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Simple model of hydrogen-like atoms is proposed. Model is based on consideration of electron core, which consists of electrons in
complete shells, using Thomas-Fermi model. Outer-shell electron is described by wave function. The model has no fitting
parameters. Calculations of Rydberg correction for high-excited states with zero angular momentum are done. Calculations of energy
of single ionization of hydrogen-like atoms and comparison with experimental data are done. The developed model can be used for
further research of interaction of Bose-Einstein condensate and electromagnetic field.
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IO TEOPIi CHEKTPA BOJJHbONOIIBHNX ATOMIB
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3anponoHOBaHa IOCTaTHHO IPOCTa MOJETbh BOAHBOMOMIOHMX AaTroOMiB, 3aCHOBaHA Ha TOMY, IO OCTOB, SKHH CKJIQIAETHCS 3
CJIEKTPOHIB, 1110 3HAXOIATHCS y 3aIIOBHEHUX 00OJIOHKAX, OMUCYETHCS 3a JomoMoroko Mozaeni Tomaca-depmi, a 30BHIMIHIA BaIEHTHUI
CJIEKTPOH OITUCYETHCS XBIIIHOBOI (yHKIi€r0. B Mexax manoi Moneni 0e3 BHKOPHCTaHHS MIATOHOYHHX IMApaMeTpiB OOYMCIICHI
mornpaBka Pimdepra ans BUCOK030YDKEHUX CTaHIB 3 HYJIbOBHM MOMEHTOM, €HEpTis OJHOPa30Boi 10HI3alli{ BOJHBOIOIIOHAX aTOMIB,
Ta TPOBEJCHO IOPIBHAHHA 3 EKCIEPHMEHTAJbHUMHU JaHUMH. 3allpONOHOBaHA MOJENb BOJHBONOIIOHHX aTOMIB MOXe OyTH
BUKOpPHUCTaHA JUIs TOJAJIBIIOT0 PO3BUHEHHS Teopii B3aeMoii 003e-eHHIITEeHHIBCHKUX KOHICHCATIB 3 €JIEKTPOMArHITHUM TTOJIEM.
KJIFOYOBI CJIOBA: mnompaBka Pinbepra, nyxHi Meramu, CHeKTp artoma, Tteopis Tomaca-®Depwmi, atomapHuii 603e-
€IHIITEHHOBCHKUI KOHJICHCAT
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IpemnoxkeHa 1OCTaTOYHO MPOCTasi MOZAEIb BOZOPOAOIOJO0OHBIX aTOMOB, OCHOBAaHHAs! HA TOM, YTO OCTOB, COCTOSIHI U3 HIEKTPOHOB
3aIIOJTHEHHBIX 000JI0YeK, OMHChIBaeTcs Monenbio Tomaca-depMu, a BHEIIHMH BaJCHTHBIA SMEKTPOH - BOJHOBOHM (yHKImed. B
pamMKax MpeyIoKeHHOW Mojend 0e3 HCHONb30BaHMs IOATOHOYHBIX [apaMeTpOB BBIYHCICHBI TomNpaBka Pupbepra mis
BBICOKOBO30YKICHHBIX COCTOSHHW C HYJEBBIM MOMEHTOM W DJHEPrHs OJHOKPAaTHON WOHHW3AIMH, IMPOBEACHO CpaBHEHHE C
9KCIIEpUMEHTAIbHEIME JaHHBIMU. Pa3BuTas MoJenb BOJOPOJOIONOOHBIX aTOMOB MOXET OBITh HCIIONB30BaHA UIS JaJbHEHIIEro
Pa3BHUTHS TEOPHUU B3aUMOJICHCTBUS 003e-9HHINTEHHOBCKUX KOHJICHCATOB C AJIEKTPOMArHUTHBIM ITOJIEM.
KJIFOYEBBIE CJIOBA: momnpaBka Punbepra, IelouHble METallbl, CIIEKTp aTtoMma, Teopus Tomaca-depmu, atomapHbiii 603e-
SUHIITEHHOBCKUM KOHIEHCAT

Hydrogen atoms and ions, that contain one electron, like, for example, He", Li"", in non-relativistic approximation
are described precisely [1-5]. Strict analytic calculations for atoms and ions containing two electrons, such as H™, He,
Li", are impossible, however these objects are simple enough to use different approximate methods, that provide
sufficient accuracy [1-5]. Hartree - Fock self-consistent method usually is used to compute more complex atoms [6], but
such calculations appear to be rather bulky, especially for atoms containing many electrons. Thomas-Fermi statistical
method is widely used to investigate structure of many-electron atoms [7, 8]. Significance of this approach is simplicity,
though it gives less accurate results and does not reproduce periodical dependence of atomic sizes and ionization
potentials from atomic number.

Hydrogen-like atoms have simple enough energy spectrum similar to that of hydrogen atom. Atoms of alkali
metals Li, Na, K, Rb, Cs, Fr, and so called Rydberg atoms, that have one electron in high-excited state [9], are

considered as hydrogen-like atoms. Atoms of alkali metals drew attention in recent years, because they are used to
obtain and investigate Bose-Einstein condensates in magnetic traps [10-12]. Phenomena in such condensates are
theoretically described by Gross - Pitaevskii equation [13]. However, more consistent description of interaction of
© Poluektov Yu.M. , Savchenko V.N., 2012
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Bose-Einstein condensate with electromagnetic field should take into account inner structure of atoms in condensate.
Generalization of Gross-Pitaevskii equation, that takes structure of hydrogen-like atoms into consideration, is proposed
in [14]. Influence of inner structure of atom on Bose — Einstein condensation in ideal gas of hydrogen-like atoms is
considered in works [15, 16]. Development of rather simple model, that allows description of inner structure of alkali
atoms, is significantly important for further development of theory of interaction of Bose-Einstein condensate with
electromagnetic field.

Investigation of Rydberg atoms is of interest for astrophysics and for usage of such atoms as detectors of long-
wave radiation [9]. Research of so called “Rydberg matter”, which is metastable crystal consisting of high-excited
atoms with the same principal quantum number [17], is of significant interest. Such matter should have density 10'® —
10" ¢m™ and thus be condensed matter with gas density and unique properties.

The aim of the present work is to develop rather simple model of structure of hydrogen-like atoms, which would
allow taking into account influence of finite size of electron core, which consists of electrons in filled shells, on energy
levels of valence electron with sufficient accuracy. In the proposed model electrons in atomic core are described by
Thomas-Fermi approach and valence electron — by single-particle wave function. Calculations of quantum defect,
energy of low-lying levels and ionization energy are done. The model has no fitting parameters.

MODEL DEFINITION
Hamiltonian of valence electron in hydrogen-like atom can be set as

hZ
H=——A+U(r), (1)
2p
where g =mM / (m +M ) is reduced mass, m is electron mass, M 1is overall mass of atomic nucleus and electron core,
U (r) is potential energy of electron in the field, produced by nucleus with charge Z |e| and electron core with total

charge —(Z - 1)|e| . Hamiltonian of hydrogen-like atom (1) can be stated as sum of Hamiltonian of hydrogen atom and

additional potential related to finite size of electron core

H=H,+V(r), )
where
2 2
oo A 3)
2u r
is Hamiltonian of hydrogen atom, and
2
V(r)=U(r)+<. “)
r
Potential energy can be stated as
U(r):—|e|CD(r), (5)

where CD(r) is potential, created by nucleus with charge Z|e| and electron core with full charge —(Z —l)|e| , that
satisfy Poisson equation

A(D(r) :—47rZ|e|5(r)+47z|e|n(r). (6)
In (6) n(r) is particle number density, which satisfies normalization condition

o

47rj drr2n(r) =7Z-1. @)

Here 7, is boundary radius, where particle number density comes zero. As it is known [7, 8], neutral atom hasz, =0,
and for positively charged ion, as in our case of nucleus and electron core, 7, is finite quantity.

In order to obtain electron core potential Thomas-Fermi approach is used. In this approach equation for electron
density distribution is derived from condition of equality zero of variation of energy, which consists of kinetic energy,

own electron potential energy and energy in external field [7, 8]. Thus, one has the equation
2

5 h o, 8
——c,—n"” =U(r)+u=0, ®)
397, (r)+u
where ¢, =3 g4 /10 ~2,871. Chemical potential u introduced in equation (8) allows taking into consideration

o
conservation of overall electron number N =Z —1=4ﬁjdrr2n(r). From condition of turning electronic density
0
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n(r,) =0 into zero one concludes connection of chemical potential with electron core radius

2
p=U(rn)=-%. ©)
0
It is sufficient to use following function in further considerations

2(r)=U(1)-U(r). (10)
This function is divergent from zero in 0 <7 <, range, is nonnegative everywhere and satisfies boundary conditions:
2

at r—>0 an

Z
;((ro)zo, ;((r)—) i
and equation
5 n o2
GRS 12

In the sequel it is suitable to introduce dimensionless function !//(x)
ze’
Z(F)=7V/(x)» (13)

which depends from dimensionless variable x =r/L . Here L denotes characteristic length, proportional to Bohr radius

a, =hz/me2 :

2
L= % (3_”J/ (14)
2 Z% 4
Taking into account (6), (11), (12) and (14) one gets Thomas-Fermi equation
2
x%d V/(x):(//%(x) (15)
dx’
with boundary conditions
v(0)=1,  w(x)=0, (16)
where x, =7, /L . Radius 7, can be obtained from condition of continuity of electric field in point 7,
_do | a7
ar|,_, I

Exact solution of Schrodinger equation for hydrogen atom is known. Influence of finite size of electron core (4) is
considered with the use of perturbation theory. In terms of function (10) perturbation (4) takes the following form
e e
———xl(7), npu  r <r,
vin-{r 5 A P ()
0, opu  r>r,.

Hydrogen functions are known ¥, =R, (7)Y,

Im

(Q), where Q=(94,4) are angular variables, and radial functions are

normalized by condition j drr’R’, (r) =1. Every level is degenerated 2n° times. Perturbation partially splits the levels.
0

Using perturbation theory for degenerated states [2], one finds energy levels
E, = E(O) +E(;), (19)

where E

n

= —( ue' / 2h2n2) are hydrogen energy levels. Under act of perturbation every level with given n splits into

n levels, that are 2(21 + 1) times degenerated. Correction to energy of the ground state is

) 2 eZ
E,E;) = '(‘;drranzl (r){%—z—;((r)J . (20)

Solution of equation (15) is needed in order to obtain this correction.

APPROXIMATE SOLUTION OF THOMAS-FERMI EQUATION
Approximate solution of equation(15), obtained by Sommerfeld [7, 8], for neutral atom
vy (x)=(1+2) ", @n
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where z = (x/ 144 )4? .Here 4, =7,772, 4, =0,772 ,and 44, = 6. For positively charged ion solution of (15) has the

form

1+z,

v (9)=vi () 1—[1”]2 , @)

where z, = (xo / 144 )% . Taking (17) into account, boundary radius is found from relation

_Z-N - dt//(x)|

, 23
q 7 e |x (23)
0
where N =Z -1 is number of electrons in core. Substitution (22) into (23) gives the equation for obtaining z,
Z
A4 —O).l =q. (24)
(1+z, )7+

In the primary formulation, which is stated above, Thomas-Fermi theory took into consideration energy of self
electric field of electrons. However, only energy of interaction of charged particles should be taken into account in
quantum-mechanical description (see discussion in [18, 19]). Approximate way to eliminate self-field energy in
Thomas-Fermi approach was proposed by Fermi and Amaldi [7].

Results of numeric calculations of electron core radii for atoms of alkali metals are stated in Table 1. Symbol *
marks results obtained taking into account Fermi-Amaldi correction. We should state that, strictly speaking, for lithium
atom, which consists a few electrons, given model is non-applicable. Specifically, it appears in the fact, that equation
for electron core radius for lithium atom with Fermi-Amaldi correction doesn’t have solutions. Note, that elimination of
self-field energy leads to decrease of core radius.

Table 1
Radius 7, of singly ionized positive ions
Atom Li Na K Rb Cs Fr
1 /a, 2.555 4.483 5.100 5.742 6.074 6.419
1./ a, - 3.025 3.546 4.102 4.396 4.705
CALCULATION OF RYDBERG CORRECTION
Energy of high-excited levels of hydrogen-like atoms can be described by equation
R
E,=—2—, ©25)
(n -0, )

where Ry = ue* / 21" is Rydberg constant, and J, is quantum defect or Rydberg correction, which usually has positive

sign. Taking quantum defect into account leads to splitting of energy levels, which are degenerated by principal
quantum number in hydrogen atom. Rydberg correction is connected with first order correction to energy (20) by the

following equation
3

5 =——E. (26)
2Ry
Since the perturbation in our case is always negative the first order correction is also negative. Thus, Rydberg correction
is positive. Under the condition r << na, solution for radial part of wave function is expressed in terms of Bessel

2 8r
R= 2 3 J21+1 ( _J . (27)
ragn \ 4,

Obtaining matrix element of perturbation with function (27) and substituting it into (26), one finds equation for Rydberg
correction

function [1]

1% 8r
8, =———drV (r)J;,| |— | 28
=l £ g

Results of computations with equation (28) and experimental values are stated in Table 2. Obtained values at /=0
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appeared to be understated in comparison with experimental values [5]. However, accuracy of calculations, as one
should suppose, increases with atom number. Calculated values of Rydberg correction at /=1,2,3 appear to be

significantly understated [20], what is conditioned by neglecting electric polarization of electron core by valence
electron in present model.

Table 2
Values of Rydberg correction at / =0
Atom Li Na K Rb Cs Fr
5, 0.148 0.832 1.402 2.482 3.403 4.823
Bpexp 0.41 1.37 2.23 3.20 4.13 -

IONIZATION ENERGY OF HYDROGEN-LIKE ATOMS
In order to obtain ionization energy let’s consider solutions for energy levels with azimuthal quantum number
[ =0.Let R, be radial part of solution of Schrodinger equation for valence electron

HR, = ER,, (29)
where H is stated by equation (1). Solution R, can be expanded into series in hydrogen radial functions with /=0:

R, =2 .C R, (30)

nn

where R

nl

are radial functions for hydrogen atom. From Schrodinger equation (29) and series (30) one concludes
infinite set of equations for expansion coefficients (30)

>C (£ -E)s,, +(n|r7|n')) =0 n=1,23... 31)

System of equations (31) has nontrivial solution if determinant equals zero. Calculations considered a few lowest levels.
Number of levels taken into account is determined from condition, that adding one more level changes energy less than
on 1%. Results of such calculations are stated in Table 3. The last line of the table states the energy levels neglecting
size of electron core.

Table 3
Ionization energies of atoms of alkali metals
Atom Li Na K Rb Cs Fr
Number of levels taken into account 4 10 13 16 18 20
Calculated energy, eV 4.61 4.49 3.51 3.50 3.11 3.08
Experimental value, eV 5.32 5.14 4.34 4.18 3.89 -
Point-like core, eV 3.40 1.51 0.85 0.54 0.38 0.28

Taking into account finite size of electron core significantly improves agreement between theoretical calculations and
experimental values, especially for massive atoms.

CONCLUSION

Simple enough model of hydrogen-like atoms, which are atoms of alkali metals and Rydberg atoms, is described
in the present paper. In this model electron core, which consists of electrons in filled shells, is described by Thomas-
Fermi approach, while outer-shell valence electron is described by wave function, which satisfies Schrodinger equation.
Radii of electron cores, which are radii of singly ionized ions, are calculated. Rydberg corrections for high-excited
states are calculated. Obtained values for s-states are in good agreement with experiment. Also, energies of single
ionization of hydrogen-like atoms are calculated and compared with experimental data. It is shown, that taking into
account finite size of electron core significantly improves agreement between theory and experiment. The theory allows
further modification, related, in particular, with taking into considerations polarization of the core by valence electron.
Core polarization should significantly influence on valence electron states with /> 0. Performed calculations lead to
conclusion, that present model can be used, in particular, for describing many-particle systems of alkali metals, Bose-
Einstein condensates and Rydberg matter.
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