ (t) is
0 «
~ 8
as(55) 69
and so the standard definition of generator [27]
_ .. P{t)=P(0)
A=lig T B0 (39)

holds and for difference we have the standard relation

PE)—P(s)=A-(t—s). g4o)

The following properties of the generator A take place

P(t)A=2, (41)
AP (t) = A, (42)
where “zero operator” Z is represented by the null supermatrix, A% = Z, and therefore generator A is a nilpotent of second
degree. : .
From (39) it follows that

P#)=P0O)+A-t. (43)
Definition 20. We call operators which can be presented as a linear supermatrix function of ¢ a t-linear superoperators.
From (43) it follows that P (¢) is a ¢t-linear superoperator.

Proposition 21. Superoperators P (t) cannot be presented as an exponent (as for the standard operator semigroups T (t) =
et [27]).

Proof. In our case

; 1 at
T(t)=eM=I+A-tm(0 C;)QEPQ. S (44)

REMARK. Exponential superoperator T (t) = e**t is represented by even-reduced supermatrices T () : Ry —

Meyen (1|1) [30], but idempotent superoperator P (¢) is represented by odd-reduced i :
Moaq (1|1) (see Definition 4). _ ML R O
Nevertheless, the superoperator P (t) satisfies the same linear differential equation
P'(t) = AP () 45)
as the standard exponential superoperator T (t) (the initial value problem [30])
T'(E)=A-T(t). (46)

This leads to the following

Corollary 22. In case initial state does not equal unity P (Q) # |, there exists a ..
, n additional clas. : P bt
value problem (45)-(46) among odd-reduced (antidiagonal) idempotent ¢-linear (nonexp oneztiag iﬂlﬁiﬁs&e s
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Problem 2. To find among general (p + ¢) X (m + n)-supermatrices all possible nonexponential classes which solve the
initial value problem (46).

Let us compare behavior of superoperators P (t) and T (t). First of all, their generators coincide
P’ (0) = T’ (0) = A. 47)

But powers of P () and T (t) are different P™ () = P (¢) and T (¢) = T (nt). In their common actions the superoperator
which is from the left transfers its properties to the right hand side as follows

T"@®)P (@) =P((n+1)1), (48)
PPE)T () =P (2). (49)

Their commutator is nonvanishing
[TEP(s) =P (0)t=T(0)t= At, (50)

which can be compared with the pure exponential commutator (for our case) [T (¢) T (u)] = 0 and idempotent commutator
| P@PE) =P 0)E-s)=A(t~s). (51)

Assertion 23. All superoperators P (t) and T (t) commute in case of “nilpotent time” and
te Anna. (52)

REMARK. The uniqueness theorem [30, p. 3] holds valid only for T (£), because of the nonvanishing commutator
A,P(t)]=A#0.

Corollary 24. The superoperator T (%) is an inner inverse for P (), because of
P@TE)P()=P(), (53)

buit it is not an outer inverse, because

TR)P(E)T () = P(2¢). (54)

Let us try to find a (possibly noninvertible) operator U which connects exponential and idempotent superoperators T (¢)
and P ().

Assertion 25. The “semi-similarity” relation

T(t)U=UP(?) (55)
holds if ’
oa o
U= ( & ) | (56)
which is noninvertible triangle and depends from two odd constants, and the “adjoint” relation
U'T () =P U’ (57)
holds if
Ut~ ( e ) (58)
ou v

which is also noninvertible antitriangle and depends from two even constants and “time

REMARK. Note that U is nilpotent of third degree, since U? = opA, but the “adjoint” superoperator is not nilpotent at all

if v is not nilpotent.
Both A and Z behave as zeroes, but Y (t) (see (19)) is a two-sided zero for T (¢) only, since

TOYR=2Y&)TE=Y(t), (59)
while
gt eyt ided )

erey I § 4 K imm

{



I8

«lournal of Kharkiv University», No. 510, 2001 S.A. Duplij

If we add A and Z to superoperators P (t), then we obtain an extended odd-reduced noncommutative superoperator
semigroup Pyaq = |JP (¢) | J AU Z with the following Cayley table (for convenience we add Y (t) and T (%) as well) '

The Cayley table of the superoperator semigroup Pogd

i\2 Pt | Pla [AJZ[YQ® ] T@® [ T(s)

P (t) P(t) P(t) Z[Z] P() P(t) P (%)

P (s) P(s) P(s) Z|Z|P(s) P(s) P(s)
A A A ZZ1| Z A A 1)
Z Z 7 Z1Z | Z Z Z

Y (©) At As | Z|Z] Z Y (t) Y (t)

T@E) || PCt) |PE+s) |A|Z[[Y@®) | T@) [T(+s)

TG [PE+s) | P2s) [ATZ]Y(® [ T@E+s) | T(2s)

It is easily seen that associativity in the left upper square holds, and so the table (61) is actually represents a semigroup
of superoperators P,q44 (under supermatrix multiplication).
The analogs of the “smoothing operator” V (t) [30] are

t t2
4 e
vp(t)=/P(s)ds=§(P(t)+P(0))z 0 *3 1. (62)
4 at i
t +2
t t a—
Ve@® = [T@ds=2T@+TO)= [ T 7 |. ©
4 0 ¢
Let us consider the differential sequence of sets of superoperators P (¢)
Sa Syt D .Sy w8y Had 7, (64)
where 8 = d/dt and
A t
Sp =
LtJn(n——l)-..lp(n+l)’ a3
and by definition
So ZLJ P@), - (66)
S =LtJ Ve (2). 67)

GENERALIZED FUNCTIONAL EQUATION AND EVOLUTION
Now we construct an analog of the standard operator semigroup functional equation [27, 30]

Using the multiplication law (34) and ifest i i
fmumnti p. (34) and manifest representation (21) for the idempotent superoperators P () we can

Definition 26. The odd-reduced idempotent superoperators P (t) satisfy the following generalized functional equatiﬁn
Pt+s)=P{)IP(s)+N(t,s), (69)

where
N(t s) =P ()s.

The presence of second term N (£, s) in the right hand side of the i i i
_ N (2, ; generalized functional equation (69) ¢
with nonautonomous and deterministic properties of systems describing by it [30]. Indeed, from (33§ it )f;;gﬁ: :hqgﬁmwd
X(t+3s)=P(+3s)X(0)=P(t)P (8} X(0) + P’ (¢) sX (0)

=P®)X(s) + P () sX(0) # P () X (s) s
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as opposite to the always implied relation for exponential superoperators T (t) (translational property [27, 30])
T@E)X(s) =X(t+3s), (71)
which follows from (68). Instead of (71), using the band property (34) we obtain
PE)X(s) =X(?), (72)
which can be called the “moving time” property.

Problem 3. To find a “dynamical system” with time evolution satisfying the “moving time” property (72) instead of the
translational property (71).

Assertion 27. For “nilpotent time” satisfying (52) the generalized functional equation (69) coincides with the standard
functional equation (68), and therefore the idempotent operators P (t) describe autonomous and deterministic “dynamical”
system and satisfy the translational property (71).

Proof. Follows from (52) and (70). O
Problem 4. To find all maps P (-) : Ry — 90 (p|q) satisfying the generalized functional equation (69).
We turn to this problem later, and now consider some features of the Cauchy problem for idempotent superoperators.
ODD SOLUTION FOR THE CAUCHY PROBLEM
Let us consider an action (33) of superoperator P (¢) in superspace R!! as X (£) = P ()X (0), where the initial
components are X (0) = ( f:; . From (33) the evolution of the components has the form

z(t) \ _ axpt
ot} S e -
which shows that superoperator P (t) does not lead to time dependence of odd components. Then from (73) we see that
X () = ( N ) = const. (74)

This is in full agreement with an analog of the Cauchy problem for our case
X'(t)=A-X(¢). (75)

Assertion 28. The solution of the Cauchy problem (75) is given by (33), but the idempotent superoperator P (t) can not
be presented in exponential form as in the standard case [27], but only in the t-linear form P (t) = P (0) + A - t # e7?,
as we have already shown in (43).

This allows us to formulate

Theorem 29. In superspace R the solution of the Cauchy initial problem with the same generator A is two-fold and is
given by two different type of superoperators:

1. Exponential superoperator T (t) represented by the even-reduced supermatrices (even solution);
2. Idempotent t-linear superoperator P (t) represented by the odd-reduced supermatrices (odd solution).
For comparison the standard solution of the Cauchy problem (75)
X(t) =T (t)X(0)

(20)-("2).

which shows that the time evolution of even coordinate is also in nilpotent even direction asg as in (73), but with addition
of initial (possibly nonilpotent) zy, while odd coordinate is (another) constant as well. That leads to

in components is
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Assertion30. “Even” and “odd” evolutions coincide, if even initial coordinate vanishes o = 0 or common starting point
0
is pure odd X (0) = ( )
p ) 55

A very much important formula is the condition of commutativity [27]
1
(AP (©)]X(t) = AX (t) = ( a’g( ) ) =0, a7

which satisfies, when a - » (t) = 0, while in the standard case the commutator [A, T (¢)] X (t) = 0, i.e. vanishes without
any additional conditions [27].

SUPERANALOG OF RESOLVENT FOR EXPONENTIAL AND IDEMPOTENT SUPEROPERATORS

For resolvents Rp (2) and Ry (z) we use an analog of the standard formula from [27] in the form

Rp(2) = [ e P (¢) dt, . (78)
/

Rr(2) = [ e #'T (2) dt. (79)
/

Using the supermatrix representation (21) we obtain

pir)
R -
r@E=| |, (80)
\ z Z
1 «
e @
R (2) ~ ; (81)
Lo =
We observe, that Ry () satisfies the standard resolvent relation [30]
Rr (2) — Ry (w) = (w — 2) Ry (2) R (w), (82)
but its analog for Rp (2)
Rp (2) — Rp (w) = (w — 2) Rp (2) Rp (w) + u;;zzf\ (83)
has additional term proportional to the generator A. '
PROPERTIES OF ¢-LINEAR IDEMPOTENT (SUPER)OPERATORS
Here we consider properties of general ¢-linear (super)operators of the form
K(t) = Ko + K¢, (84)

where Ko = K (0) and K; = K’ (0) are constant (super)operators represented b
N ¥ (n X n) matrices or (p + g) x.
supermatrices with ¢ (“time”) independent entries. Obviously, that the generator of a general ¢-li ( (p : Q)e (P1+s q)

Ak =K' (0) = )
We will find system of equations for Ky and K; for some special cases appeared in above consideration.
Assertion 31. If at-linear (super)operator K (t) satisfies the band equation (34)

K(t) K(s) = K (2),

(86)

then it is idempotent and the constant component (super)operators Ky and K 1 Satisfy the system of equations
Kﬂ s KD 3 K2 2, (87)
KiKo=K;, KoK, = g

from which it follows, that Ky is idempotent, Ky is nilpotent, and K is right divisor of zero and left zero for K,
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For non-supersymmetric operators we have

Corollary 32, The components of ¢-linear operator K (t) have the following properties: idempotent matrix Ky is similar
to an upper triangular matrix with 1 on the main diagonal and nilpotent matrix Kj is similar to an upper triangular matrix
with O on the main diagonal [13, 57].

Comparing with the previous particular super case (43) we have Ko = P (0) and K; = A = P’ (0).

REMARK. Tn case of (p+ g) X (p + ¢) supermatrices the triangularization properties of Corollary 32 do not hold valid
due to presence divisors of zero and nilpotents among entries (see Corollary 1), and so the inner structure of the component
supermatrices satisfying (87)-(88) can be much different from the standard non-supersymmetric case [13, 57].

Let us consider the structure of ¢-linear operator K (t) satisfying the generalized functional equation (69).

Assertion 33. If a t-linear (super)operator K (t) satisfies the generalized functional equation

K@+ s)=K({#)K(s)+K'(t)s, (89)

then its component (super)operators Ko and K, satisfy the system of equations
Ki=Ko, Ki=2 (90)
KiKo=K;, KoKi=1Z O1)

We observe that the systems (87)-(88) and (90)-(91) are fully identical. It is important to observe the connection of the
above properties with the differential equation for ¢-linear (super)operator K (%)

K' (t) = Ak - K (t). 92)

Using (85) we obtain the equation for components
Ki =2, 93)
KiKo = K;. 4

That leads to the following

Theorem 34, For any t-linear (super)operator K (t) = Ko + K1t the next statements are equivalent:
1. K(2) is idempotent and satisfies the band equation (86);
2. K(t) satisfies the generalized functional equation (89);

3. K (2) satisfies the differential equation (92) and has idempotent time independent part K§ = Ko which is orthogonal to
its generator KoA = Z.

GENERAL ¢-POWER-TYPE IDEMPOTENT (SUPER)OPERATORS

Let us consider idempotent (super)operators which depend from time by power-type function, and so they have the

form n
K@) =) Knt™ ©5)
; m=0

where K,, are t-independent (super)operators represented by (n x n) matrices or (p + ¢) X.(p + ¢) supermatrices. This
power-type dependence of is very much important for super case, when supermatrix elements take value in Grassmann
algebra, and therefore can be nilpotent (see (1)~(2) and Corollary 1).

We now start from the band property K () K (s) = K (¢) and then find analogs of the functional equation and differential
equation for them. Expanding the band property (86) in component we obtain n-dimensional analog of (87)-(88) as

Ki=Ky, Ki=1Z,12i<n, (96)
KiKa=Ki, 1<i<n, KiKi=2Z,1<1<n, C2))
KiK; =12, 1<4,5<n,i# 3. (98)

Proposition 35. The n-generalized functional equation for any t-power-type idempotent (super)operators (95) has the

form s

K (t+ 8) = K(t)K(8) + Na (£,8), where Ny, (t,8) = me_ Dinlombl) atm (99)

m!
m=] l=m
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Proof. For the difference using the band property (86) we have N, (¢, s) = K (fn‘*' s) — K(t)K(s) = K(t +5) ~ K(2).
L s s -th derivati
Then we expand in Taylor series around ¢ and obtain N,, (, s) = 5. K(™) (¢) o Wi K™ (2) denotes n-th derivative
m=1 -

which is a finite series for the power-type K (t) (95). D

The differential equation for idempotent (super)operators coincide with the standard initial value problem only for
t-linear operators. In case of the power-type operators (95) we have

Proposition 36. The n-generalized differential equation for any t-power-type idempotent (super)operators (95) has the

form
K'(£) = Ak - K(8) + Un (1), (100)
where
0 n=l
Un (=1 > mKptm! n>2 - (101)
m=2 -
Proof. To find the difference Uy, (¢) we use the expansion (95) and the band conditions for components (96)—(98). g
CONCLUSION

In general one-parametric matrix semigroups and corresponding superoperator semigroups represented by antitriangle
idempotent supermatrices and their generalization to higher dimensions (p+4q) x (m+n) have many unusual and
nontrivial properties [8, 9, 25, 39]. Here we considered only some of them related to their connection with functional and
differential equations of corresponding superoperators. The stated Problems 1-3 are worthwhile to investigate in future.
It would be also interesting to generalize the above constructions to higher dimensions, to study continuity properties of

the introduced idempotent superoperators, to consider multi-time evolution and to find the corresponding applications in
modern supersymmetric models.
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MOJIYTPYIIILI CYIIEPMATPHIL 1 OJHOIIAPAMETPUYE CKUX HIEMITIOTEHTHBIX
CYIIEPOIIEPATOPOB

C. A, Aynamii

Dusuro-mexnuvecxuii paxyremem, Xapvxosckuii nayuonansnsiil ynugepcumem um. B. H. Kapasuna,
na. Ceoboode, 4, 2. Xapvkos, 61077, Vkpauna

B pa6o1e paccMaTpHBAIOTCA HOAYTPyHNb CYNEPpMATPHIL ¥ HCCHEAYIOTCS HX PA3AWYHble peAyKUMH. OUpefensioTes O/\HONapaMeTph-
YeCKHE HOAYTPYIibl BHTUTPOYTO/bHBIX CYNCPMATPUIL H A3YHAIOTCA CBOHCTRA COOTBETCTBYIOLIMX NONYTPYNN cyTieponepatopos. [loka-
3AHO, Y10 (-AMHeHAbIe HIeMIOTCHTHbIE CYNCPONepaTophl ¥ oObI4MHbIC IKCIIOHCHIHAIbEDIC CYICPONEPATOPL! ABNAKTCA JYAibAbIMK B
HEKOTOPOM CMbICIIE, ¥ HepBhle Jai0T AOBOMHUTENBHOC (HEHETHOE) PelICHHE (110 OTHOIICHHIO C CTAHARPTHOMY KCIOHCHUHANBHOMY)
npotaems Kowu. Haliaeus cooTeeTCTRYIOMES dyHKIMOHAILHOE YPABHEHHE U [0y YeH aHANOr Pe30ibBeHTSL. [l1% HACMIOTCH IHLX
(cynep)onepaTopoB ¢ L-3aBHCHMOCTHIO CTENEHHOTO Buja Halifientl AuddepeHIMaTbHLIC U QYUKUHOHATEHAIE YPABHEHH).

KJIOYEBBIE CJIOBA : cynepMaTprua, peaykiUa, OAHONAPAMETPUYecKad HOYTpynna, HAeMUOTEHT, Tpolirema Kown, pesonibie i
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A need of the introduction of nilpotent even variables to the consistent classical supersymmetric theory is justyfied on the example
of simple supersymmetric system. It is claimed that any classical supersymmetric theory on fermionic shell is equivalent to the
corresponding nilpotent mechanics.

KEYWORDS : supermechanics, dual number, nilpotence, fermionic shell, Legendre transformation, Poisson bracket

Natural formulation of supersymmetric models is based on the formalism involving so called Grassmannian
coordinates [1, 2], i.e. functions taking values in an appropriate Grassmann algebra [3]. Usually nilpotence is associated to
the fermions due to the anticommutativity of objects describing them. However even in simple supersymmetric mechanical
models (for review see e.g. [4]) it turns out that we must consider nilpotent even coordinates to describe consistently the
model {5, 6] and to have nontrivial description on the fermionic shell [7]. These nilpotent even elements appear as an
extension of the field of numbers used in the formalism. In our approach such an algebra of the so called Study numbers [8]
or dual numbers [9, 10] replaces the basic field of numbers (complex or real) and resulting configuration and phase spaces
have a geometric structure which we shall call a nilfold.

In the present paper we want to show that the even nilpotent sector of the supersymmetric models is very important
and should not be neglected. Moreover, it is connected in a natural way to the two-time physics approach proposed by
Bars at al. [11, 12, 13]. The notion of even nilpotent “directions” as such is not new. It appears in supermanifold theory
[14, 15, 16, 17] and classical SUSY models [18, 19, 20, 21, 22, 23] (see also [24, 25, 26, 27] and [28]). Some interesting
properties of nilpotent directions in mechanics were discussed in [29, 6, 7]. A generalization of the notion of supermanifold
including even nilpotent coordinates has also been considered in [30, 31].

CLASSICAL SUPERSYMMETRY. TOY MODEL
Let us consider (1]2) dimensional superspace and in the chiral basis (¢, 6™, 6~ ) and a scalar superfield ® (¢, 6“*"., 67)
which has the expansion @ (¢,0%,07) = q (t) +i07¢_ (t)+10~ 2, (t)+670" F (t), where g (¢) is a bosonic coordinate,
F (t) is an auxiliary bosonic field, 14 (t) are fermionic coordinates. The superfield Lagrangian of the model with a
superpotential V (&) can be written as

_ 1o -
£-§D . D"+ V (D), . . (1)

where D* = 9/30F + i6+8/0t and the equations of motion are
1
2 [D*,D"]®-V'(®)=0.

The action has standard form S = [ dtL, where L = [ df~df™ L is the component Lagrangian. After expansion in 6 and
using the nondynamical equation for auxiliary field F' (t) = —V (g) it takes the following form

-9 2
¢ Vi, .
L=3 ——5—+ipsp- + V" (@) 94y ()
From (2) the equations of motion are
V@V (@) -V () psp- = 0, 3)
Y iV (e = 0.

)
The bosonic equation (3) cannot be satisfied by real g (£) outside trivial fermionic shell ¢ (t)

; Y M . . = 0. Taking
solutions of the fermionic equations of motion (4), what means that fermionic coordinates are g aking nontrivial

ero, we obtain

= Fiplyo, F
Wi (t) = Aie o, }}

)
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where sinp (o, B) = —‘7‘%-, Vg = V'(go (1)), E is the energy of the system, and qq (t) is a standard solution for one-
dimensional nonsupersymmetric system (see below (19)). In this case we obviously have

Y (£) - (1) = A A = e = const, (6)

and therefore e is a nilpotent even Grassmann number e = 0.
On the fermionic shell the original SUSY lagrangian (2) takes the form

V" (q)
2

-2 .
Lrermasten (¢, V1e) = T-— ==L 4+ V" (g)e. ™

Let us represent it s the one-dimensional lagrangian

-} Ur2 '
Lnamech (¢, U) = %‘ Sy (®)
where 1
U=Ulqgle)=V + el . _ 9
(gle) (qlJ T ©)
Thus
Lrermishett (¢, V]e) = Lniimech (¢, U) (10)

and we see that the lagrangian of supersymmetric mechanics on fermionic shell is equal to a lagrangian with potential of
the special form (9) in which some even nilpotent part is added. We expect that such property may take place in larger class
of theories, and this equivalence can be the fundamental property of any classical supersymmetric theory on a fermionic
shell.

The lagrangian (2) is invariant with respect to the following supersymmetry transformations

8q = i (49— +e_1y), (1)
s = e4 (=4 +1V'), S =e_ (=g —iV"). (12)

On the fermionic shell the parameters ¢4 take the form
E4 = ki }\:b ) ( 13)

where k.. are some even parameters. Now the form of the supersymmetry parameters €. is fixed: they are expressed a
product of arbitrary even parameter k4 defining the transformation and fixed odd constants of fermionic motion Ay . Then
the bosonic part of the supersymmetry transformation (11) becomes

ki Vi + ke /EE Vi

‘5‘321’:9(&4— Sinp(QO:E)+k-— COSp(QOaE)} = \/i-E"‘ ’ (]-4)

which means that this transformation is pure nilpotent and numerical part of ¢ does not change. On the fermionic shell the
bosonic equation (3) takes the form !
g+V'(@V'(@)-V"(g9e=0. (15)

Therefore the bosonic solution on the fermionic shell can be written as follows

-

q(t) =go(t) +eqn (t). (16)
Then for g (t) and g (t) we have the equations

do+WV = 0, (17)
av + (Vo) av - V5" = 0. (18)

After first integration we formally obtain
@+Vg? = 2B, (19)

dogn + Vi'an - V§' = ENn, (20)
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where Ey and Ey are even integration constants and Vy = V (¢o). Then the trajectory of such classical system is given by

ddo 2n

J 2B - V%
Ex+ V] 12 '
— 2./9E, — V2 : 0 L C\2E, - V2 (22)
qn 24/2E, - V§ /dQn(QEO_%2)3,2 C 0— Vg

Let us assume that go (), gy () € R (for simplicity, but more complicated cases are possible). From the abox.re
example one can see that classical “bosonic” trajectory of supersymmetric one dimensional system takes values not in
the usual real or complex numbers but in the larger structure. This structure is known as the Study numbi:rs [8] whu?h
form the so called dual algebra D;(¢;R) with one nilpotent generator, where ¢ = e. Dual numbers were introduced in
1873 by Clifford [32]. The dual algebra D, (¢; R) is defined as an associative algebra with unit and nilpotent generators
L, -ostny t} = 0, k = 1,...,n with commutative multiplication txt, = Lntr, k # m. The general element of

D, (¢;C) has the form a = ag + E;;;I Ek1<...<k, Qky..keybhy o obhyy G0y Qky.. .k, € C.Forn =1wehave Dy (¢1;C) 3
a= ag + a1, i.e. dual (or Study) numbers, when ay, a; € C. For n = 2 the general element of D2(¢1, ¢2; C) is written
as follows: a = ag + a1t1 + asts + ajheiLs. A function of a dual argument is defined by its Taylor expansion f (x) =
f(zo + texn) = f(zo) + trzn f'(z0). The dual numbers have many applications, e.g. in such fields as 3D measurement

problem [33], Lie and Hopf algebra contractions [10, 34].

NILPOTENT MECHANICS. LAGRANGIAN FORMULATION

Let us consider the one-dimensional trajectory as a dual algebra valued function' x (T), x, TeD;(¢;R) (i.e. with
values in a Banach superalgebra Ao with two generators 1, ¢, where ¢2 = 0 [35, 36]). Then .

T=t+un, x(T)=20(T)+ean(T). (23)

The derivative is of the following form [35, 36]

2] o) 0
‘ﬁ = 5; + La’;, (24)
the conjugation is defined as
—?—- = -‘2 -1 9 T=t
oF & By M )
and the Cauchy-Riemann conditions are
9z (T) _ . 92(T) _ Ozn(T)
I o
Now the full derivative is - :
dx (T) . . ,
T = %o (t) + ¢ [2n (t) + Zo (2) ta], 27)

where dot denotes differentiation by ¢, :
Let U (x) = Uy (x) + LUy (x), then the dual algebra valued lagrangian L has the form

1 /dx(T)\?
L=‘2‘("&‘Ef")) —U(x(T)). (28)

Expanding in series with respect to ¢ we obtain decomposition L = Ly + ¢ w (of. (7) with e = ¢), where

Lo = 583 (t) - Uo (20 1)), (29)
Ly =0 (t) &n (t) — on () Ug (20 (£)) — Un (20 (1)) + taito (#) [Zo () — U§ (2o (1)), (30)

The prime here denotes differentiation with respect to the variable.
The second time parameter ¢, emerges naturally within this approach and sy '
ggests relation to u
de.velc.)ped by I?pa:"s atal. [37, 38, 11, 12, 39, 13] and allows various holographic pictures of the supe i
will discuss this in the forthcoming paper. Here we consider only the simplest picture where one
tune 1 with tay = 0. _

time theory
rsymmetric model, We
takes into account single

'Dual valued variables will be written in bold.
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Let us consider a model of the nilpotent mechanics defined by lagrangians (30) on hyperplane ¢ty = 0. In this case
nilpotent mechanics is described by two lagrangians

L
Lo = 55 — Us (20), (31)
Ly = &o&n — 2nUp (z0) — Un (20) , (32)
where Lo = Lp (20, ®o) is a usual lagrangian of point particle, Ly = Ly (2o, N, 20, %y ) is nil lagrangian which depends
on two degrees of freedom 2.
At the first glance we have three generalized momenta
0Ly .
0Ly .
PN = Bz, =W (34)
OLy .
= 6—13,\;- = Zo. | (35)
Let us notice that
p1 = Po, (36)
what is a consequence of nilpotence and ¢? = 0.
Equations of motion are of the form
o + Uf (20) = 0, 37)
En +znUy (20) + Uy (20) = 0. (38)
So we formally have an additional integral of motion Ex
i aLo 2 ;
B3, - Ly= —2"' + Uo (o) = Ep, (39)
. OL . OL o : _
Zo = + &N _N — Ly = #o2n + 28U} (20) + Un (20) = En. (40)
OTo o0ty :
Using (40) and 8/8t = ¢00/dx, we obtain
2 (Bo — Uy (20)) &y (o) + Ug (o) 2 (20) = En — Un (20) - (41)
One can see that the system has two return points | |
Ex-Un(z
Bo = Us (@o) <= 2 (20) = =77 (;’)( o) (42)
EN = UN (mg) ~— IN 3:0) O‘\/EQ Ug 23(] (43)

where C is integration constant. If simultaneously Ey = Uy (zg) and Ex = Un (2p), then zn (20) = 0.
The solution for zy {zp) can be obtained in the explicit form

zn (z0) = v/ Eo — Up (x0) (% /dwo Lo 4L zt C) . | (44)

(Eo ~ Uo (w0))*/
The term with C' can be removed by shifts in parameter ¢ n and therefore we choose C' = 0. Then the on-shell
lagrangians take the form

Lg = Eo = 2Uu (I‘o) y (45)
LN = EN = ZUN (Io) it Ué (xg) £/ Eg oo Ug (Ig) /dxn EN — UN (xﬂ‘??/z . (46)
(Eo — Up (20))

Note that we cannot put the term Ly to zero using parameters of the theory, and therefore the full lagrangian of the
nilpotent mechanics always takes value in Study numbers (Ly # 0).
Standard passage to the phase space is not possible for the lagrangian L, since its Hessian vanishes

oL | g . . -

5?"39‘3'*" ““0: g = Zp, EN- (4‘}

Nevertheless, we will not use here the Dirac constraint approach (see e.g.[40]), but we will try to provide some
modification of the Legendre transformation specially for the dual space D (¢; R) {29].

2We note that zq (t) and z v (t) are considered a8 2 independent functions.
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GENERALIZED LEGENDRE TRANSFORMATION

Let us consider a general function on dual space D1 (¢; R) — D1 (i;R) y = f (x) + th(x), where X = Zg + oy
Then

Y = Yo + tyn, (48)
yo (zo) = [ (z0), (49)
yn (o, zn) = zn f' (20) + h(20) - (50)

We construct the Legendre transformation for yo (zo) — go (Po, Zo) and yn (@0, zxv) separately taking into account
that y (Zo, Zn5) = g~ (PN, D1, Zo, T ) is a function of two variables [41] as follows

9o (Do, Zo) = PoZo — Yo (o), (51)
an (PN, P1,%0,ZN) = PNTo+P1ZN — YN (To, ZN) - (52)

As usually [41] we determine parameters po,pn,p1 from condition of maximum of go (po,zo) and
gn (PN, D1, o, zN) as the functions of 2y, 2 v, and obtain

_ Oy (zo) 53
pae = IR g 1 (2g) 4 (o), (54)
zo
i et e
TN
Equality of pg and p4, i.e.
Po =p1 (56)
is a consequence of generalized Cauchy-Riemann conditions for the analyticity of dual number valued functions [35].
Byo _
ek 0, (57)
Oy _ Oyn
Dro oy (°8)
We use (52), (56) and (50) to obtain
gN = DPNZo + PoZN-— YN = PNZo + [ (€0) & — =N f (z0) — h (20) = pPNTo — h (z0) . (59)

Then the final form of the Legendre transformation (taking into account (56)) is

g(pN:plamG?mN)zgﬂ (pO;mO)'I'LQN(pNgE;lng{]s-’BN); g (60)

_ where '
90 (Po) = poxo (po) — f (zo0 (po)), (61)
gn (P, po) = pno (po) — h (zo (po)) - (62)

The function g (po) is determined from eq.(53). Notice that the difference between (61) and (62) is only in f (zq (po))
and h (zg (po))- '
NILPOTENT MECHANICS. HAMILTONIAN FORMULATION

Let us apply previously generalized Legendre transformation to the nilpotent mechanics la ian I
: . _ grangian L = Ly + Ly,
where Lq and Ly are given by egs. (31) and (32) respectively. In this way we obtain the following hglan;ﬂaptonian s

H=Hy+Hy, (63)
where
Ho (zo,p0) = poio— Lo = 2 + tr0 (z0)
L , (64)

Hy (E:OamNrpﬂapN) = PNIZo+poiny — Ly = Popn + xNU{) (35(]} + Un (2a), . (65)
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and we have used condition p; = pg (56). The resulting hamiltonian equations of motion are of the form

OHy . OHyN 3 8Hy
e e st &0 = " B = Sy
9po Opn Opo (66)
__9Hy . OHy . _ OHy
Oxzo’ By = Oxy ’ = e N

Analogously as for Ly now Hy contains all the information about motion of the system. Component energies are
defined by

Ho (w0, po) = Eo, (67)
HN (o, 2n,p0,p8) = En (68)

and the full energy is a dual valued number as well E = Ey + ¢Ey. The component phase space has two sectors with
Poisson brackets specific for each sector. Namely

0A 6B O0A 6B
(4, Blo = (3% dpo  Opo 3-”«‘0) (%9)
and DA 8B ~ OA 0B 9A'0B A OB
{A’ B}N - (a.’zo apN B apN a$u) (BmN 8]5‘0 _F 8p0 a':IZN) . (?0)

We note that in “nilpotent” sector of the phase space the Poisson bracket is related to unusual conjugation of canonical
variables
To <+ py and N < Po. (71)

The second Poisson bracket here w}) can lead to additional quantization rule with additional (to Planck R) constant i
using nil Hamiltonian H)y (65). Analogous effect is also present in the quantization over the oddons of anti-bracket (super-
symmetric) systems (cf. [42, 43] and references therein).

CONCLUSIONS

We emphasize that the dual numbers are necessary to formulate in a consistent way supersymmetric models. The
supersymmetry transformations as well as the dynamics of the model have to be written in terms of a new nilfold language.
General picture of new nilpotent models on the dual space D;(¢;R) corresponding to N = 1 supersymmetric models
requires the presence of two time parameters what is related closely to the two-time approach developed by Bars at al.[37,
38]. In case of NV supersymmetries [44, 45] one should consider many-time approach. This aspect of the nilpotent mechanics
as well as its relation to the D = 11 supersymmetric mechanics and string/brane/M theory will be presented elsewhere.

Acknowledgments. One of the authors (S.D.) would like to thank Jerzy Lukierski for kind hospitality at the University
of Wroctaw, where this work was begun, and V. G. Zima for useful discussions.
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61108, Xaperoes, Axademuyeckas,
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Ha ocHOBE raMUIbTOHOBA NOAXOAA PACCMOTPEHA IMHAMMKA OJHOOCHBIX HEMATHYECKUX KHUAKUX KPUCTANIOB U AaH BHIBOJ
HETUHEHHBIX YPaBHEHMH MISaNbHOM THMAPOAMHAMUKM  YYMTHIBAIOIMX (opMy Mojekyn (auckonomobHble |
CTEP)KHENONOOHbIE MONEKYIBI) ¥ KOHPOPMaUMOHHBIE cTeneHy cBOGOABI. [IMOTHOCTH ANIUTUBHEIX HHTErPAIOB ABWKEHUS U
COOTBETCTBYIOLME MM MOTOKH MPEACTABNEHEI B TEPMHHAX TEPMOAMHAMMYECKOro MOTEHLMana. PaccMOTpeHsl CreKTps
AMHEAHEIX KoNeGaHui B 3THX KMAKHX KpHcTannax. Halinens! ABe BeTBM akycTHUecKHX koneGaHWH M BBIACHEH XapakTep
aHH30TpONMH 06EHX CKOpOCTEH 3BYKOB.

KJIIOYEBBIE CJIOBA: nemarvk, kon(opmalys, riaApOIMHAMEKA, CIIEKTPbI, BTOPO# 3BYK, aHH30TPOMNHS.

B nacrodmee Bpems GOMBLION MHTEPEC BLI3BIBACT H3YUeHHE >KMAKOKPHCTAINYECKHMX cpel. XOpollo M3BECTHO,
YTO JOCTaTOYHO CHOXKHBIA COCTaB 3JEMEHTOB oOpasyromux »xuakue kpuctamisl (OKK) npuBomut k wepapxun
CTPYKTYPHBIX ypoBHeH MX opraduzaumi. OOBYHO BBJEASIOT JOKANBHBIA  (MONEKYNAPHSIN) TOPSOOK,
KOOPOMHALMOHHBIH (MEXMONEKYNApHeI) M Makpockomudeckuit (manshuil mopsagok) [1]. Kaxkapomy ypoBHio
YNOPAROYEHHA COOTBETCTBYET HabOp napaMeTpoB XapakTepusyrouHx cuMMerprio u ctpykrypy XK. B pa6Gorax [2-3]
MOKa3aHO, 4TO YXe Ha MacmTabax MOpsAAKa MONEKYJPHOrO0 pasMepa HEOOXOAMMO BBEIEHHE TapaMETpPOB
KOH(OPMAIHOHHOTO COCTOAHHS MOJIEKYJIAPHOrO aHcamOJ1s. PaBHOBeCHEIe CBOACTBA H (a3s0Bble NEPEXOABI ONKCHIBAIOT
B3aMMOCOITIaCOBAHHBIM 00pa3soM HCIoNb3ya MpeACTaBieHHEe © KOHQOPMAUMOHHBIX MapameTpax rMopsaka |
KPUTHYECKHX MapaMeTpax opueHTauuoHHoro nopsaka [4)]. [pobieMa AMHAMUYECKOTO MOBEACHNS HHUAKAX KPHUCTALIOB
xopomo paspaboTaHa Ha MakpOCKONHYECKOM YpPOBHE. B CylleCTBEHHO MEHbIIEH CTENeHH YYTEHO BIIHAHWE (POpMbI
MOMIEKYNl 1 KOHGOPMALIMOHHLIX CTeneHel cBob0Ab Ha JMHAMUYECKUe MPOLECCh! KHAKHUX KpucTanaos [5-8].

Llens HacTosAmieit paboThl - W3yYeHHe AHHAMMYECKMX TMpOLECCOB B OAHOOCHBIX HEMATHKAaX C Yy4eTOM
KOHQOPMALIMOHHBIX MapaMeTpOB M reoMeTpuyecKod (opMbl MOJEKYN ITHX JKHIAKUX KPHCTAIOB MCMONB3YA
raMunbTOHOB moaxoa. Kak mokasaHo B paborax [9-11] ckobkm Ilyaccona (CII) u COOTBETCTBEHHO YpaBHEHWA
THOPOAMHAMHKH HMMEIOT pasiuyHbiii BHA AN AUCKOTMOAOOHBIX M CTep:KHEMOAOOHBIX MoJekyn. PUIMYECKHMH
NMpAMEpPaMK BIUAHMA TeOMETPHM MONEKYJ ABAAIOTCS PasHBI 3HaK pPEeakTUBHOMO ko3hduuueHTa B ypPaBHEHMAX
rufpofuHaMuky  [12], pa3nuuHBle BO3MOXHOCTH peanu3allid CEerHeTO3NIEKTpHYECKoro coctosHus [13,14],
CrieKTpaibHble 0COGEHHOCTH MONAPH3OBAHHOIO TornoweHua ceeta [15]. B pabote [16] BbIACHEHO, YTO B ABYXOCHBIX
HEMAaTHKaX TaKXKe HMEEeT MeCTO CBA3b Mexay GopMoil MoOnekyn W TMAPOAMHAMHMKOA XUAKMX Kpuctamnos. Owa
NpPOSIBNAETCSA, BO - MEPBLIX, B PasiM4HON CTpyKType ckobok ITyaccoHa s mapaMeTpoB COKpPalleHHOro ONUCaHus, BO
BTOPHIX B PAaCHIMPEHWH YHCIa MapaMeTpPoB COKPAIICHHOIO OMHCAHMA HA THAPOAMHAMMUYECKOH CTaJUM 3SBONIOULMWM.
TlosiBNeHKUe TOMOTHATENBHON CKAIAPHOM BeTMYUHBI 00yCIOBNEHO YII0BOH CTENEHBIO CBOGOABI B IBYXOCHOM XHAKOM
KpHCTaLIE.

B HemaremaTHueckod ¢ase IKMOKHX KDPUCTA/IOB MNPOMCXOJUT CMIOHTAHHOE HapylleHWe BpallaTe]bHOM
HHBADHAHTHOCTH, [OJTOMY, Hapsifly C AWHAMMHMECKHMH NEPEMCHHBIMH, OMMCHIBAIOWIMMH COCTOAHHE M30TPONHOM

KMOKOCTH, - MAOTHOCTBHO MacChl ,O(X) MJIOTHOCTBIO MMITyJIbCa T k (I) INIOTHOCTBID 3HTPOIIMH O\ X ( ), BBOAAT B

pacCMOTPEHHE NOMONKUTENbHBINA MapamMeTp - eAMHHIHBIN BEKTOP NPOCTPAaHCTBEHHOH aHW30TPONMH n(x) (manpexrop),
CBA3aHHLI C HapylleHNHeM BpainaTenbHol cuMmeTpuu. B pabote [11] mokasaHo Kak 3TOT BEKTOP aHM3OTPOITUM MOXET
6biTh MPEACTABNEH B TEPMUHAX MaTpPHibl MPOU3BONLHBIX Aedopmari bg- (x) B pamkax ramMuabTOHOBa Mojaxoda

noayyer Habop CIT Ans BLIMUCAHHBIX M'MAPOANHAMWYECKHX NEPEeMEeHHbIX
e (.00} =~V G- %), (), by (30 = by ()Y 80k - %),
i:rl- (x),;rj (x')}= 7 (x)V’EJ(x -x") - ;fri(x )Vjé'(x -x'), (N
{r, (0, OO} = p(0)V5(x - X,

CAYKAUIMX OCHOBOH MOCTPOEHUA HENMHEeHHBIX ypaBHEHUN IMAPOAMHAMHYECKOrO THNA AJIA HOPMAJIbHBIX XUAKOCTEH,
KPHUCTANIO8B U KUAKMX KPUCTAIIOB. 346Ch MaTpULa IPOH3BOABLHEIX AedopMaLmi
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bi(x) =0y, —Vf-uk(x) (2)

ofipeenAeTcs B TEPpMUHAX BEKTOpa CMCIUCHUA uk(x) KAHOHWYECKU COTIPMKEHHOro K MIOTHOCTH UMITYJ1bCA,

CBA3BIBAIOLIETO NarpaHkenBy KoopAnHaTy & g ©2#neposoit KOOPAMHATON X @ X = S T UL {I)

PaccMOTpUM [IBE BO3MOXKHOCTYU BBENCHHA ENMHWYHOTO BEKTOPA MPOCTPAHCTBEHHON aHW3OTPONUW B TCPMUHAX
MaTpUILl MPOu3BOABLHBIX Aedopmaumif. OOHa M3 HUX COOTBETCTBYET HEMATHKY C MOJCKY/IaMAn crepxueobpazHoi
dopMsl, Opyras - HEMaTHKy ¢ JuckooBpasHpiMu Monekynamd. [TycTb uYacTULbl CPeAbl COCTOAT H3 MOJACKY.

crepikHeobpa3Hoil GopMbl (HeMAaTHKH KaJaMUTHOro THna). Toraa B He AeOPMUPOBAHHOM COCTOSHUM MOKHO 3a4aTh
HEKOTOpOe CeMelCTBO JIMHWMH, KacaTelbHble K KOTOPBIM B KaXJOH TOYKE COBMAAalOT ¢ HampaBICHHEM CTepHKHEeH.

Mycs &; =4; (a) - MapaMeTpHyecKre yPaBHEHUA OAHOM U3 MHHAR 3TOro cemencTsa. Torna HanpasiieHHE CTEpIKHEH B
KaXOOM TOUKe XapaKTepusyeTcd BEKTOPOM C KOOpAMHAaTaMM 4; =d&;/do. 3TOT BEKTOp ONHCBIBACT

OpUEHTALMOHHBIN W KOHGOPMAUMOHHBIH TNOPANOK HeAeHOPMUPOBAHHOTO KHAKONO KpHCTAIa H HMEET CMBICH
narpanxkeBoif  mepemeHHo. Moaynr 3TOro  BekTopa  3aaeT  KOHPOPMAUMOHHYK  CTeneHb  CBOOObI
Hee(OPMHUPOBAHHOTO CocTosHUA. [Ipy Aedopmaumu cpemsl THHUKM ceMeficTBa Takke NePOpMHPYIOTCA, MPOUCXOAMT

M3MEHEHME HaNpaBjieHWs OCHM AaHW30TPONMHM H KoH(popmauuonHoro napamerpa. [lycte x; =x;\a) - HOBbIC
napaMeTPUHECKUE YPaBHEHHA Yyke PACCMOTPEHHON NHMHUK ceMeficTBa nocie AeGopMauny XapakTepu3yTcs BEKTOPOM
a; (x) =dx; / da YuutsiBas, uTO X; = X; (.f),nenco BHICTh, YTO BEKTOPHI @; M a; (x) CBA3aHbI COOTHOWIEHUEM

a; (x) = b!-’,_'l (x)gj ” (3)
Orcioaa cienyer, YTo eAMHWYHbIH BEKTOp A1 MPOM3BOMBLHOINO HEPABHOBECHOTO COCTOAHHA, MOXKET ObITh OonpeaeneH
tdopmynoii .
ni(x)=a;(x)/ al) ©
Hcnons3ys onpeeneHrne MaTpULIbl IPOU3BOBHBIX Ae(opManuii by (x) (2), nerxo naiitu CIT:
e, (), 571 (x')}= 8 =)V, 67 (x)- 5,87 () V!, 8(x - ). ©)
M3 (1)(4)(5) nomyuum CIT anis nepeMeHHbIX 7z (x), nj (x):
(), ny ()= -2)¥  n (3) - 535 e Ny (W, 8(x - %),

1
5 (ole)) =5, - ny (eI ().
Chenaem Teriepb mosAcHEHHe, OGOCHOBHIBaIOIIE® HEOGXOAMMOCTh  pacCIIMpEHHs Habopa mapameTpos

COKPaICHHOrO OMHCAHUA Ul JKWAKAX KPHCTAIOB, KOTOPOE OGYCNOBJNEHO KOH(POPMANUOHHON HEXECTKOCTHIO
MEe30reHHbIX Mojieky/1. Matpuna b ki (x) (2) 3amaer opueHTAUHOHHBIE M TPAHCASUMOHHbIE COCTOSHHS paBHOBECHUS U

(6)

OnpeaenseT rpyniy ABWXERUH B HEPABHOBECHOM COCTOAHUM, [IIOTHOCTb BEIECTBA NPOM3BONBHORG COCTOSHMUSA p(x)

CBA3AHA € MVIOTHOCTHIO BEUIECTBA HEASPOPMUPOBAHHONO COCTOAHMSA £ PABEHCTBOM [11]

p(x) =p det]bg- (xj ;

Hpyras BO3MOXHOCTb MPOABJCHUA TPYMMbI NPOU3BOILHBIX Aedopmauuii peanusyercsa s IBYXOCHOM HEemaTuke, rie
¥
napamMeTpoOM COKpaLUEHHOTO OMUCaHUS ABJIACT WYIWH ; :
eTp: p o BeJ a= b:k ¢ k bﬂé’ 1 > AMetowas duznyeckuit cMbich yriia Mexay

s
ocamu [16], rae £,4 - narparkeBEl BEKTOPE! OMUCHIBAIONIME HefiehopmupoBankie ocu. Jis OAHOOCHOrO HeMaTHKa
eCTECTBEHHOW BENMYMHON uMeroutell QusMyeckuit cMmbicn KoHpOpMaLMOHHOTO nopsAnKa ABAAETCA CBEPTKA

~ b’.k«f k b”gf, rae & - narpamkeB BEKTOp 3ajaeT HeNeOPMUPOBAHHYI0 0Ch HemaTHKa, Yuer KOHPOPMALMOHHBIX
crenexeit cBOGOIB! NMPH OMMCAHUY JMHAMWKY HEMATHKOB Mb MPOBOAMM IyTeM BKJOYEHHS B HaGop napam
Q[pOB
COKPAILEHHONO ONMCAHNA NONONHUTENBHON NepeMEHHOM - MOLYs BekTopa a(x) = ]g«;(x} npunazas emy tia::mecxyw
MHTEPNIPETALMIO KOH(DOPMAIMOHHOTO CTPYKTYPHOrO 3/ieMenTta. B COOTBETCTR
ICHTa. Hu _
cootHowern# (1) nosyuum ckobky ITyaccoma st 310 ruapoaunammyeckoi BCJIH"IHHHC bopmysiofi (3) mpu yuere
{T[f(x)xa(x')} = 5(.]: - x')Vfa(x) + a(x’}S}Jx (ﬁ(x'))thS(x _ x:) . (?)
CIT (1),(6)(7) obpasyror anreGpy nusamuveckux ne

PEMEHHBIX HeMaTHka CO ¢
e LSt N ime ot Ki-perieives TepXxHeOBpasHeIMU Monekynamu npi
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YpaBHEHH: ABIOKEHUS ANA MIOTHOCTEM a/IMTHBHLIX HHTErPANIOB ABWKCHUA ¢ a (x) = (g(x), Ty (x ) p(x )J AMEIOT
BUIL
¢a(%)=-v,¢ ). ®
roe e(x) - TUIOTHOCTE 3HepruM. ILIOTHOCTH MOTOKOB aANMTUBHBIX HHTETPANioB ABHMKEHHA ( ak (x) B TEPMHUHAX
ckoGok [TyaccoHa OT COOTBETCTBYIOIMX MIOTHOCTEH MMeroT B [11]

1
S ak (x) = "5ak£(x) + d’x X} '(J;d/l{;'a (x + /’Lx'), a(x - (1 - )«)x'.)}, a#0,
1 1 |
Cop ()= ) &'z, ! dife(x + ax'), e(x - (1 - A )}, )
Honaras, 4To raMWwisTOHMaH H HMeeT rajuieeso-MHBAPHAHTHEINA BHA
2
H= fd3x af Bl + v(p(x),o*(x),h'(x), Vii(x), a(x)) ; (10)
2p(x)

FA€ V- TMIOTHOCTh JHEPTHH B3aHMOACHCTBHA, JIOKAIBHO 3aBHCAINAA OT NAapamMeTpoB COKPALIEHHOTO OMWCAHHA, W
nuenonb3ys Gopmyast (1)(6)(7)(9) momyqum BbIpaXeHHs U1 IIOTHOCTEH NOTOKOB AIIMTHBHBIX HHTErPANOB ABIKEHUA

B TEPMUHAX TEPMOAHMHAMHYECKOTO NMOTeHUMANA @ =~0 +Y {, = w(}’ A, Vﬁ,a):
a

8 oY B w 7 S 8 Y
;ak— k + Vinj +ni ——-Vj 4 +-—-a5i‘(ﬁ) “"‘*"“"‘""L,
X, Yy Nn | Z N ng | aa ¥y X,

an

3peck Y a - TEpMOIHMHaMHWYECKHE CHAbl, CBA3aHHBLIE C TUIOTHOCTAMH AJAWTHBHBIX WHTErpajoB MABHXKEHHA C' a

COOTHOWEHUAMH 0@ /0Y, =( ;. YpaBHeHMa HACANbHOM THAPOAWHAMHKH OZHOOCHON (a3l cTepikHenonoGHoro

HeMaTHKa UMCIOT BUI
o)==V, (otw,(x)) , pI=-V,7,(x), 7i(x)=-V il (),
p.’xj(x)z-ivs (x)Vsnj(x}—Sé(x)nl(x)vlvi(x), (12)

: )

a(x) = -vg (x)VSa(x) - a(x)é'kl (n(x))Vkvl (x).
3nech v; =7;/p - CKOPOCTH IBHKEHHA eLMHHLEL! Macchl cpeabl. Dopmynel (11)(12) npefcTapnsioT coGol MonHbii
HaGop ypaBHeHuH UAeansHOH M’MAPOANHAMPKH OJHOOCHOTO HEMAaTHKA COCTOALLETO M3 CTEPXKHEeNnoAo0HBIX MOJIEKYn ¢

y4€TOM KOH(OPMaLMOHHO! cTeneHH cBOGOIbI.
PaccMOTpHM Temepe HEMaTUK, COCTOSIMH W3 AKUCKOOOpasHBIX MoNiekyn. HampapieHuwe OpWEHTALMH TAKUX

KHUAOKHX KpUCTANOB ONpenensaerca €IWHWYHBIM BEKTOPOM HOPMalH K TUIOCKOCTH TaKWX MOJIEKYI, Ecnu BBecTH
ceMeicTBO HOBCPXHOCTﬁﬁ, KacaTeNbHBIC NTOBEPXHOCTH K KOTOPbIM B KaKAOH TOYKE COBMANAT C TUIOCKOCTAMM OHCKOB,

T0, KaK CICAyeT W3 MpEeIbLAYLIero pacCMOTPCHMA, [BA HEKOJUIMHEApHBIX BEKTOpa d; (x), I (x), OTIpe ASJIAFOLLMX
2eGOPMHPOBAHHOE MMONIOXKEHHE TUIOCKOCTH, MOTYT ObITE NPEACTaBAEHb! B BHIAE

d(x)=b5' (). fi(x)=05" ()s
rae dj, f , = HEKOTOpBIC TOCTOAHHBIC HEKO/NIMHEAPHBIE BEKTODh, ONMPEACNAIOIIME MOJOKEHHE MIOCKOCTH H
KOH(OpPMAaLIHOHHBIE CTeNeHu CBoOOXBl HeAe(POPMUPOBAHHOTO COCTOAHHMA. TOrJa BEKTOP HOpPMalM K MJIOCKOCTH,
HaTAHYTOH Ha BEKTODHI d (x), j}(x),paaeﬂ

b;(x)=by 0g; 18x; = byby, (x),

roe E:(Q X z ) - BeKTOp, ONpeAenmOMUN HanpaBicHNWe NPOCTPAHCTBEHHOH aHH3OTPONMH W KOH(OPMALIIO
HeaeGopMupoBaHHOro cocToAHMA. EAnHWIHbEIN BEKTOP HOPMATH K NAOCKOCTH AHCKOOOpasHOH MOMIEKYIbl ONpeaetim

Gopmynoi
n; (x)= b; (x)/b(x) : (13)



34 7 A J Huarun
: negekuti, A.JL .
«Ricimk Xapkincskoro ywisepeutery», Ne 510, 2001 M. 10, Kot

Hemonb3ya onpesieieHHe BeKTOpa aHU30TPOTTHH nf(x) (13) u popmyast (1), ANK BENUHHH 7 ; (x), n; (x), b(x).—': IE("']
nosy4um ckobku [MTyaccona: |
%’1’ (x), nj-(x’)}z §(x - x')Vf nj (x) + 5}1}‘ (x')nl- (x')V'k 5(3: - x'). (14)

{nf(x),b(x')}z- 8(x—-x")Vib(x)+ b(x’)n,-(x')nl(x‘)V’;_S(x =x').
CIT (1),(14) obpasyrot anrebpy AMHAMHYECKHX NEPEMEHHBIX HEMATHKA ¢ AUCKOOOpa3HBIMH MOJIEKYIaM# MPU HATHYHK
kKOHQOpMaLIMOHHBIX cTeneHelt csoGoasl. Janee mocTynmas aHATOTHYHO PacCMOTPEHHOMY MpelbIAyliemy CAy4ar He
TPYAHO MOMYYUTh YPaBHEHUsS WAEANbHON TMAPONMHAMUKMA N1 MOJIEKYJ AUCKONIOAOGHOR HOPMBI MOJEKYJ C YYETOM

KOH(OPMALIHOHHOW CTeneHn cBOGOabI

o(x)==9, (0t (x) , p)=-Y,7;(x),  7i(x)=-V 15 (),

: L (-
nj(x) =V (x)VSnj (x)~ n; (x)c?jl (n(x))VAvl- (x), (15)
b(x) = 5 (x)V 5b(x) = by (x)n) (x)V v, (x) .

[110THOCTH MOTOKOB aAJMTHBHEIX HHTErpaJioB ABHXXEHHA B 3TOM Clly4ac HMeKT BHI

é on 22 e 20 oo 2 Y
g"ak=- + Vz‘”j"*'"z‘ -—-—-Vj +-*—bnfnk e

(16)

O6paTnm BHUMaHUe, 4TO BLIGOp MapaMeTPOB COKPALICHHOrO ONUCAHHSA HA HAPOJNHAMHIECKOM ITANe SBONIOUNH
AJIA BBLIPOXKACHHBIX KOHACHCHPOBAHHBIX Cpeld HE fBAACTCA TpUBUAIbHOM 3amavedt. KOHUENUMSA - CHIOHTaHHOTO
HapYWeHWs  CUMMETpHHM, Xopouwo “"paboraiomias” A1 KBAHTOBBIX JKHOKOCTEM M MarHeTHKOB, AnA
KUAKOKPUCTAJIMIECKHX Cpell He coBceM AocTatouyHa. [IpiunHa 3TOro He TONBKO OTCYTCTBHE CBOHCTBA KBAHTOBOCTH
00beKTa WCCIEN0BAHMI, HO M ABHOE BJIMAHWE DEOMETPHH CTPYKTYPHBIX 3JIEMEHTOB TAaKMX Cpel Ha KOJWYECTBO H
XapaKTep napameTpoB COKpalleHHOro omucaHWA. Kpome Toro, kak He TPYAHO 3aMeTHTh, BBeJEHHBIC
KOH(OPMAUHOHHbIE TAPaMETPbl COKPALLEHHOrO0 ONHMCAHUA B COOTBETCTBHH C ypaBHeHUAMHU (12)(15) umeroT BnonHe
"TUAPOAMHAMUYECKHH" BUI, TO €CTh BPEMs PENlaKCalliy VIS TAKUX MePEMEHHBIX pacTeT ¢ YMEHBILIEHHEM XapaKTEPHOro
BOJIHOBOT'O BEKTOPA MMAPOAMHAMMYECKOrO IBMKESHUA.

Hccnenyem Temeph criekTpbl KONNEKTHBHBIX BO30YKIEHHI HA OCHOBE NMOMYYEHHBIX YPaBHEHHIH ORHOOCHOTO

Hemathka. Tlonaraem, uTo CocTOAHHE PABHOBECHA TAKOM Cpelbl ONHOPOLHO Cpefa Kak uenoe nmokoutces (v g = 0).
Jlureapusaums ypaBHenus naeanbHoi rugpoausamuiu (11),(12) NPUBOAUT K AUCTIEPCHOHHOMY YpaBHEHHIO

det

oP T
w?s, - ik e Ala)r; (k)R (k# =0,

- i
rie R; (k)aaﬂ (n)k,. PackpeiBasi onpenenutens, Haitiem ypaBHeHue ANA OMPENCNICHUA CHNEKTPOB KOJUIEKTHBHBIX
BO30YXAEHMH

0?0 - 021, () + L, F))=0, 17)
rae BBeaeHs! 0003HavYeHHA
Ly ®)=2(2 + 4)- @5 4>, L ()= @l (2 - @) ) o,
2 _or 2 o%e
4 “ap)O’ 4=a aa2>0.

3nech ¢ - CKOPOCTh aKYCTHYECKMX BONH B HOpManeHOH ¢ase. Takum o6pazom, BHANM, 4YTO B OJIHOOCHOM HeMaTHKe
KaTaMHTHOTO THIA BO3MOXHO PactipOCTpaHEHHe ABYX aKyCTHYeCKHX BeTBeH KoneGa wit

o20)=2 4 (0) ¢ B )4, @)= 3(E)e. a9

COOTBETCTBYIOLIMX NEpBOMY U BTOpoMy 3ByKy. Pemrerme (18) co 3nakom (+) oTReuaer Bersu anano
3BYKY, KOTOPBIH UMEETCA M B HOPMANBLHOM KHIKOCTH. Pewmenye co 3uakom (-) mpeacrasnser co
BO3OY)KACHUA, OGYCIOBACHHYIO yueToM KOH(OPMALIMORAOTO baxTopa xupkoro KpHUCTaLa
XapakTepu3yeT UIMCHEHUE BEIHYHHB! Pa3Mepa BEKTopa GHU3OTPOIHK 32 CYET MPOLECCOB CHKATHS
Ina oboux pewenuit cymecTrenna AHM30TPOIHA CKOPOCTeH 3ByKOB.
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cepin giswuna «Hpapa, yacrumkn, noas», sun. 1 /13/ K ruapoanHaMuKe 0HOOCHbIX HEMATHKOB ...

B cipeprieckoii cnereme koopannat ki =k cos 6, rae 6 - NONSApPHLIA YroJ, 3aaa10MHi HaNPaBAEHWE BOJIHOBOTO
BeKTOpa K . B repmunax s1oif yriooit nepemeHHo# ckopocT €4 MMEIOT BUI

/21172
] . (19)

<
¢y (6.9)=—=11+ Asin? 935[(1 ¢ asin? o) - Asin® 20

V2

2 _
rae A= A/c” . Komnsrorepras rpaduka packpbisaeT XapakTep aHN30TponHn cnekTpos (19) (cm. puc.1).

Puc.l.a Puc 1.6
YraoBas 3aBHCHMOCTh CKOPOCTH ¢, Tipu A = 1. Yriopas 3aBUCMMOCTE CKOPOCTH ¢_ npu A =1.

Jluneapusauus ypasHeHudl rugpoaunamuku (15)(16) s cnaywas AMCKONOZOOHBIX MONEKYN TNPHBOZAT K
AVCTIEPCHOHHOMY YPaBHEHHIO

2
) P 207w/ -\2
detlo” 5 ; -kik}.a;*b =g (k)" mn ;| =0
U K CIIEKTpam 4
A B g .. = k
03 (k)= —2—(L4 (%) 13 ()- 4z, (k))a o2 (;)kz,
rae
2
L, (k)= c? B(&A)° (k2 = (k‘ﬁ)z)> 0, B=b2 ?_;_ 50, L4 (E)=,% + B(k5)” > 0.
ob
B 3ToM cryuae Taioke MoMyHalTCs BE aHH30TPOITHBIE CKOPOCTH aKyCTHIECKMX BOJH
1/2
1/2
c__t(é?,g)):—j;_— 1+,1cos29¢[(1+zcosz o) - Asin? 29] : (20)
2

rae A=B/ cz. Xapakrep aHu3oTponuM cnektpoB (20) mpencraBneH Ha puc.2a u 26. [lonoanuTensHas Moaa

X2paKTepu3yeT UIMEHEHME BEIMYUHBI pasMepa IIOLIAAKH JAHCKONOA0OHOro MHUAKOre KpUcTalia 3a CHeT MPOLEeccoB
CKATHA MK pacTskerus. s oG0UX peieHul CyeCTBEHHA aHU30TPONMA CKOPOCTEH 3BYKOB.

CpaBrusas popmynsl (19)(20) ¢ peynsratamu pabor [10,17] oTMETHM, Y4TO B NMOCAEAHUX AOMOJHUTENBHBIE MO
B OHOOCHBIX HEMATHYECKHMX KUAKHUX KPHCTA/IaX, CBA3AHHbIC ¢ HAPYLICHHOH CHMMETpHEH OTHOCHTENbLHO MOBOPOTOB B
KOHQUIYPaUBOHHOM MPOCTPAHCTBE, MMETH YUCTO JMCCHUNIATHBHLIA XapakTtep. YuyeT KOHGOpMaLUMOHHON CTENeHH, kak
Mb] yBuAENH, CBOGOAB MPHUBOAUT K BO3MOXHOCTU DacnpOCTPAHEHMS BTOPOrO 3ByKa y OOOMX THUMOB OJHOOCHBIX
HEMATHKOB Yke B aauadatwyeckoM npubmwkenun. Ilpu >TOM aHM30TpOMNMA BTOpPOro 3Byka MMeeT ropasno Ooaee
pe3kuil XapakTep o CPaBHEHHIO C NEPBLIM 3BYKOM. CUTyauusa B HEKOTOPO# CTENEHH aHaNlorMYHa TOH, KoTopas umeer
MECTO B CMEKTHYECKHX XHAKMX KpHUCTalax, rf€ fOABACHHWE BTOPOro 3ByKa CBA3aHO C MOSB/IEHHEM B Habope
THAPOAHHAMUYECKHX MapaMeTpoB AOTIOAHUTEILHOH CMEKTHYECKOH NepeMeHHOI.
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Puc. 2a Puc.2.6
Yrnosas 3aBUCHMOCTB CKOPOCTH ¢, npu A = 100, Yriosas 3aBHCHMOCTE CkopocTH ¢_ nipu A = 100,

Agropsi 6raronapar J1L.H. JIuceuxoro u ILIL. lllTedarioka 3a ueHHbIe 0GCYKAESHNS HEKOTOPBIX BOTIPOCOB (BPU3MKH
KUJIKUX KPHCTAJLIOB,
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TO HYDRODYNAMICS OF UNIAXIAL NEMATICS WITH
CONFORMATION DEGREES OF FREEDOM
M.Y. Kovalevsky, A.L. Shishkin
National centre of science "Kharkov institute of physics and technologies”
Academicheskaya, 1,Kharkov, 61108, Ukraine

On the basis of the Hamiltonian approach dynamics of uniaxial nematics surveyed and the deduction of the nonlinear equations of
ideal hydrodynamics, taking into account the shape, (disk-shaped and rod- shaped of a molecule) and conformation degree of
freedom is given. The densities of additive integrals of motion and fluxes relevant to them, are represented in the terms of a
thermodynamic potential. The spectra of linear oscillations in these liquid crystals surveyed. Two branches of ultrasonic oscillations
are found and the character of an anisotropy of both velocities of sounds is found out.

KEY WORDS: nematic, conformation, hydrodynamics, spectrums, second sound, anisotropy.



