0b 3KCTPEMAJIbHBLIX 3AJAYAX HA HEJIbIX ®YHKUUAX
B. C. Asapun

1. Psip sanau TeopMH pocTa UEJLIX (YHKIME COCTOMT B HAXOXje-
HHHM TOYHBLIX OLEHOK ONHHX BEJMYHH, XapaKTePH3YIOMHX ACHMIITOTH-
yecKoe™ noBejieHe QyHKuu#, uepes ppyrue. IlpuBenem mprumeph! Takux
sajgau.

[lyets [(2) —uenas QyHKUUMA KOHEYHOTO NOpsAAKA p H HOPMa/b-
HOrO THNA oj. DTO O3HAYAET, YTO

limsup M; (r)r—° = gy < o0,
rae
My(@) = maxln ] ()]
zZy=r

Iycte ny (2) — pacupenenene Hyneid ueioir ¢yukunu f(2), T e
LLeJIOUHCIEHHOe paclipeie/ieHHe Mace Takoe, YTO Macehl COCPefOTOUEHb
B HyJsix z; GyHKUHHM f(2), a Macca z; paBHA KPaTHOCTH COOTBETCTBYIO-
Ero HyJIA.
O6o3HaunuM
ng(r, 6) = ( dny
KR, 8
qucsao Hynell f(2) B cekrope

Kgo={ref:r €|0, R]; e ¢b},

rie 0 —noaMHOXECTBO exuHHYHOH okpyxkuoctH S;. Ecam 6 =S,
10 KR, o Gynem obosnavars Kg, a n; (R, 0) — n; (R).
Besnuunnst

Ay (b) = lim sup ny (r, ©)r—5; )

A (0) = Iifn_’irglaf nr, 6)r—°
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HA3LIBAIOTCA BEpXHEH M HIKHER YIVIOBBIMH JIJIOTHOCTSMH pacrpejele-
nuss Hysedt f(2). B wactHocrH, npu 6 = S, momyuaem BepxHioro A; H
HHKHIOIO 4 IJIOTHOCTH.

[Mycts F,—xaace measix ¢yskuuft f(2) nopamka p(0 < p<C o)
Il HOPMAJIBHOTO THHRA o. 3ajaya O HaxXOKIEeHHH HAMJAYy4nIed foCTOsH-
noit C B HepaBeHCTBRE

ag<CAr [eF,

peasack eme Baauponom (16, u. 2, § 2].

Ilycte T (r, ) — HEBAHIMHHOBCKAA XAPAKTEPHCTHRA LEJIOH (yHK-
Kiu '
2T

T(r, f)={ In* | [ (rei9)| do, (1.2)

n Ty — COOTBETCTBYIOMAs efi aCUMNTOTHYECKAs XAPAKTEPHCTHKA

Ty =limsupT(r, fyr—e. (1.3)

r =

a0 HAaXOXKAEHHH Hauayuuwied nocrosHuof DD B HepaBeHCTBe
(17, crp. 42]

OF << DTf
cwizana ¢ usBectHo#l runoresoff Ilsfin, nokasannoit H. B. Fosopo-

nam [11] (mogpoGuee cm. |3, crp. 565]).
A. A. TonbaGepr [2] paccmaTpuBaJ KJacchl UENBIX (PYHKIMA Buja

F By b, U)={F: 50) <300 AM (9) >5,0), v0e U}, (1.4)

ve dy, 8, — GYHKUMH MHOXKeCTBa (HeaAJHTHBHHIE B O0LIEM Caydae),
YJIOBJIETBOPSIONHE YCJIOBHIO

0 <3, () <3 (0),

n U — HEeKOoTOpoe MHOKECTBO NOJAMHOMXKECTB S;.
B sTHX KJaaccax INpU  pasSMUHBIK OTPAHHYEHHSAX Ha O, 5 U U
(CHABANICST HHAHUKATOD QYyHKIMA [ (2):

i (9) = limsupIn |} (re'®) | . (1.5)

B Bulpaxkenue JJsi ONEHKM BXOXWJ MHTErpaJ IO HEALIHTHBHOH
mepe. Bocayuae, Kotma d; u 9, ObIM CUETHO-aJIUTHBHBIE (DYHKIHH
MHokecTBa MM U €oCTOsIO M3 0oaHOTO MHOxeCTBA § =S, oueHKH
(LPiKaIHCh  Yepe3 OOBIYHBIC HMHTErpasiel M J0KasblBaJaCh TOYHOCTD
NI0X OLEHOK.
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MHAMKATOPEl OUEGHHBAMUCH M B IPYTHX KJAcCax LeJbiX QyHKumi,
3a72BAEMbIX OTPAHHUGHHAMH HA BeJHUHHY

N; = lim sup N; (R) R,
R =+ oo
rpe

R
Ni(R) = | r=tns () dr,
0 .

a TaKKe Ha MIKCHMAJbHYI0 WM MHUHAMAJbHYIO YIJIOBHIE IVIOTHOCTH
nyseit f(2)(4,6{. Teo;mo JleBuna — Ilpmorepa {1, ra. I, 111} moxuq
TAK:KE PACCMATPUBATL KaK TOUHLIC OLCHKH HHJMKATOLOB B JOCTATOUHO
Y3KOM KJacce UesbiX QyHKIM.

Haunownum ¢opMysnupoBKY OCHOBHOH TeopeMel 3TOH Teopun |1,
ctp. 206’ B ynoOHO#l ans HAC Qopme.

Hanomuum |1, crp, 120], uro C,-MHOKECTBOM Ha3LIBAeTCA TaKOe
MIOKeCTBO KPYKKOB { K}

Ki={z:lz—2z| <8}

41O BBLUIOJMHAECTCA COOTHOUIeHHE

Iimsup—%— E 8; =0, (1.6)
R+ |Zi|<R

yery'. hy (p) — mkuud  unukarop QyHKUMHK [ (2), onpenessembiit
COOTHOLLIEHHEM ({5, crp. 89%; 16, crp. 57)
hy(g) = sup liminfr e In | f (ref) |, N .7

ry r -+ o
reC,

rae sup Gepercst o Beem C,-MHOMXKECTBAM.
Teopema (Jlesun —Tldumorep). Ymober yeran ¢pynkyusn [(2)
YO08AEMEOPANL | YCAOBUIO

by (9) = hy (o) (1.8)

0rs 6cex @, HeOOX00UMO t 00CMAMOUHO, uhobbl 048 KaKo20-Hubyds o
u ecex 0ye By, . 6uda

B ={e¥:0€(a, ¢)), 0<o—a< 2n, (1.9)

3Q UCKANYERUeM, Gouno MOMHCEM, CHEMHO20 MHOMCeCmBqa, 6bINOAHANOCH
ycaosie

A—f B, o) = éf (O, «)-

Haxoxenue TOYHOH OUCHKH CBepXy, HAnpHMeED, 1Jf HHAHKATOpa
npH (PMKCHPOBAHHOM ¢ MOKHO DACCMATPHBaTh KaK HEKOTOPYIO 3KCTpe-
MaJIbHYIO 3ajauy HaxO:xpeHHs sup hi(p) B Kaacce F (3, 3, U).



XapakTepHOii ¢ Hawefi . TOUKI 3peHHst 0CO3EHHOCTbIO TAKOH 3anay
SIBJASIETCS TO, 4TO 3HaueHue (byHKILHOHaJxa hf(@) Ha GyHKIHMH [ W TIpH:
nagiexxuocts [ kaaccy F(3y, 35, U) onpenessioTcs acHMITOTHYCCKHMHU
cBoiictBaMK [ {2). DTO M TNOPOKIAET CHEHU(PUKY TAKOH 3KCTPeMaabHOH
sajaun:  (QYHKIMOHAJ He SBJSETCA HENPepPbIBHEIM HY Jiake NoJyHe:
1IPEPBIBHBIM, MHOMKECTBO HE fABjAfeTcs’’ 3aMKHYTHIM B CTHAAPTHOH TO-
nojorud. Ilostomy B Kaxa0d M3 TAKUX 3aad HHAMBUAYAJLHO He
TOJBKO BHIYMCJIEHHE COOTBETCTBYIOIIETO 3IKCTPEMyMa, HO M JI0Ka3a-
TEJBLCTRO TOrO, UTO OH JOCTUFaeTC Ha HEKOTOpPOH prHKuHH H3 KjacCu
{(TOUHOCTB oueHKH)

B namno#i paGore mpejJaraercs cxema, T HAXOXKIEHHE IKCTpE-
MyMa B HCXONHOH 3ajaue CBOAMTCA K BCIOMOTaTesbHOHA 3ajaue — BbI-
WHC/IEHHI0 MaKCHMYMa DOJIYHENPEPLIBHOTO CBePXY (B COOTBETCTBYIOMel
torosiornu) yHKIMOHAKA Ha 3aMKHYTOM MHOxecrBe. [lpu »TOoM n0-
CTH2KHMOCTh SKCTpeMyMa BO BCIIOMOTATeJbHON 3ajawe (a 3TO rapaHTH:
pyercst teopemoin BefiepmiTpacca o MakKCHMyMe  HOJYHEIPEPHIBHOM
CBEpXy cbyHKuHH Ha BaMKHYTOM MHOXECTBE) BJEUeT CylleCTBOBAHUE
3KCTpeMabHOM (DYHKIUHM B HCXOJIHOM 3ajade.

IMono6uefl mOAXON M paHbile CAYHHJI CPEACTBOM JJIST HAXOXKJIEHHS
BHIA TOYHBIX oOuUeHOK |2, 4]. B sBHOM Buje oH HOSIBHJICST BIIEPBBIE
i paGore A. A. f\OH[IpHTfOKa {4]. Tem He Memsee s [OKASATEJILCTBA
TOUHOCTH KaJAOH OUEHKH HeOOXOAUMO OBIJIO CTPOMTH OTJE/bHBHE IIpH-
mep. B wawell .paGore 3Ta npoueaypa «yHUPUUIHPYETCsTy. IO CYNIECTBY
¢ TOMOIUBID KOHCTPYKUHH JeMMBl 3,2, yrke HCHO/IB30BaHHOA B [7].

OrmetHM emle OAHY XapakTepHYIO, [0 HalleMy MHEHHIO, 0COGEH-
1I0OCTb 3KCTPEMAJbHBIX 33724 PACCMATPHBAEMOrO THIA — CYIIECTBOBAHUE
0JIHOH IKCTPeMasIbHONH GYHKUMH J/a 60JBIIOro HaGopa MYEKIHOHAJIOB,
Hanpumep, cywecrByer nesas dyuruust f € F (85, 3, U), Ha KoTOpO#
nocturaercd suph; (¢) AJISL BCEX o ONHOBPEMEHHO, 2Ta 0COGEHHOCTD
TaK)Ke ysaBjuBaerca ofmel cxemoll (teopema 3, m. 2).

Teopembl, aHaMOrHuHBIE TeOpPeMe O BIOJHE PETyJSIPHOM —pOCTe,
10JIyYAl0TCA KaK Ipefe/IbHBIH  Cayuall 3KCTpeMadibHOil 3anaun (Teope-
Ma 2, m 2).

OcHoBHBIE TIOHATHSA, TIpHMEHsleMble B 3TOf paGore, noapoGHO 0f-
CyXAaMHCE B [7], TO3TOMY MBIl OUpaHHYHBAEMCS JHIDb GOPMATbHEIM
13J10KEHHeM OGIIUX TOHATHA B 1. 2.

B xauecrBe mnpuMepoB TpH/IOKeHWs TeopeM 1, 3 m. 2 mosyueHwl
OIlGHKH WHJIUKATODOB LEJBIX (YHKINI B KJIACCAX «BECbMa IIOXOMKHUX»
na xaaccel F(8;, 8, U). B orsmyue or rombaGeproBCKUX HAiM
OIlGHKY  BCerja TOUHBI (€C/M COOTBETCTBYIOUIHMHA KJacC HENYCT) M 3KC-
TPpeMasbHOE 3HAUeHHe HHAMKATOpa coBmagaer ¢ oueHkamu A. A. Tombx-
6epra B cjyuae, KOraa IIOCJEIHHE TOUHBI M BHIPAXAOTCA 4epes o6bIU-
HHe HHTeTpasIb (TeopeMbl 7,8, npumepwr 6.1, 6.2 us n. 6). Hekoroprle
X(PAKTEPHBIE CBOHCTBA SKCTNEeMAJbHBIX MHAUKATOPOB TAKKE TOJydar0TCs]
s ofmux coobpaxeHu# (reopema 4, n. 2, jgemma 6.1, 1. 6).

B pafore [7] Opuia noxasana Teopema (OCHOBHaH Teopema § 7),
Jormast 10¢TaTOYHble YCIOBMA JI1 TOTO, YTOOBl peryJIsipHOCTH POCTa
(UHIX XapaKTePUCTHK He BJEKJd PeryJsipHOCTH pocTa APYTHX B KJacce
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F, vennix ¢yuxuuii nopanka p. Teopema 2, n. 2 Hawefi pafotsi or1-
BeUaeT Ha BOMPOC, Korja HaGop XapaKTePHCTHK DPOCTA «IOCTaTOUHO
HOJIOH» JJIE TOTO, YTOGBbI H3 PETyJSAPHOCTH POCTA ITHX XapPaKTEPHCTHK
cileloBaJga PEryasipHOCTb POCTa «IHOGOH Apyrofty XapakTepHCTHKM, T. €.
BIIOJIHE PeryJsipHOCTb pocta PYHKUHH,

C nomouwpio Teopembl 2 BONPOC O «IOCTATOUHOCTH» HAGOpa Xapak-
TEPHCTHK POCTA CBOAMTCA K BONPOCY O €IMHCTBEHHOCTH pPelleHHs He-
KOTOPBIX YPaBHEHHH B CIelHaJbHOM KJ4CCe Mep, YTO €eCTeCTBEHHO
OPHBOAHT K BO3MOMHOCTH TIPUMEHEHHS TEeXHHKH 0000LIeHHHIX QYHKIHI
(reopema G, m. 5).

B KayecTBe NpuMepoB IpHMEHEHHA TeOpeMbl 2 B I D NPUBEJEHO
HECKOJLKO KPHTEpHEB BIOJIHE PeryJsipHOCTH pocTa (QyHKUHHM (Teopembi
6, 6, . 5). B 7 ofcyxpaercst 3agaua IIsfini ¢ TOuKH 3peHHs
ofIux Teopem . 2.

I. AcumnrorHueckoe nopefcHHe (GyHKIHOHAJIOB
Ha CHenyanbHeIX KJjaccax Mep

2. Oppenenenusd u GopMy JupOBKH TeopeM. Paccmor-
PUM JMHefiHOe IPOCTPAHCTBO BelllecTBEeHHBIX (YHKUMA g (2), onpene-
JIEHHBIX M HENPEpHIBHBIX B OTKPHITOH IIOCKOCTH C BHIKOJOTHIM HAYa-
jom kooppuHat R™N0 u ¢usurtabx B R*N0. 3aMKueM ero mo Hopme

= |g(d]
”g“ zesﬁ“p\o m’
rie )
= o 0<t <1
W= Pu pe > 0.
=P qast t > 1

O6osnaynuM nosydernoe npoctpasctBo C (py, pg). Hycrs MPvP:
JunefiHoe MHOXKECTBO Mep (He 00s13aTesbHO HeOTpI/IHaTeJIbeIX) B R\ 0
H Takux, 49T0 A p € MP» P:

def
o lonr= § W(lehdjp < o,
R\ 0

rae || — Bapuaungs .

OHo ofpasyeT JHHeHHOe BEeKTOPHOE MpPOCTPaHCTBO.

Beenem Ttomosiormio  {ciabeiimyio) B MPr P ¢ HOMOU_LB}O CHCTeMBE
npeaaopm [12, crp. 30].

W@ =| § fda], FeCu po.

R\ 0
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CXOIUMMOCTb [IOCJIEJOBATENbHOCTH Mep i, =>{+ O3Ha4aeT B 3ITOH
POMOJIOTHH CXOLHMOCTE MHTETPasioB

S fdy., ~ S fdp
Y R\ 0
joist moGoit dyukuuu f € C(py, py).
[lycrs p >0 u p,, p, BHIOpPaHHl TaK, YTO Py < p <€ Py, OG0O3HAYUM
(-), npeoBpasosanne M”P: B ceGs no ¢opmyJe

p@ =pO) @1

st Jrogoro MHoxkectsa G Gopasenckoro koubla o (R*\0). Bynem ro-
BOpUTH, YTO HEOTpPHUATEeJNbHAsd Mepa p (pacupeiesNeHHe Macc) IpHHAL-
JAexuT Knaccy M, s, €CTH /11 Hee BBINONHSIETCH COOTHOLIEHHE

def
o fle =  Sup )m(Kl) <A, 2.2

e Ky — enuEuuHbB KPYT C LEHTPOM B HyJe,

Knacc M, s VHBapHaHTeH OTHOCHTEJNbHO mnpeobpasopaHud (-), H
KOMIIAKTeH BO BBeJeHHON Tomojoruu ([7] jemmur 3.1, 3.2]).

[lycre T [p] — Henpepeisublll dynxkunosaa Ha Mo, a.

O603uagum

_ def def o
©lp] = limsup 7 [p; z [p] = liminf T[] 2.3)

¢r0 ACHMOTOTHUUECKHE XapaKTePHUCTHKH, :
[ycts T¢[p] — HeBo3pactaomee 1npr ¢ 0 ceMeiicTBO HempephiB-
NLIX PYHKUHMOHAJIOB,
Ipexea ero
lim T# [p] = T [p]
e} 0

»BJACTCS IOJyHENPePLIBHEIM CBepXy dyHKnuonasnom [8, crp. 1921,
Jna noayuenpepeiBHOro ¢yuxuxHonasa 7T [p] acHMITOTHYECKHE Xa-
[¥IKTEPUCTUKH BBejgeM Mo opmyJe:

Cxfp] = limee [p]; clp] = limee [p]. (2.4)
e} 0 - ey 0™

djeck t, T — XapakTePUCTHKY HeNpephiBHBIX QyHKIMoHaMoB T¢, To-
JyuenEbe mo gopvyae (2.3). :

Bpemem eme rao6ajbHBE XAPAKTEPUCTHKH POCTA  HENpepHIBHBIX
! [n] u moayHenpepuBHBIX cBepxy T [p] dyHKIMMOHANOB

T {pl = sup Telpd; T lpi=inf T*[p,};

_te(0, ©) te (0, )
Tlp)=1tmT pl; Tlpi=limTpl. (25)
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Nyers.: T fa, pl, @€ A— ceMeficTBO NOYHENIPEPLIBHEIX CBEPXY BOT-
HYTHIX O p (YHKLUHMOHAJIOB TAKMK, uTo T TOxKE BOrHYTH. DTO 03Ha:
yaert, 9T0 AJs Jo0Or0 M3 HUX ') BRUIOJIHSIETCS] COOTHOLIEHHE

T a4+ agpal > i T o] + a7 [pa] (2.6)
al, az > 0 al +a2= l
npa BCEX pg, pe €M, a. s
OGo3HauNM 4epe3 x MHOKECTBO Mep BUJA

r={piAzla, pl >0}, 2.7
a yepes K MHOxeCTBO BHIA
; K:{p;a/e\AT_[a, w] >0}, 2.8)

OTMveTHM, YTO MHOXKeCTBO K 3aMKHYTO BCJIEJCTBHE INOJYHENPEPhIB-
HocTd cBepxy ¢yHKuuonanos 1' [8, crp. 191] u, cienoeatesnHo, Ha

HeM J1000H NONYHETIPePLIBHLI CBEePXy (DYHKIMOHAJ JOCTHUIAeT BepXHEH
rpanu [8, cTp. 191}

B nasmpreilinem OygeM Bceria npepnoJaraTb, UYTO MHOXKECTBO K
KoMnakTHo. [ 9TOro jocratoudo, uyrobel K < M, a s Kakoro-
HI/I6yILb A.

‘OTMETHM, 4TO % MOMKET M He OBITb HM KOMIAKTHBIM, HHM 3aMKHYy-
oM, Ecsn cpean dyHRUMoHa 0B T {p], ONpenensioniX MHOXKECTBa %
1 K, ecTp QyHKUHMOHAI BHJIA

Thl=A— S dp,

lz]<1

TO, KaK MOKHO MoKasaTb, K M, a.
Teopema 1, [Jas awbozo pynsyuonara T {p) u suoxcecmsa »

supt [n] = max T [p].
x K

Ecau » wenycmo, mo K maxoce nenycmo.
Teopema 2, Ecau K cocmoum uz o0HOL MOUKU Py, MO

tp]l = (p] = T[] Y € %.

Teopema 3. [an 106020 He 6Gosee 4eM CHEMHO020 MHONCECHISA
ppynxyuonarce T [B, w], B € B cywecmsyermn mepa pmax MaKas, 4mo

supt[B, pl=rlB, pras] = max T B, pl.

Vlnaue romopsi, sup cseBa JOCTHraeTcsl Ha ONHOA W TOH ke Mepe
IJIsi BCETO ceMelicTBa (yBKIMOHaA0B. OTMETHM, UTO SUp ClpaBa HAOCTH-
raeTcst Ha DasHBIX |+ IIDH pasHbIX f.
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ycts T8, pl], 0¢€0O —cemelictTB0O BOTHYTHIX (DYHKIMOHAJIOB.
OGo3nauuM o
*y = {p:[6, p1> 3 (6)y0e B},
wg={p:c[0, p] >3, () y0eb},
w={p:z[0, p]> a3 (0) + a:d, (§) Ve€®},

e 3y, 5y — yHKUME HBAeKca 0, a5, @y >0, @y 4+ ay = 1,
~Tlyers: T {p] — smHefHBIH - QyHKIHOHAJL,
OGosHaynm,

SupT [p] =< [xl; supslpl = lml §=1.2.
x xi

Teopema 4. Ecau xy, *y Henycmel, mo x Henucmo u
T [*] > ap [x1] 4 agm [xa].

TeopemMa 2, kKax OyfeT BHJIHO M3 II. 5, SIB/ISETCS QHAJOTOM TEOPEMBbl
Jlepuna — I¢aorepa, teopemel 1 m 3, Kak noxkasaHo B m. 6, 7 —
(1a10raMi  OLEHOK HWHJAUKATOPOB W THIMA uenou GYHKUMH B Pasjny-
14X KJaccax HeJblx (GyHKUHUH.

3. HokasateabcTtBo TeopeM 1—4, TIlyctb pex. Moxuo
1I0Ka3aTh, YTO MHOXKecTBO Buja {p,}, f€ (0, o) kommakrHo. OGos-
ttaunM K’ COBOKYNHOCTB HpeliebHBIX Mep BHAA

p' = limp,, (3.1»
t/' - 00
JUIs . € %,
Jdemmna 3.1. Hueermn mecmo coomuouierue K' = K.
JoxaszateabcTBo. Ilokaxem, 4uTo

K =K. S (32
Mycts ‘ \
p’ = limpe,.

tf - %
Jlst moGoro ¢ u goGoro ¢ uMeeMm

Te[p) =t§im T [(pt,):) :tlim Te[psl > [p] > [p]1 > 0. (3.3)
jr i

Ha (3.3) u ompenenenust T caenyer, 4to *
Ti{p1>0 (3.4)

IiMEeHNB 3TO COOTHOWEHHE X JoGoMy M3 (QYHKUMOHAMOB T [a, u],
sonyanm (3.2).

Jlig  poxasaresncTBa cooTHouwleHHss K’ D K maMm  noHagobuTcs.
eJIeyromast

Jdenmma 3.2. [1, § 5l. [Iyene p*, v € A — cuemnoe muookecmeo:
wep us Mo, a.
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Cytyecmeyem makas mepa p, 4mo 041 4106020 Henpepmeuoeo PpynKk-
yuonara T sepHor HepageHcmea

ImTpr<ep] < hm su'p T [ap: -+ (1 —a) n¥] (3.5)

= 0o

lm T[] < zlp) > lim inf T lap + (1—a)pil  (3.6)

@ =+ oo o w 1, H.a

dag t, ' €(0, ), a€l0; 1]. Hpu smom, ecau Kakas-wubyde nodno-
caedocarme.abHocp pt cxodumes Kk mepe ., cyuiecmayem nocaedosamens-
Hocmp t; - oo makas, 4o

P‘t,' = (3‘7)
Ilycre Temepn { € K. PaCCMO’i‘pIrIM N0CJIEI0BATE/NLHOCTL MEpP BHIA
pe =

M mocTpoum no Jjgemve 3.2 mepy p. Torma HaxomuM, HCIOJbL3Ysl BOT-
HyTOCTh T%:

T [b] > aitnf T pd+(1—a igf T (5]
Tpu ¢ { 0 nomyuaem
tlp] > aT [3] 4+ (1 —a) T[p] >0,

“T. €. P Ex,
Hsa coorromenns (3.7) nmeem
Hm U"t, = p,’

t]-)-oa~

T. e. p € K’. Jlemma n0Kazana.

HorkasateabcTBO TeopeMn 1. Beugy semmubr 3.1 pocraTouno
J0Ka3aTh COOTHOIICHHE

sup ©=maxT. (3.8)
KI
[Tokaxem, uro o
supt < max T (3.9)
x K’

Ilo ompenesenHio © M sup HAHAETCA TAKOe p M TaKad MOCJIENOBa-
“TeJIbHOCTh ¢, 4TO JJIs1 TPOM3BOJLHO Manbix e >0 u v >0 BEIIOI-
"HSCTCST COOTHOLIEHHE

Hm T [pe] > sup+ t[p] — .

foroo

Hs xomnaxTHocTH {ps} caenyeT, uTo HafijieTcd CXOAAMASICS TOJMOC-
JIEJI0BATENBHOCTD

’

pE g (3.10)
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M3 nenpepeisiocts 7° nosnyuaem
Te(p/] >supsclp]—m,
OTKyna 3
T[] >supcip]—m. 3.11)
Ils (3.11) caepyer (3.10). :
KpoMe TOro, myCTb Pmax € K’ TaKoBO, 4TO

T [pmax) = mﬁx T [p],

a | CBSISAHO C Pmax COOTHoOEHHeM (3.1).
Toraa

T [pmax] < T* [pmax) = 1im T2 [pg)] < <° [1]
00
1 nupi ¢ § 0 moTyyaeM HepaBEeHCTBO

max T [p] < sup T [ul. : (3.12)

13 (3.9) u (3.12) cuenyer yrBepxjenue Teopembl. Ecan » Hemycro,
10 ntenyero K' u, caenosatesbHo, K. AHAOTHUHO JOKA3BBAETCH
Teopema 5. Hmeem mecmo coomuouienue

supz[p] = max T [y, (3.13)

J[0Ka3aTeMLCTBO $TOR TEOpeMbl MBI OIYCKaeM.

IMpumensisi TeopeMy 1 X HenpepuIBHOMY q)yHKuuonaJIy —T:[pl],
Mo yuaem

inf ¢ [u] = rr11<m Te[n]. (3.14)

JoxrasatenbcTBo Teopemel 2. Ilycts K cocToHT H3 OHO
TOUKH p,. Torpa us (3.14) u Teopemnr 1

infz® [p] = T° [pol; sup=® [p] = T° [no].
Jast no6ofi Mephl p € % KMeeM
Te [ < v [p] < 72 [p] < T [

Hepexoast x mpenesy npu e | 0, monyyaeMm yTBepxKJAeHHE TEOPEMBI.
JloxasarenbcTBO Teopemsl 3. OG6o3mauum supct [P, o] = tg.
*

Hyers wf pocraBasier makcumyMm Ha K dyukmuonany T [8, p]. s
1IjIOI3BOJIBHO MaJIOTo € >0 UMeeM, HUCIOoAB3ys TeopeMy 1:

T: (B, vf] SUP'C (8, vl (3.15)
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PaccMOTpHM 10C/IEA0BATENLHOCT: Mep p’ BHEA ply pl, b2, pl, u?, p?
M [OCTPOMM C HX IOMOUIBIO MDY Wmax 1O JIEMME 3.2. Toma HMeoM
1o (3.5) nna soboro e

«E@Mm>hmrmm¢=ﬁmm%
V' Lﬁ—foe

IZle TOAMOC/IeI0BATeNbHOCTD iy BEIOpaHa Tak, 4rofpl B HeH yyacTsopana
TOBKO Mepa pf.
[Tpu ¢ | 0 monywaem

T [B) Pmax] 2 >T 8, P‘B]

OGpartnoe HepaBEHCTBO BEPHO JJIS BCEX b € %,
Teopema pzoxasana,
JloxasaTeabc TBO Teopemnl 4. lIJIH KaXIOro M3 xg, %y, *

cymiecTByer no Teopeme 1 Mepel gy € Ky, po € Ky € K (K1, Ky K
MHOxKecTBa BHIa (2.8), COOTBETCTBYIOIHE %y, %y, %) TAKHE, UTO

Tl =xluli Tlwel =751l Tla] =<l
s BoruyrocTs GYHKIHOHAMIOB, OﬁpasyIOLILI/IXV MHOXKeCTBO K, caenyer
apq + agp, € K. , (3.16)
I/ICHOJII:ByH (3. 16) u nuueitHocts T, mogydaem

ayt [%q) az“ %] = &y T [pq] + azT [po] =
= T [ayp 4 Gpe] < Tp] = T [x].

Teopema porasana.
I1. Hpunoxenns

4, O6osHaueHHsT H BCIOMOTATEJbHBE NpeNJOXe-
Hus. Pacemorpum kaace U, . CyOrapMOHMYeCKMX B IIOCKOCTH (PYHK-
IUH HELEaoro Mopsiika p U HOPMAJBHOTO THNA o. ITO 0003HAUAET, 4TO
mist u € Uy, s uMeeT MeCTO COOTHOMIEHHE

def

O< limsupr—2M, (1) =0,< o< 0, “@.n

rie
M, (r) = max u(re®). 4.2)
6[0 21) '

Hasa u €U,, s, He HMEIOIIUX MAcC B OKPECTHOCTH HYJISI, UMEET MecTo
npeJJ,CTaBJIeHHe ([13] nnu (14, crp. 130])

w@={ 1%, p)d.+ 60, (1.3

R,
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¢ H (4, p) — norapudm nepsuaHoro MuoKuTens Befiepumrpacca pona e

P
. L
~H@u,p)=Iln|l—u |+ Re L—k; . (4.49)
1
(J;(2) — rapMOHHMYECKHH TOJHHOM CTENEeHH ¢ < p;
1, — pacrpesiesiense Mace B nyiockocTH R
ﬂpu 3TOM {1, MMeeT KOHEUHYyIO BEePXHIOI IIOTHOCTh, T. €.

limsup —*p (K) = A, <A < oo, (4.5)
troo
o, (K)) — macea Kpyra;
Ky=1{0ti<t,
a A\ BABUCHT JIMIIB OT <.

I3 ponpocax acHMNOTOTMYECKOrO IOBeAeHMs u (2) NpU 2 -+ co (PYHK-
wim G, (¢) Be urpaer poJi, TaK 4YTO JOCTATOUHO paccMaTpHBATh KaHo-
nireeKknit uaTerpall

atewy =\ (2, p)ar @
)

nocmrrartn, 9To u {2, ) ONHO3HAYHO ONpeje/sieTcsl pachpeie/ieHneM
nace po (igeke w4 GyneM OnycKaTb, €CJH 3TO He BRISHIBAET HENopa-
HYMCHITI) . - ‘
O6Gosuaunm :
H* (2, 4 p) = =& S H(% p) den. 4.5
—2]<e
(/w)) —aneMedT muOWARY).
Pacemorpum dyHKIHIO

w@wziwwam@; (4.6)

Ol Takke CyOrapMOHMYeCKash M [IBaX[bl HENpepHBHO Auddepenin-
pyema.

O6o3HauuM
Te [, p] = us (e, p), (4.7)
T:|max, p] = max u® (e, p), (4.8)
¢¢I0, 2r)

TS[+» @, W] = (ue)+ (ei@’ p) = max{us (eﬁp’ )s 0}: (4.9)
2r
Tl 0l =§ (@)* (@, v de, (4.10)
[}
2r

T: H ' p] =§ us (e, p) do. 4.1
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D1H YHKIHOHAB, KaK ObWIO NoKasaHo B paGore [7, § 4], ABadw0TCH
aHa/IoraMy KJaCCHYECKHX XapakTepHCTHK AN CyOrapMOHHYECKHX K
nesbix OYHKIMA M HeNpephiBHH HO p B TonoJoruu M,, ,, (cm. m. 2),
rge p < py< p<< pp<< p 4 1. Orvernw, 4ro dyHxunonanst (4.7), (4.11)
JVHeH b, a octaJjpHble BLITYKJBL IlpH ¢ | 0 5TH QyHKUHOHANB MOHO-
TOHHO CXOAATCS K IIOJIYyHeNpephIBHEIM CBepxy (yHKIHOHa aM (a (4.11) —
K HENpPEPHIBHOMY):

Tlo, pl =ules, p); T[max, p] = max u(e*,p);

¢¢l0, 21
2m 2
Tit,pl={ ut @, pde T[(,u]={u@Ewde @13
0 0 .

Tam ke OpWIO MOKasano, YTo aCUMOTOTHYECKHE XapaKTepPUCTHUKH 3THUX
YHKIHOHANOB, BblUHC/HeHHBE To dopmynaam (2.3), (2.4), coBmajawor
C KJIACCHUECKUMH XapaKTeDHCTHKAMH POCTd LIEBIX H CYGrapMOHHUCCKHX
dbyukuui [7, § 6, 8]:

<lg, p] = limsupr—ru (re', p) = h, (¢);

I~

t |max, p) = limsup r=*M,(r) = /Wu; (4.129

r[—}- p) = limsup r=*T, (r) =

r=ca

rjge

2
M,()= max u(re¥); T,(r)= § ut (re'?) de.
¢ €10, 2n)

Tlonaras aqs penok Qyukumu f(2)

u (@) =1n{f @],

TNOJTy4aeM COOTBETCTBEHHO HHJAMKATOp M ACUMIITOTHYECKHE XapakTe-
pHCTHKH 1Jis1 pocta M (r) — makcumyma In|f(2)| ¥ HeBaHAHHHOBCKOM
dysxruun T (r, /). BepHO TakXe cOOTHOLIEHHE

T [S ) P] = Hfllil’lp f"f’§1;§ u (rete, p) de. (4.127)

AHajornuHbie COOTHOLIEHHS UMEIOT MeCTO JJIs1 HHXKHHX npejgesion

t [max, p] = {iminf r=¢M,, (r);

rer oo

T [+, p] = liminf r=¢T, (r).

'r oo
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Jlns t [, p] MOXKHO yTBEpKAATh TOJIBKO™

tle, b1 > b, (9), (4.13p
tae by, (¢) —HIKHEA HHIHKATOD, ONPEJC/EHHBbI DaBEHCTBOM:
h, (9) = sup liminf r—ey (ret?) (4.14)y
Co ,;;; Co

(s1p Gepercs no C,-MHOMKeCTBam).
B  ¢opMynupoBkax Haummx TeopeM GyIyT BCTPeYaThCs —TaKkKe:
&1aKTePUCTHKH, NOPOXKaeMble (PyHKIMOHAIAMH
1
Tela, ¢, p} = (1 —a) us(e?, p) -+ a‘S A (hete, py do. (4.1B)
€0, 1]

(yrmeTHM, 4TO QYHKIHOHAM

1
S Ay (Mete, p) do
0

IICUPEPLIBEH TIO .

ACHMITOTHYECKHE XapakTepUCTHKH (2.4) 1Js 3Tux QYHKIHOHAJIOB:
SIMISIFOTCS. HEKOTOPbIM 000GIeHHeM HHAMKATOPOB.

PaccMoTpuM Terneph XapaKTePUCTHKM aCHMITOTHUECKOrO MOBEAEHUS
pacnpeseneniss Mace cySrapMonngeckofl GyHKIUN (WA pacmpenesieH st
uyseit nenoft GyHKIUH).

o
Myets 8 2 S; — HexoTopoe MHOXKECTBO; 6 — ero OTKpHITast BHYT-
PCHHOCTB, T. €, MHOMKECTBO BHYTPEHHHX TOuYeK; 0 — 3aMbIKaHHe.
OGo3uauum Xﬁ XapaKTePHCTHUECKYIO (YHKIMIO CEKTOopa

K; = {ret*:re|0, 1], ev ¢ b},

11 uepes Xg — XAPaKTEPHCTHYECKYI0 (BYHKUHIO CEeKTOpa
Kg) = {re"“? :r e (0, 1), e e 6}

Il BBEJleM B PacCMOTpeHHe (PYHKIHOHAJBI

N0, p] = SX—(z)dp, L6, p] = [ () d.
R?

IMycto X%-——MOHOTOHHO yObIBatoOasa  [OCJE10BaTe/IbHOCTE  Hellpe-
PLBIBIR QYHKUHHA, cxondmascs x L, a (——Xg )* —Taxas e IMoCJen0-

* B nactosiiee Bpemsa aBTOpP TOKasak, 4To B (4.13) uMeer Mecto pasencTso.
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BATEJBHOCTL, CXOIALIAICT XK (—X%).' Torza cooTBeTcTBYOIEE CEMEACTBO
fHeNpepuIBHbIX QYHKIHOHAIOB
N0, p = | %dy, (4.16)
R2

Lo, pl = { () dp, (4.17)
RZ

KaK MOXKHO M0Kas3aTh, cxonzutes K N u L.
Acuvnrornyeckue xapakrepuctuku v[0, p] u A[6, p], mocrpoen-

Hele 1o N* 1 L° ¢ nomomsio (2.4), yAOBIeTBOPAIOT HEPABREHCTBaM
vi0, pl> A, (), (4.18)
M pl< A, ), (4.19)

Tne A(0), A (6) onpegenennt dopmysname, auansornyHeivu (1.1) s
Jo6oit cybrapMonnyeckoit dynxiuu. [Ipu 3ToM Z0BOMBHO 4acTo B 3THX.
-COOTHOLIEHHSIX JOCTHUTaercsi paBeHCcTBO. OTMETHM psf clydyaes, KOria
HMeeT MECTO PAaBeHCTBO.

Jdemma 4.1. Eciu cyw,ecmeyem nocaed08aMeAbHOCTb MK POITIbLY.
Mmrooicecme 8, > 30 Takas, uTO

)_\[()n, v} 0 (n- o),

“TO
vI8, p] = 4,0, - (4.20)

—\[6, p] = A, (0). (4.21)

JloKasaTeJbCTBO 3TOH JIEeMMBl aHAJOTHYHO JOKa3aTeJbCTBY JeMMbl 8.1
us [7].

Jdemma 4.2, [lycmo 6, . onpedeserno coomrouieruen (1.9).
Toeda 048 Kaxcd020 purcuposanHozo p. mHoxcecmeo D, mex o, a, 208
He 6bINOARAEMCR XomA 0ol 00HO U3 paeeucme

)\ [O‘P oy p‘] = ‘—A ( Py a) ﬂ" xy P‘] ( ¢, “) (4'22)

He 6oaee dem CHeMHO.

JlokasatenbCTBO 3TOTO YTBEPKIEHHS 10 CYIIECTBY NPOBEACHO B (7,
§ 8, nmemma 8.2].

JAenmnma 4.3. Ecau § = S,, mo evtnonsomes coomuouernua (4.20),
(4.21). Jlemma 4.3 noxasama B paGore [7, jemma 8.1].

B paasueiiiux QopmyaupoBrax OYayT BCTPEUATHCA TAaKKE Xapax-
“TEPHCTUKH, TOpoKAaeMbie QYHKIMOHANAMU

s o= (] — £ N b _1._ \

Ne[b, 0, p] = (1—0) Igzxedp, 4+ b LXO In B dp., (4.23

0 — Y o)e . Y o)e .__.1 \
L, [b, 0, 0] = (1 —0) i( Keo)® dp. +- bi‘( %e) ln‘ zjd*'”' (4.24
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€ QOTBETCTBYIOMIHE  ACHMITOTUYECKHE . XapakTepucrukn v (b, 0, ul, 1 (b,
0, p] copnagaioT ¢ v[8, p], A{0, «] mpn b =0, a nmpu b =1 sBas-
WICH  aHaJoroM AaCHMIITOTHYECKOH XapakTePHCTHKH /It  M3BeCTHOH
i TCOPHH LEJBIX H MePOMOpPHBIX (QYHKIUH BeJHUIHEL

NGy = [t a,

e n(f) —uncao HyJell GyHKIMH B KpyTe paguyca £ © UEHTPOM
nonyJe.
3 yactrOCTH, ecnn 6= 8;, b=1, T0

¢
lim N (1, Sy, 0] = 1= [ (9 + 7 d,
e} 0 0
1ac () — Macca Kpyra pagmyca X € LEHTPOM B HyJe, a HanpHMep.

Vi1, Sy, ] = limsup r— gt_lp () dt.

P 0

IV osagiouenne  chopMynHpyeM HECKOJIBKO W3BECTHLIX [PeNJIOKeHuit
OTHOCHTENBHO CyOrapMOHHYecKUX GyHKIMHA.

Jdenma 4.4. Mycmo u(z, p) € U, .. Haiddemecs maxas yeiran
Pyurcyus f(2), wmo 048 w0000 ACUMAMOMUMECKOT  XapaKmepucmuku

VN T BHINOARAOMCA  COOMHOULCHUA

ol =7 [y o] =7 ),

Ahe

~)Ta Teopema o CyIlecTBY JnoxasaHa B [7, § 9, Teopema 6 u Teo-
pena A).
Jenmma 4.5. Hycms u(z, p) € U, .. Tozda ¢y _/mcquu

Hu (CF) = SUp u (ei?’ P‘{)y
tE(O, o)
h’u (‘P) = ]II[TISUp u (ei'?! P‘t)
N LOMCS P-MPULOHOMEMPULECKU-BUNYKABIMG DyHRyuamu u, ¢ vacm-

NI, HENpepuieHsL no .
,oxasareJabcTBo. Pacemorpum GbyHKUNH

H@= sup uzp); h()=limsupu(, p).
7’6( , o) fr oo

I1x MOXHO onpefenuTh Kak 060OlIEHHOE Pelllelie ypasuenus A" 4 p%h = dA,
' IpARA  CTOMT HeoTpuilaTenbmas Mepa Ha [0, 2w). O cpoificreax p-Tpuromo-
ar HCCKH-BBIOYKJABX Qyrkuui cm. [1, crp. 75—85].
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[To teopeme Kaprana |9, crp. 85] 3TH QYHKUMH OTAMYAIOTCS OT
cy0rapMonuuecKMx Ha MHOXKECTBe He 0o/ee dYeM HYJIEBOH eMKOCTH.
s onpenenenuss H(2) u h(z) suguo, uro

H@) =H,(o)|zl°; h(@)=h,(p) 2.

ITosTomMy H3MeHeHue 3sHayeHHST 3THX (QYHKUMHA B OLHOH TOYKE BJEUYET
H3MeHEHHe Ha LeJOM Jyye, KOTOPHIA HMEET HEHYJIEBYIO €MKOCTb. 3HAUHT,
H(2) u h(z) cybrapmonugeckue. Torza MokHO mokasath, uto H, (¢)
u h,(¢) TPUTOHOMETPHUECKU-BBINYKJbE (BrpoueMm, aist A, (¢) 3TO H3-
BECTHO).

3ameuanie. AHAIOTMYHO NOKa3bIBAETCA HEMPEPBLIBHOCTb [0 ¢ BEJH-

unnbl max u (e, p), tae K —kuacc mep Buaa (2.8), a u(z, p) — kang
peK

HUYECKUH HHTErpaJ.

5. Bnosnne peryasgpHbii pocT M NIpaBHJAbHOE pacnpe-
Aejgenue Macc. PaccMOTpPHM BOTpochl, CBSI3aHHBLIE ¢ TEOPHEH BIOJHE
PEryJIIPDHOrO pOCTA, JNOKa:KeM J(BE TEOPEMbl, KOTOPHIE SIBJSIOTCS aHa-
Joramu TeopeMbl JleBuna—ITdsmorepa. ;

[IpenBaputenbHo JOKa)KeM OPOCTYIO JeMMy, KOTOpas HaM [OHAJO-:
OuTcs B AasbHefeM. '

Jdemma 5.1. Hycmo () — pynryus, cymmupyemas Ha kaocOom
unmepsane [o, 8] << (0, o) u ydosaemsopsuouian yeioeUAM

D (A eydr< o,

9 (1—a)f(t) +a | A7 () dr = bee,

20e a, b, p — (puxcuposannvie nocmosnusie, nputem ac [0, 11; p >0,
Toz0a
Fon bp
10 = =gt
JorkasareabcTBo. M3 2) Buano, uto f(f) mnddepeHmupyema,
Inddepenimpys no ¢, noaywaem npu a € (0, 1)
’ a
i 41—

b
F=r=ae

[21
O6imee pemenne umeet Bug f(f) =ct 1= + (1—2"——)‘)7?@ "
W3 ycaosust 1) caenyer, uro ¢ =0. Ecim a = 1, yreepxaenue JIeMME;
nostydaeTcsi cpasy ocie augepenipopant; ecan a = 0, yTBepxIeHHs
JEMMBL cjieflyeT u3 2.
IepexogumM K GOpMyJIIPOBKE OCHOBHOM TEOPEMBI BTOrO maparpada
[Tycrn

Tla, ¢, 01 <la, ¢, pls Ale, 6,01 e, 0, pls V1B, 6, 0], Vi) (5.1

— ACHMIITOTHYECKHE XAPAKTEPUCTHKH (DYHKIMOHAJ/OB, OIpeieeHHb
coorHomenusamu (4.16), (4.23), (4.24).
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PacecMOTpHM C/IeAyIOIMe TPH COOTHOUICHMS:

~ def
T [a’ P, P‘] = E [a’ P, P"] =1 [aa @, P‘] (5'2)
any neex ¢ €0, 2x);
_ def
2 lb’ 0?, @y .U'l =V lbr efp, oy P‘] =V [b» GKP, oy P‘L (5'3)
_ det '
2\_[0, 6@, 0y O] = I3 {c, e\p, w =1 [b, 6@, a0l (5'4)

W BCCX @ TaKHX, 4T0 ¢ — a € [0, 2x).
UHyers s—(5.2) osuauaer Bunoasenue (5.2) ans Beex ac€ |0, 1;
(0.2) — pas gaxkoro-uMbyap a; s — (5.3); i— (5.3) — BuimosiHeHHE
th.h)y coorsercreenro ngs Beex nap (b, a):6 €0, 1], a€]0; 2x} n
Lakoft itbyas napot (b, a); s— (5.4) u i— (5.4) — aHaNOTUYHEIE yCJIO-
min gl coornomenus (5.4) u napw (¢, a).

Feopemn 6. [ast uccuposaunoil mepol p. UMCIOM MeCmo cAedyio-
IR (ee pacoes

i — (5.2) i — (5.8) = i — (5.4)
{ } §
s—(5.2) s—(5.3) s— (b4,
e CRHMACIN ALK QILIO COOMGEMCIMBYIOWUY  €80LicmS.

Hownnarennerno. TlokinkeM, 4To BRIOJHAIOTCS COOTHOIIEHHSA
i -(.2)

. (r).:zu) s (%.3) J.le_ (5.4) (5.4)

wlyenn sanosmisierest §— (5.2) past mepnl .
PLICeNOTPIM MIIOYKECTBO Mep

o pive, vee(0,5) Tla, o, n] <7 (a0, pl A

A f[ay @, pl =>la, ' P‘J}’

LU - XAPAKTEPUCTHKA COOTBETCTBYIOIIETO HENPEPHBHOTO (HYHKLMO-
ni, Tak kak dyakimoHanst T¢[a, ¢, n] JMHEAHH M HENpPEpLIBHEL,
w4, ¢, ] TOCTOAHHEBL 1O, TO (QYHKHHOHAJLI

—{T%la, v, p] — < {a, 3, p1}

(- pLBILL | BRIOYKJLL. 1103TOMy M3 HX XapaKTepPHCTHK MOXKHO 00-
|t BT MHOMKeCTBa *, K.

LIKECTBO % HETYCTO, TaK KaK COAEPKUT P, COOTBETCTBYIOLIEE
b, MHOKECTBO

K=1{p:ve, yve:0<e<e, 'Te[a, P, 1] < [a, P, }:]‘
A Tla, ¢, pl>rla, 9, pl}
e veopeMe 1 TakKe Hemycro.
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[Tokaxem, gto K cocToUT M3 OAHOH TOYKH.
s moboft Mepel p € K umeeM

T [a, ' }I] < Z‘ {a; @, p] <—T_s la, @, pl < ,;e la, P, l‘;‘-]

Ing OOBIX (PHKCHPOBAHHBLIX ¢ U &.
Orciona noJayyaeMm ajs Jodoro (GUKCHPOBaHHOIO f

tla, o, pl < Tla, 0,01 < Tla, ¢, 1] < v 0, ¢, b,
TIpu ¢ § 0 moayyaem
Tla, ¢, p)=rxla, ¢, pl

Henosibayst suipaxenue ans dynkuuonana T [a, ¢, p], DoJayuaem
{
(I —a)yute’s, p) +a | u(helr, p)dh = <la, ¢, p]fr.
8

Dyixuus u(le'*, p) yIoBIETBOPSET yCJAOBUSIM JeMMbl 5.l
Ha ocuoBauun semmer 5.1 sanmmem

u(te's, u) = h{o) .
Pacnpesesienue mace p 3TOH QyHKUMH OJHO3HAYHO ONPEJENSCTCS, T, Ca
K COCTOHT K3 OJHOH TOUKH.
[Tprumensist Tenepb TeopeMy 2 K Jii0G0MY U3 110/1YHEIIPEPLIBHELX CBEPXY:
¢yuxwonanos T [a, 9, p], N (b, 8, 4, 1], L [c, O, as 1], monyuaem (5.4").
- JlokaxeMm COOTHOLICHHUS
i—(5.3)

Lol )
§—(5.2) s—(5.3) s— (H.4). (5.4")
PaccmarpuBasi Ternepb MHOXECTBO

v=1{p:ye, vee(0,e) vi[b; O, oy 1] <veib, b, « }:]
/\2 [by G‘Pf oy P‘] > ?_ [b; Otp,» as ;]}’

fIOKaxKeM, 4TOo COOTBETCTBYIOWIEE MHOXKECTBO K cocrour w3 OHO#H
TOUYKU,

AHajorMUHO TOMy, KaK STO JEJAaJoch Npu JOKasaTeJbCTBE HeoG-
XOJMMOCTH, NMOKa3piBaeM, uto jas Mepel i (K, o, ¢) cexTopa

Ko o c=1{ret 1re0, t]; ¥ €0y, o)

BLIMONHACTCA DPABEHCTBO
!

(L= ). (Kou o, ) 4 b {2700 (K, w) dh = v B, B, 03 B2,
0
OTKYZA2

w (Ko, o, ) = da (@) B2, ‘WK&&



"MIIM yCJIOBHEM Mepa i OJHOSHAUHO ompexensercs, Ilpumensin Temeps
wopemy 2 K mobomy u3 dynxumonanos N (b, b, ., v], Tla, ¢, p|
L e, 0y o p], modyuaem (5.4).

CoorHouresue

v

i — (5.4)
y o4l
s— (5.2) s—(5.3) s— (5.4)

JIOKA3LBACTCA aHAJOTHYHO.

Tak Kak, OUeBHAHO, U3 COOTHOWIEHHI S-——(...) CAENYIOT COOTHO-
mewrst { — (...), TeopeMa JAoKasaHa MOJHOCTLIO.

Tenepr paccMOTPHM OTHOIIEHME STOH TEOPEMbl K TEOPUH BIOJHE
|WTYJSPHOTO poCTa.

[To semme 4.2 cyiecTByeT He GoJiee YeM CYETHOE MHOKECTBO Py
BlueHHH @, a, AN KOTOPLIX

— X105 B, 0, 1] = A (B, 0); V105 O, 4, 1] = A (b o).
flostomy ans Beex ¢ § P, H (PMKCHPOBAHHOTO o ¢ qﬁo HMeeM
A By, o) = — K105 by oy ] < VIG5 G, 4, v,
A — 2103 0g, 0y 1 < V105 8 03 0] = A (B, o).
J13 ycjoBull Teopemml cieiyeT TOrja, 4TO

A (®<p, a) = é (0q>, u) (56)

s ¢ & Dy, '

O6paTHo, ecau BbinoJHsercs ycaosue (5.6) Ans Beiogy naoTHOro
MiloJKecTBa 3HAUCHHH ¢ Npu KakoM-HHOYAb «, To (5.3) u (5.4) Bb-
HOANAIOTCA I8 BCEX ¢. JTO MOJYYAeTCsl U3 COOTHOLICHHH

Y18, Gy o pl = lim y 5@, By, pl, (6.7)

- o poh-0

A Mg, By, o, 0] = limol,_kla; Op, o5 015 (5.8)
G+ o

C/IC)lYIOIIX  HENOCPe/ICTBEHHO M3 OHpeJie/ieHHd  XapaKTepucTHK X, V.
Thkinm obpasom, noJyuena .
Jdenmxa 5.2. Jwboe us ycroeuil
A0 0, o5 0] = X [0; 8 43 plye, (5.9)
V[0, 8y, oy 0] = V[0, By o, pI Ve (5.10)

whallGaAEHmMAO  yeaosuro (5.6).
OrmeTnM Jajee, uTO YCJOBHE BHOJIHE DPETYJspHOCTH pocTa cy6-
lupMOHHYECKOR (DYHKUMU MOMET OBITh 3aIHCAHO B BHjE
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‘M3 Teopemsi 6 cJjeayer, uTO BHINOJAHeHHE YycaoBus (5.6) sKBHBa-
ACHTHO COOQTHOLIEHHUIO

%[a,go,ulzg[a,cp,p] mpy a=1,

KOTOPOC 3KBUBAJICHTHO CYLICCTBOBAHHIO MpELEsaa

r—+ 00

limr=e { = (te'?, ) dt. (5.12)
0

Yenosue (5.6) skBuBaJieHTHO Takxke Gopmyse

“I}‘l sup {—fu (tef?) = < (0, ¢, u]. (5.13)
-t 00
Burpaxenne (5.13) orangaeTcsi OT YCJIOBHS DELYJSIPHOCTH POCTA TEM,
4TO CrpaBa CTOMT He HIDKHHE HHIMKATOp, onpeje/eHubld B (4.14), a
«peryJspH30BaHHBIy HUKHHH HHAHKATOD.
Beuny (4.13) ua Bmosre peryssipHoctd pocta caepyet (5.6).
Tagkum 00pasoM, MeXKAY YCJIOBHSIMH «IIPABHJIBHOCTH» paclpeeseHus

MACC M (PEryJSIPHOCTBIOY (B KAKOM-HUOYJb CMBICJ/E) POCTA CYIIECTBYIOT
CJACAYIOMME CBABK:

(6.11) (5.6)
(5.13) & i — (5.2) <> i — (5?3) oi—(5.4) (5.14)
s—(5.2) s— (5?3) s — (5.¢4).

Umrnkanps (5.2) < (5.11) rtakke BepHa, XOTS He CcJeLyeT HEIo-
Cpe/ICTBEHHO M3 HAIIMX DACCYXASHHH.

PaccmorpuM ellle OAHH IHpHMEP TEOPEMbl O BUOJME PEryJISIPHOM
pocre.

O6osnaunM (¢ [p, p] HenpepbBHLIA (QYHKIHOHAL BHAA
G* Lo, vl = Ne 0y, o5 pl + T¢ o, p] 2m,

rae Ne, T onpepenenst cooTHowreuusiu (4.7), (4.16). CooreeTeTBYyIO-
UM IONYHeNpepLiBHLIN (YHKIHOHAL UMEET BHJ

Glp, bl = S dp. + u(e®, p),
K‘P
e K, — cextop Buja
Ko={2:]2]€l0, 1] eiarez B

COOTBeTCTBnyU_U/Ie ACUMITOTHYECKHE XAPaKTEPUCTUKH 1T, ’? ABJISA-

IOTCS1 aHaJoraMy MHAHKATOPA H YIVIOBOI IVIOTHOCTH HYyJeH MIA LeJblX
¢ynkuuii., Mveer mecto
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Leopema 6°. [1ycmo p <= Rea,, 2de a, xopuu ypaefieuud
afea— D)+ A4iRa—rk=0%k=0, %1, ... (5.15)
Locda coomnouienus ‘
1) =l 0] = (e, vl v €10, 2r],

2) Yl ] =1lo, pIve €0, 2x]
N ACHNIHOL,
.“Illl'lllT, H3 CyIIleCTBOBaHI/IH B Ol‘[pe].leJIeHHOM CMRBICIE npeﬂeﬂa

. t
lim {P (K,, o) &% u(re'®, pt)}

r=+o0 rf r”°

PBEONEeX p CTEAYeT M CYIIECTBOBAHHE KAMJAOTO H3 NpesiesioB
‘ ,or(K, ) .
lim ———%’i 5 lim

Fob 00 r r=roco rP

u(re'®, p)

nant weex g opie Cyp-MHOMXKeCTBa, W Ha0GOPOT,

Conomenne 1) = 2) caenyer us cxemsl (5.14),

Howewreanerso 2) =» 1), kak u B TeopeMe 6, cBopuTcs K cIenyro-
NIOMY Y IBCIRIICITHIO, aHAJJOTHYHOMY JeMMe 5.1,

Jewma 5.3. Y pasnenue

w (K, o) 4 ulre, p) = d(g)r*

onpedeastent edusemaennyio smepy w € M, s (em. (2.2)).
JNogasarenberno. JlocTaTouHo J0Ka3aTh €AUHCTBEHHOCTD pelle-
s OLNOPOJIIONO  YPABIGHHS BHJA ‘

b (Ky, o) + u(re?, p) =0, (5.16)

Il | ~— PASHOCTh HEOTPHUUATENBbHBIX Mep; # ~ DA3HOCTb KAHOHHYECKHX
I1ITCrPAIoB, COOTBETCTBYIOLIUX STHM MepaM, mpuuem |p| e M, a(jp|—
MpnaTHs p).
()0o3naynm
w (K, o) = F(r, 9).
Iy 1) € M, s cenyer

| F(r,9)|<Cre re(0, ). (5.17)
Bocno/b3yemcst TexHUKOfi 0GOCIMEHHBIX QYHKIME, IPHHAB 33 OCHOB-
noe npoctpareTso Cp (R¥™N\0) mpocrpamcTso GeckoreuHO- AU PepeHIin-
pyceMblx QYHKIMH, GUHHTHBIX B OKpecTHOCTH 0 H oo,
3ameTHM CHaya/ja, Y4TO B CMblcJe OOOGMICHHBIX (yHKUME

Lok é—Lf—d
rorde dha gp = Gy

Jae A — oneparop Jlanaaca.
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[Mpumenss A k papencrsy (5.16), nosydaem

1 0%F -
AF 4 rarécp*o

Ilepeiinem & koshduunentam Pypoe F,(r) 1 sanmiuem
&0 — R0 =0

O600Iennoe pellieHHe TaKOrO YpPaBHEHUS HBJAACTCH  KJIACCHYECKHM
nodtu AAs Bcex s |15, crp. 32}, mosroMy noayyaem

Fk (’) == Cklrakl + Ck2rmk2)

TAe 04y, 04y — KOPHH ypaBHEHHS (5.15).

Mz yenosuit (5.17) u p %= Rea, caepyer, 4To ¢y, ¢ =0, T. €.
F,()=0, orkyna F(r, $) =0 moutu nasa Bcex ¢, r #, 3gauuT, p. = 0,
.Hemma JoKkasana.

Kak yxe Opia0 ckasano, U3 Hee CJEAYyeT YTBEPKICBHE TEOpeMLl.

6. Ouenki NHAUKATOPOB. 31ech Ml OGCYIUM CBR3b TEOpeM
I u 3 ¢ oueskamu uHAMKATOPOB wueabix Gywvkuui. Teopemut 7 u 8
B JAHHOM CJydYae SBJAIOTCA OCHOBHBIMI., 3aTeM B BHJAE /IPUMEPCB
NPUMEHEHHS TEOPeM MOJiyyaeM H3BECTHBIE OUEHKM HHIMKATOPOB UENLIX
(GyHxuA M NoXasbiBaeM TOYHOCTb 3THX oueHoK. Onpenenum Kaacchi
% U K COOTHOWEHHAMH

% (31, 85, {6}] = {0 296/{\9 v [0, u]>31(9)/\§[9, pl>—350), (6.1)
Ky, 5.0, {8}] = {p: /\}N [0, 11 > 3 (YA LLS, p) >3, (9)}, (6.2)

rue {@}—— HeKOTOpoe MHOKECTBO 1TOMHOKECTB emmuqﬂoﬁ OKPYMCHOCTH 513
8, (8), 85 (0) — pyuxin  muoxecTBa ¢ (@), ; N, L — xapaxrepi-

CTHKH, COOTBeTCTByloume dyukuaonaiam (4. 16) (4 17) u onpene.ien-
Hole cooTHowenusany (2.4), (2.5).

Teopema 7. [Jycme xaacc w, onpedetennpui coomuoutenuamnu (6.1),
Henycm, Toz0a 0aa aoboco Kaowuecko2o unmezpai Uz, p) Mmaxoeo,
4IN0 W, € %, UMEem MECIO OUeHKA

h, () < maxu (e, p), (6.3)
pekK :

ede K — samxnymoe mHoxcecmeo, onpedenenrge coomuouteruem (6.2).
Cyuiecmayem yeaas pyrryus f(2), 025 Komopoi docmuzaemes paseHcinee
npu ecex ¢, n. e.

hi (¢} = max u (€%, p). (6.4)
peK

JlokasaTeabcTBo. [losaraem
Tl(?’ pl = u(ei@’ P‘) CPEA:
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(e, ) — KQHORHUECKHH uHTerpasd; A-— cueTHo® BCIOJY INOTHOE
Muoaeerso toduek Ha unTepBase (0, 2x). Toraa mo rteopeme 1 repa-
tenerno (6.3) BemoaHsieTcs jsiA Bcex o € [0, 2x), a no Tteopeme 3
CYHICCTBYCT MEPA Wmax € %, AT KOTOPOH 3HaK paBeHcTBa B (6.3) no-
Crnnerest P BeeX ¢ € A OHOBPEMEHHO.

Ho snemme 4.4 Haiizerest nesas dyuxkums f(2) nopaaka p H HOp-
MIALIOrO THIIA TakKasg, 4T ee pacrnpenescHue nyJel n; € » n hi(y) =

I, (p) anst soGoro . Eciu Tenepb HCNoJib30BaTh HENPEePHIBHOCTD
o obenx wacrell paeexctsa (6.4), ZokasaHHVIO B JeMMe 4.5, Oynem
VAL YIBepAIeHIe Teopembl, TlosyauM HEKOTOphIE HOCTATOUHbLIE YCJ/IO0-
MU HCNYCTOTH Kalacea .

Teopema 8. [Tycmo A (8) — cuemro-a00umusnas @yrKkylis MHOXCECI
i Sy, Y008ACIEOPAOWAA  YCAOSUIO

3(6) < A (9) <5, (9) | (6.5

4oy 0€ 6, ede © —KOAbYS MHONCECHI8, PERYAAPHBIX OMHOCU-
e ALY, m. e, makux, wmo

A@©0) =0 nasa ¢80, (6.6)

NN ace v By, By, ©] Henycm. .
Mo LeTBO. PacemorpuM Mepy BHAA

({11. o ptf"'ldt @ A (0)'

oo cootnomemnt (6.6) e (6.6) o aemmir 4.1 caeayer, 4ro p € x.
Fonpesd oK,

Corepervue L Hyems xonst Gow 00na u3 ¢ysKkyui Sy, 8, ciemmo-

Smnana. Toada raace » venycm 0as coomsememeyoweeo 9.

anpumep, ecan 8,==0, {0} — m060e MHOXECTBO HOAMHOXKECTB S;.
Plpwsessm pHMepPBl, KOTAA 3KcTpeMyM cmpapa B (6.3) Moxer OBITH
PIHICACTE B «9BIOM BHAE» (TOHSTHE «SBHLIH BHA», KOHEUHO, BecbMa
OLIOCITTCALIO),

Hpumep 6.1, (DxcrpemadsHeil HHANKATOP A GYHKIMA C HYJIAMH
Wn e [10]).

Hyer, 8,=0, a

5. (6 A ecom 1¢0,

2()={0 ecan 146,

) KuAbHO MHOXKECTS, PeryJ/spHbIX OTHocHTeAbHO 8,(0), B sTom
tivuge no Jaemme 4.1

— 100, u] = A ).

I ace K cocTouT us pacnpeﬂeneﬂnﬁ Macc, COCPeJOTOUEHHBIX Ha
ro NKHUTEJIBHOM JIY4e H YAOBJIETBOPAIOUHNX YCAOBHIO

b ()< Are, (6.7)
tne p{f) — Macca HHTEpBaJA.
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Boiupesum max yHKnponana
. Ik et
wteee) = H(F p)ds 6.8)
0

8 kaacce K 1A pa3/MUHBIX ¢. MOXKHO cYuTath, 4TO @ == 0, Tak Kam

JIOCTATOYHO OTPAHMYUTBHCH BCIOAY TJIOTHEIM MHOXKECTBOM ¢,
O6osnaunm

d e'? cos pp — £ cos (p 4 1) ¢
— 0 H =~ = (o 1= -
r dl'H(t ,p) e | —2fcos¢ + £ [(t,cp, P

JaeMeHTapHOe Hec/egoBaHHe saapa H |10] nokaseiBaer, yTo BO3e
MOZKHLL HeThIpe cJ/yuas nosefeHus H 1051 pasiudHBIX ¢:

1) H< 0 upu Becex f;

2) H>0 u yGuiBaeT npu Bcex f;

3) H>0 u y6omaer o Hyas Ha unrtepsate (0, ¢,) u H <0 aaq
>4,

4) H Bospactaer W B TOuKe

. __CosSpe
@) = s T e

nocmraeT [TOJIOKUTEJAbHOTO MAKCHMyMa, a 3aTeM Y6bIBaeT Ha HHTED-

eL\O 3
Bane (¢,, co), ocTaBasch IOJNOKUTENBHBIM. B 3TOM ciydae H( Ry J

-ofpaiuaercst B HyJb B TOUKe ¢ =1, (p) << f, ().
Paccmorpmv[ max u (e, p) A8 pasIu4HBLIX CAYUaeB.
. OueBHIHO, pmax==0 u max u (e, p)==0, (6.9)
2. Vinterpupysa (6.8) mo wacrsam, mosydaem

[l ,p)dp<S1<t o p) 0,

‘OTKYAAa BHIHO, YTO C/EAYeT MOJONKHTD
lemax (t) == Atp.
Ilpn sTOM
1 (e, pma) = A | 1, 0, p) dfe ©.10
0

3. Vmeem
$plo) dple)  dpl@)

SHdu< SHd.lr—w-
O [

Tak Kak BHEHHTErpaipHBIl 4jieH pcyesaer, a moX MHTerpajsom [ >
CJIeYET TOJOXKHTD

{AtP s 0<t<< ¢, (%),
Wmax

A (9) maa £ >, (@)
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L yrom

$p(P)
u (e, pua) = A | 1(t, 0, p)dt. (6.11)
1. Wmeem
w0 ™ tple) o8
{Han<§ #aw={ +{ }Hds.
Tplp) npl@) tp(9)

lleppoe  caaraemMoe JAOCTHraeT max, eciad B TOUke f,(p) cocpenoto-
UHTL MARCHMAJIbHO BO3MOXKHYIO Maccy

py = Af ,P) (9)-
1Yivpolt mATErpasn mocne HUHTEIPUPOBAHHS MO YACTAM IPHHHAMAET BUJL

[tp P 3 t
a5 p)e0| +[ 12l
ple) Eple)

[losroMy B KadecTBe Mepn!, JOCTABJSIOILEH 3KCTPEMyM 3TOMy cJiarae-
Mony, CAeAYeT B3ATb

. {At(’ — AL s (>0,
te = 0 ans E< b,
def
CyMMa Py -+ g == 1 J8ET Pinax, OpHUEM 6.12)

io g
u (ei:g’ Pmax = H (t_uf‘(—?;)- ’ P) Atf) (QP) + A‘S‘ I, p, (‘P) dt.
tp((P)

OMeTHM, YTO BCe 3TH BBIUMCJ/EHHA MO CylecTBY OblIM IIPOjJesaHbl
n padbore [10] M CAyXKUAM OBPUCTHYECKMMH COOCPAmKEHHAMH AJst
focTpOeHMS TIPMMepa 1eJiof QYHKIMM, Ha KOTOpOfi JOCTHraeTcst 3KCTpe-
mMym  uEukartopa. Ho mocrpoenus camoro npumepa M MaGexanu
¢ lIOMOIBIO TeopeMbl 3.

[lpe:kne uem npusecTH elle OJWH INpUMEp, OTMETHM HEKOTOpBIE
ChoiicTBa BEJHYHHDI

Amax (31 B9, ) == max u (e, )
B E K (34,8, &)

i dynkunonasa Ha QYHKHUAX 8y U 8,. OrpaHuuuBasich cjaydaeM, Korjaa
b, -0, HemoCPeNCTBEHHO M3 TEopeMBl 4 MoJiyyaeM CJIeLYIOULYIO JeMMy.
Jdemma 6.1. Hueem necmno coomuouterie

Amax (0, ad” 4 @8;, 89) > afimax (0, 3, 9) + Bhmax (0, 37, 9).  (6.13)
o, B>
tHio COOTHOLIEHUE BIIOJHE aHAJOTHYHO CBOMCTBY MHTETpana Io IIOJy-

AVIHITHBHOR Mepe OTHOCHTE/bHO TeAyajuTHBHOR Mepwr [2, crp. 293).
' onpepesenust wiacca K mogyuaeM Takke CaeAyioilee CBOHCTBO,
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Jdemma 6.2. Ecau ¥ (8) < 8" () ans 6 € {0}, mozda
Bmax (0, ¥, ¢) < hmax (0, 37, ‘P) (6.14)
Ono caenyer wua YTBEDAKAEHUS, YTO BeJUUMHLI CMIpaBa M CJeBA —

3TO MaKCHUMyMBbl 10 MHOwecTBam K’ u K”, mpmuem K' < K.

Paccyorpum eme ozun npuniep BHNHCACHHA MagCHMAJbHOIO HHAH,
Kartopa.

Mpuvep 6.2. (Jxerpemasbubii MHAMKATOP B KJacCe, TMOPOAKAEHHOM
ajuTHEHOH dyuknueit 9, (0) [2, crp. 314]). ITycre kaace » nopoxjien
dynxumsamy 0, =0 u 3, (8) = A (0), rae A (§) — ajanTrBEAs HEOTPULA-
TeJbHAs Mepa Ha S;, @ © — KOMBLO PEryJsIPHBIX MHOMKECTB.

O6osnaunm H (g) (GYHKINO, ONpPeAe/eHHYI0 PABEHCTEOM

- 1 .
H(¢) = -t (€% pmax ()
rae u (e, pmax (¢) onpenesens Gopmynamvu (6.9), (6.10), (6.11), (6.12)

IJst coorsercTeyioutnx ¢. Ilyete A({1}) = 0. Torna
2n

s (0, A (6), 9) = [ H (o —v) dA (9) (6.15)

0
(A(Y) = A By, ¢) nurerpan monumaercst B cmbicie Cruarseca, H —
HEMpepLIBHa). L
HoxaszareavcrBo., [lyers {8} (i = I, n) — pasbuenne uurep-
gana [0, 2] Ha peryJsipHble NOJYMHTEPBAJB, MAKCHUMAJbHAs LJMHA
KOTOPBIX CTPEMHTCH K HYJHO NpH 71 —> co. O003HauuM

- det &
0 =Y a@)s 0

=1

Mepy, rie 9 — mepa, cOCpefOTOUEHHAs HA BHyTpeHHeH K §; Touke ¢,
nputeM
8, (10, 2=} = 1.
Jlerko BUAeTH, YTO )
Bmax (0, 811 ¢) = 1 (p— q”l)

¥, CJeJOBaTeNLHO, N0 CBOHCTBY (6.13)

Fnax (O, B,y 9) > Y3 H (9 —9) A (0). (6.16)

=1

[ToxaxkeM, YTo HepaBeHCTBO coXpansfieTcs, ec/an HepedTH K npexey
OpH - .
HelicTBrTenbHo, NO Teopeme 3.

hmaX (01 Am (‘P) =1u (ei‘P, p'l(';‘za)x ((P))U
(n)

npuueM Pmax € K (0, An, 9). Tak xkak M, « KOMOAKTHO, MOXHO BEIJE
JANTb U3 [OCJEeLO0BATENBHOCTH Pl MOANOCHAEAOBATENBHOCTh, CXOAS-
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v wst K Tpeneny Bo. M3 nodyHenpepblBHOCTH CBepxy (GYHKIUHOHA/A
, b)) cJlefyer, 4To )
(n)

u(e'®, po) > limu (€%, pmax). (6.17)

Ppamaa gactb (6.17) He menblue nHTerpana s (6.15),
OTMeTHM, YTO
L1, p) = — &, (),
IIH'I()My
Hm L [0, ] = —lim A, () = — A (8)

=00 ]
BCAKOTO peryssipuoro muoxecrsa 9. Ms nonymenpepeBHOCTH
vy L8, u(M] crenyer

L0, pol > —A(0)

Wl KALOTO peryJsipiioro MuoxkectBa 6, ITostomy poeK O, A, @)

n, CJICROBaTEJIbHO, ( 8)
2n _

e (0, B, ) = max u (e, p >uwam>SH@—wM¢>

Hokazxem Tenepp, 4To
Funax (0, A, 3) < SH(q:«—q)) dA (u) (6.19)
FlycTb vunax () — 3KCTpEMasbHAs Mepa A9 @yHKuMOHaJIa

. 2 =
u(es, P')ZSH( ; ,p)du

RZ
n wiacce K (0, A, 0).
Mowxno BuAeTh, uro dp =0 Ha Tex Mmuoxkecrsax, rae H < 0,
Iifaue COOTBETCTBYIOIAS Mepa He Onlia Obl sKcTpeMasbHo#R. Ilostomy

(p—3)
u (ei‘{‘, Pmax ((?)) = 81 H* ( ’ P) dy.
Rz

O0osHaunM JJs JaHHOTO pasbuendst uurtepsana [0, 27:] Ha peryJspHble
oA YHHTEPBAJLL b

n
p‘(n) = ; By

ne py — paguasnsHas nmpoekuus’ Ha gyu {arg 2 =1¢,;} CcymKeHus Mepbl
Py Ha yron
L,=lz:argzel}.

e ofo3Havaer, uTo
vy (G) = py (TTIC),
ey, — cyxeHue p Ha Ly, a T~iG ~mnpooGpas G B L; naa npeoGpasosanus
TE= |6 )Y, £ € L,
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Tak xar H* HenpepbiBHA IO $ M HHTErPaj CXOAMTCA DaBHOMEPHO MO
p €M, 5, TO uMeEERM

(€%, pma) = lim | H dpio, (6.20)

[TpaBag wacTp (6.20) ouenuBaeTcst C/AEAYIOMUM OOpasoOM:

SH+du=i§H+d9i<iA(0i)ﬁ(?~%), (6.21)

TAK KAk JJs1 KaKAOro HHTErpasJa B CyMME BepHA ONEHKa H3 IpH-
mepa 6.1,

Hepexons k npemesy mpH n->co H yuntoiBas (6.21), moJayuaem
(6.19). Tem campiv pasenctBo (6.15) nokasano.

7. CBsasp ¢ sanauen Isiau. OGosnauum

P
Tl = 1— & { utes, vy de. 7.1)
0
[yerp mast ¢ugcnpopannoro p(0 << p<< oo, p-— HELUERJOE)
def -
©(p) == sup < [max; pl, (7.2)
pEx
rie
we={pi{cle, p1 >0V A { L, 01> 0}, (7.3)

a tle, nl, <, p,],?[max; 9} — acHMIOTOTHYECKHE  XaPaKTepPHUCTHKH,
cogreercTByiomHe dyuxnuonanam (4.7), (4.8), (7.1). Ilyets Dumin (p) —
HauJyulasi nocrosH#as B HepaBeHcTBe (1.4).

Teapema 9. Hueem mecrno coommuowenue

7(p) = D (p), (7.4)

npusem pasexcnieo Cocmu2emes CAeed HQ HEeKOMOPOM  UeAOHUCAEHHOM
pacnpedeieHus MACC, Q@ CNPABR — HO  COOMBLINCMBYIOWEM KAHOHLUE-
CKOM npoussederlLl,

JToKasaTeNLCTBY TEOPEMbl NPEANIOIAEM [BE JIEMMBI.

Jdemma 7.1, Hueem mecmo Hepagencmso

Lus (e, p) | < B, , (7.5)

rie B —nmnocrosnnasl, He saBucawas ot ¢ U L
HNokasarteabcrBo. B padore [7, § 3] OblIO TOKa3aHo, 4TO
dynaruna H.(z, L, p), onpezenennasi cooTHowlenueM (4.5"), npunan-

aexut npoctpanctBy C(py, po) (P<< 1< ps<< p-F 1) nas moboro 2z
U3 eIMHUYHON OKDPYXHOCTM S;, M HOpMa ee OrpaHMyeHa DPaBHOMEDPHO
no z¢S;. [loetomy (cm. 1. 2)

s (€0, 5| < (I H 19l v gy < Ball Hell ol o =
= By He - a4 = B< oo

Adst pp << p<< P PaBHOMEPHO MO o,
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HNewma 7.2. Ecau evinoansemes ycrosue

tl9, #] >0, (7.6)
she wect Mecmo pasercmeo (e, (4.10), (4.11))
i+, e =7 {0 (7.7)
HNokagateapctBo. s ompenesennus =< [p, p] u (7.6) Hmeem
lim inf ue (efe, p) > 0. (7.8)
froo

PloniKkeM, 4TO A/ JI000TO & BHITOJHSIETCS] COOTHOLIEHHE

=i, ==, 0] (7.9)
|||||| caoBun (7.8).

M(‘CM (7.10}
2

§ @) (&, p) dp = § ue (%, p,) do — { w2 (e, p) de,
4§ 2
L
R, =19 :us (e, n) < O).
oxknzkem, aTo

tim { u* (e%, ) dg = 0. @1

toos g,
llonycTiM, 4TO HHTErpal
» — S u (€, p,) do
Q
e f

f¢ CTPEMHTCS K HyJO Ipu ¢ -> co, Torjga 1Jis HEKOTOPOH IOC/eL0oBa-
1CALHOCTH { BBIIOJHSIETC COOTHOLIEHHE

[ 1—u e, pydo > 5 >0.
2%
RSozmaunm

v Ny )
R = {QP t—ut (e, par) > E} .

% yueTom HepaseHcTBa (7.5) nemmbl 7.1 umeem

sl ={[+] Jwrer ppdo< f+mese;- 5
91‘ 91; th\saé ‘
OTKy1a
il

mes 2> . (7.12)
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W3 (7.12) caeayer cyuiecTBOBaHHE Takoro ¢, 4To A7 HEKOTODOH
{I0CACIOBATE/ILHOCTH f, BBINOJIHACTCS YCJOBHE

; 3
Ut (eW, 2"‘!}3) < “‘Q’B‘ ’

a s10 npotuBopeunt (7.8). 3uauut, spimogusercs (7.11). s (7.10)
u (7.11) caeayer (7.9), a snayur, no ornpeaesnennto < —u (7.7).

HoxasarteasctBo Teopembl. QueBHAHO, 4TO D, (p) MOMKHO
OIPeAeNTL COOTHOIEHHEM

Duin (p) = sup o, (7.13)
rae sup Geperca MO BCeM [, YAOBJETBOPSIOWUM YCJIOBUIO
T < L. (7.14)

Tax xkax sup B (7.13) TONBKO yBeJHUHTCA NMPU TEPEXOAE K CyGrapmo-
HHUECKHM QYHKLIHUAM, 3anuuieM

Dmin (P) < sup o, (7'15)
fhe sup B (7.15) Oeperca mo u (2), YAOBJETBOPSIOUUM YCIOBUIO
T,<l. (7.16)

Tlockoabky wut  sgBAfeTCcd HEOTpHUATENLHOR cyOrapMoHH yeckoi
Apyaxuned, To ycsaosue (7.16) MOKHO 3aMeHHTH HA CAEAyIOLiHe:

u(re’?) > 0, (7.17)
2%

I —1lim sup r—° ;-S u(re?)y de > 0. (7.18)
Fer 00 bt

:Ecan temepn samenurth ycsosue (7.17) ua Gojee cnaGoe
¢, b1 >0, (7.19)
a ycaosne (7.18) mepenmcath B Bupe
o

lim inf [1 —5 g u (ret®) dcp] 0,

t-voo
“TO NOJIyuuM HepaBCHCTBO
©(p} > D (p)- (7.2

Joxkaxem ofpatioe wHepaBeHcTBo. [IycTh p — pacnpenenende, tia
KotopoM 1o TeopeMe 1 jocruraercs t(p) B coorHomenuxn (7.2). Tlo
nemve 4.4, Hafijerea ienad ¢yHkuus f(2), AAs norapugMa Mopyss
KoTopoll Bee xapaxTepucTHKRHY B (7.2) u (7. 3) Te xe camble. ITokazxkem,
-q10 AJs Hee BuimoJusercs (7.14).

Ma gevanr 7,2 ciepyer, 4TO /1 COOTBETCTBYIOIErO Cy6]‘ap1\IOHI/I-
qecKof Q)yHKuHH In|f(2)| pactupenenesus Macc BEPHO PaBEHCTRO

TEI—'I*‘, ] =;[S, p«J. | (7.21;
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[k yke Oblio 3aMedeso B Hawage 1. 4 ((4.127), (4.12"),
2n

g‘: u] = lim sup—%i g In|f(rei®)lde, (7.22)

L%

t [+, b =T '%[

Cailo— cooTBeTeTBYIOWee (yHRuMn in|f(2)| pacnpenesenue macc.
Ycjiopue

<[, p] >0 (7.23)

SO TOrja nepenucatb B BUAEC

Ty <1,

Il JOKa3biBAET HEPABEHCTBO
t(p) < Dmln(P)- (794)

il (7.24) n (7.20) cnenyeT yTEepKAEHHe TEOPEMEL
13 sak.oueHue HATIOMHHM, 4TO 3uadeHHe Dy (p) BbHIUMCIEHO A/
mey O0<<p<< oo |3, cTp. H65).
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