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O6061eHHAST HHTEPIIOJISIIIMOHHAS 3a/1a4a, 115
CTUJITHECOBCKUX (DYHKIUI B BBIPOXKIEHHOM CJIydae

FO.M. diookapes

Xaporosckull HAUUOHALBHBIL YHUBEPCUMEM, YKPAUHQ

B 970l craThbe paccMOTpeHa BBIPOXKAeHHAs 0000IEHHAsS WHTEPIIOJIAIUOH-
Has 33Ja4a JJIs CTUITheCcOBCKUX (pyukumit. ITpeanoxen HOBLI crocob cBe-
JEeHUs BBIPO2KIECHHBIX HHTEPIOJIANMOHHBIX 3aa9 KO BIOJIHE HEONPEHesIeH-
HBIM WHTEPIOJSIHOHHBIM 3a4a49aM. Bce pelleHust BhIPOKIEHHON HHTEPHo-
JNANAOHHON 33249y OIMUCAHBI B TEPMUHAX APOGHO-JIMHEHHEIX TTpeobpa3oBa-
HU

2000 Mathematics Subject Classification 41A05, 30E05.

1. Beeaenue. B HeBrIpOXKIEHHOM ciiydae 0O0OIIEHHAS MHTEPIIOJISIIIMOHHAS
3a1a4a JUisl CTUAThECOBCKNX (byHKImil BriepBhie Oblia paccMoTpeHa B cratbe [1].
B crarpe (2] Gbu1n npey1okeHsl HEKOTOPBIE TIOAXOIbI K BHIPOXK IEHHON HHTEPIIOIs-
IUMOHHOM 3a0a9€e JJIsl CTHITLECOBCKHX dyHKIMHA. Bojiee nosiHoe uccienoBanue Bbl-
POXKIEHHBIX 38744 MOXHO IIPOBECTH € IIOMOILBIO METOA moanpocTpancTs Tumna K,
KOTOPBIi BlIEpBbIE ObI IPEJIOKeH B craThbe 3] ams Beipox aenHOi 3ana4n [lypa.
Brociencrsun, B crarbsax [4] - [7] u B Monorpaduu [8] Meromom noanpocTpaHcTB
muna K 6bl1u MCc/IenoBaHbl U HEKOTOPBIE JPYrHe WHTEPHOJISILMOHHbIE 3aa4l B
BHIDOJKIEHHOM CJIydae.

B a10ii craThe paccMoTpena 0600IeHHAST MHTEPIOJIAIHOHHAS 38,4248, JIJIs] CTH-
ITheCOBCKUX (DYHKIMI B BBIPOXKIEHHOM C/yd4ae, KOTOPasi OXBAThIBAET IIHPOKHH
KJIACC KOHKPETHBIX BBIPOXKIEHHBIX WHTEPHNOJISALUOHHBIX 33a4. B craTbe mosyde-
HbI CJIE/IyIONTHE HOBBIE PE3yJ/bTaThl [1/is BHIPOXKIEHHON 0O0OIEHHON HHTEPIOIs-
IMOHHO 38/1a4M CTUJITHECOBCKOIO THUIA: &) BBEJEHBI NAPhl COMNIACOBAHHBIX MOJI-
npocrpascrs tuna K (cM. onpeznenenue 8); 6) ¢ OMOIIBIO COITIACOBAHHBIX HOJIIPO-
crpactB Tana X copMyupoBaHa BCIOMOTaTeNbHAS BIIOIHE HEOIPEIeJeHHAS
HHTEPIIO/IANMOHHAS 3a/1a4da, PEe30JIbBEHTHAsI MaTpuua KoTopoil (cMm. (28)) aBis-
eTCsl PE30JIbBEHTHON MaTpHUER MCXOAHON BBIPDOXKAEHHOIN 3a1a4u; B) B TEPMHHAX
ApoOHO-TMHEHHBIX NPe0OPA30BAHMN HAJ CTH/ITHECOBCKUMHU NApaMi ClelajIbHO-
0 BHAA JAHO ONHCAHWE MHOXKECTBA BCEX PEIIEHU BBIPOXKIEHHON 060OLIEHHOM
HHTEPIIO/ISIOHHON 3a4a49¥ JJIs CTUIThECOBCKUX (dyHKuuil (Teopema 4).

OcoBeHHOCTBIO MPEAJIOKEHHON 3/1eCh CXEMbI PEIICHUs] BBIPOXKIEHHBIX 3a1a4
SIBJISIETCSE TO OOCTOSITE/ILCTBO, YTO BCIIOMOTATEIbHAS WHTEPIIOJSIIUOHHAS 3aa9a
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116 FO.M. Trokapes

ABJIAETCA BIOJIHE HeolpexejeHHOM. B mpenmaraBmmxcs OpyraMH aBTOPaMH CXe-
MaxX BCIIOMOTATeIbHAs WHTEPIOIAINOHHAA 380298 OblIa BBIPOXKIECHHOM.

Ocobo oTMeTHM, YTO B 9TOW U BO BCEX INPOIUTUPOBAHHBIX BBIIIE CTATHAX MC-
HOJB3YI0TCs MHOTHE uaen u Meroisl noaxona B.I1. Tloranosa k pemenuio uaTep-
TONAUMOHRHBIX 3aja4 aHanu3a (9] - [13].

2. O606111eHHAasl MHTEPIOJALNOHHAA 3a/1a4a. BeeeM oCHOBHbBIE oIpeie-
JeHus: ¥ 0603Ha4YeHNs W NPUBEIEM 0€3 JN0Ka3aTeIbCTBa HEKOTOPBIE DPe3yJIbTaThl
110 06061IeHHON MHTEPIOIALMOHHON 3a4a4e /il CTUITheCOBCKUX (yukumit. [Jo-
Ka3aTeJIbCTBa ITUX Pe3y/IbTATOB MMEIOTCs B crarbax (1], [14].

O6oznaunm yepesa Ry = {r € R: 2 >0}, Ro={zeR:2<0}, C; =
{zeC:Im2>0}, Co={z€C:Imz2<0}, C:=C,UC._.

Ilycts Gy1, G2 — cenapabenbHble THIBOEPTOBBI IPOCTPAHCTBA U H — HEKOTO-
poe ynuraproe npoctpancTso. Cumsosnom {G1,Ga} 0603HaYNM MHOMXKECTBO BCEX
OrpaHMYEeHHBIX JIHHEHHBIX ONepaTopoB, AeficTByoumx u3 G; B Go, cumsosiom {G, }
obosnaunm MHOXKecTBO {G1, G1}, a cumBosioM {G } i - MHOXKECTBO OrpaHNYEHHbIX
3pMHTOBBIX omepaTopoB B Gy. Onepatop A € {G;}y Ha3bIBaeTCHd HEOTPULATEIb-
aev, ecin (f, Af) > 0, Vf € G1. MHOXecTBO HeOTpPHUIATEILHBIX OINEPATOPOB B
G1 oboznauum cumsosoMm {G; }>. Heorpuiarenpusiil oneparop A € {G;}> Hasb-
BAETCS CTPOTO TOJIOXKUTENbHEIM, ecu oH obpatum u A™! € {G;}. MuoxecTso
CTPOrO TOJIOXKHUTEJILHBIX OonepaTopos B G; obosHauum cumBoioM {Gi}s. Ilycrs
oneparopsl A, B € {G1}y. HepaBenctBo A > B (coot. A > B) o3Hauaer, 410
A— B € {Gi}> (coots. A— B € {G1}>).

ToxkeCTBEHHBIN W HyJIEBOH ONEpaTophl, JEHCTBYIOIIUE B NMPOCTPAHCTBE G,
obosnayum cumsonamu Ig, u Og,. Hynesoii omeparop, aeifcTByommit u3 mpo-
crpascTBa G B IpocTpaHcTBO Ga, obo3naunm cumsosoM Og,g,. Korna u3 konrek-
CTa SICHO, B KAKOM IPOCTPAHCTBE JEHCTBYET OIIEpaTOp, Mbl MHOTIA OyIeM OIyCKaTh
HIDKHUM UHIEKC Y HYJIEBOTO U TOXKIECTBEHHOr0 oneparopos. Yepes 0y 0603HauMM
HYJIEBOM BEKTOP B IIpocTpaHcTBe H.

IIycres 2 obnacts B C u D C 2. MuOoXkecTBO D HasbiBaeTCs IUCKPETHBIM B ),
eciiu D N K siBisieTcss KOHEYHBIM MHOXKECTBOM 11 j1oboro kommakra K C €.

Omnpenenenne 1. Tonomopduas oneparop-dpyuknus (OP) s: C\Ry — {H}
Ha3BIBAECTCH CMUAMBECOECKOM, €CITH

(s(2) = 8*(2))/(z = 2) 2 On, V2 € C\ R, s(z) > Oy, VZER_.

Kiaace Bcex ctuntbecoBckux O® 0603Ha9UM CHMBOJIOM S.

Omnpezgenenne 2. ITycts O® p(z), ¢(z) mepomopdus B C\ R, u npurumaior
3navennsi B {H}. Ilapa col [p(z) g(2)] Ha3bIBaeTCst CTUATHECOBCKOM, ectu 1S Hee
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BoiporkieHHAasa MHTEPHONANUOHHAS 3a,1a4a /s CTHITHECOBCKUX (DyHKIHM

“cymecrsyer auckpernoe B C \ Ry muO)kecTBO TOUeK Dpy TakKoe, UTO

O® p(z), q(z) ronomopdnsr 8 C\ {R; UDp},
p*(2)p(2) + ¢*(2)q(2) > On, Vz € C\ {Ry U Dy},

[p*(2), 24" (2)]

[ P(e) ] > O, ¥z € Ca \ Dy,

-2 | =)
Pl | o | 20w v Ca\om a= | G0 5],

Omnpeznenenne 3. Ilycrs nanbl gBe cTunrbecoBckme maps! col [pi(z) ¢i(z)]
u col [p2(2) q2(2)] u Dp,q,, Dpyq, 0603HAYAIOT COOTBETCTBYIOIIHE MHOXKECTBA M3
onpezenennust 2. VI myers uist a1ux nap cywecrsyior auckperroe 8 C\ Ry MuO-
xkecTBO Touek D u mepomopdras OP Q : C\ Ry — {H} rakue, aro

D 3 {Dp1g1 U Dpaga }

O® p1, q1, p2, q2, Q ronomopdusr 8 C\ {R4 UD},
Q!(2) cymecryer u ronomopdua 8 C \ {R, U D},

p1(2) = p2(2)Q(2), q1(2) = g2(2)Q(2), Vz € C\ {R. UD}.

Torna maper col [p;(z) ¢q1(z)] u col [pa(2) g2(z)] Ha3BIBaIOTCA IKBUBAAEHMMBIMU.
Knacchl 9KBUBAJIEHTHOCTH CTHIITHECOBCKHX Hap 00603HAYNM 4Yepe3 Suo.

Ilycts 3agansr oneparopst K1 € {Gi}>, K2 € {Ga}>, L1, Lo € {G2,G1},

v € {H,G1}, ug € {H,G2}. Y nycTb 91U ONEPATOPHI YOBIETBOPSIOT OCHOEHOMY
mootcdecmey (OT)

KiL; — LyKy = —vjus. (1)
Pacemorpum omnepaTopsr
Ty = LoL3, Ty = LiLy, uy'= Loug, vs = Liv;. (2)
Henocpencreenso u3 onpenenennii oneparopos 17 u 15 umeem
T1Ly = LoT,, ToLi = L1Ty. (3)

Ilycrs omepaTopsr T, Takosbl, uro O® Ry (2) = (Ig, — 2T,)~}, r = 1,2 mepo-
mopdubl B C\ R;. MuO)kecTBO 0coGbix Touek OP® Ry u Ry, B C\ R, o6o3naunm
cumosiom Z. U myers Z = {2z € C : Z € Z}. Us mepomopduoctu Ry, u Rr,
crestyer, uro MHOXecTsa Z u Z auckpernst B C\ Ry

W3 stux onpexnenenuii n u3 (3) caexyer, uro Vz,t € C\ {Ry U Z}

Rry(2)Le = LoRny(2), Ry(2)Li = LiRr, (),
(t = 2)Rr, ()T+ R, () = Rr, () - Rry(2), r=1,2. (4)

Onpeznenenue 4. YnopsgoueHHbl HAOOp ONEPATOPOB

P — {Kl,Ll,v], K27L21u2}’
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YIAOBJIETBOPSAIONAX BCEM IEPEYHCJIEHHBIM BBILIE YCJIOBASIM, HA3BIBACTCA 0006-
WeHHOTE UNMEPNOAAYUOHHOT 3a0adeli CMUATNHECOBCKO20 MUNG, & IPOCTPAHCTBA
G1, Go HA3BIBAIOTCS MACWMAOHBMU NPOCTMPAHCTNEAMY.

Onpenenenne 5. OD s € S Ha3wpBaeTcst pemeHueM OOOOIIEHHON HHTEp-
MOJISIMOHHON 3a/1a49M, €C/IM OHA YJOBJIETBOPSET CIEAYIOUIEH CUCTEME OCHOBHBIT
mampuunor nepasencme (OMH) B.II. Ilomanosa

7'-1
[ Hhe IL{erf,‘;gzg{vzr T *((j))}/{":r_} Z} jl >0, ze Cy \ {ZUZ}, B ¥ OO (6)
MHOXKECTBO BCeX pelneHrit 0000IIEHHON WHTEPIONSIMOHHON 3anayn 0603Ha-
YUM CHMBOJIOM F.
Ilycts gana 06obuUIeHHAS WHTEPHONSUMOHHAS 3a4a4a (5) u mycTh MacmTab-
Hble IIpocTpaHcTBa G U Gy MpenCcTaBiIeHbl B BUIE OPTONOHAJIBHOU CYMMBI CBOMX
HOIIPOCTPAHCTB (IOAIPOCTPAHCTBA G, IPE/ITIOJIAralOTCs. HEHYJIEBBIMH )

gr=g~r@g’\77 7'=1)2' (7)

OTH paBeHCTBa IIOHEMAIOTCSI B CMBICJIE €CTECTBEHHOr0 nu3oMopdusma G, u G, G;.
A umenHo, nycTb P, (coots. P ) 0B03HAUAET OPTONPOEKTOP IpocTpaHcTsa G, Ha
IOANPOCTPAHCTBO Gy (COOTB. Q’r) Torga cooTBETCTBYIOIIMN H30MOPMH3M HMeEeT

BUL H . = J
ergTHCOI[Prf, Prf]eg'r@gr- (8)

HyCTb BBITIOJTHEHBI yCHOBHﬂ
LiP, = PL, P, P,Ly = P, LyP. 9)

B coorsercrenu ¢ (7) — (9) u (2) BBemeM maTpudHble 0bo3Ha4YeHus (r = 1,2)

f( B .iq D, 1.:/2 Os 5 )
K = - 5 y L = A 3 L = ngl — Al
2 [ B': Cr ] . [ Og'zg"l L, y Es Lo i o |’
RE < Loiip R safipperdyvy [ e
ol [ ﬁ‘z}’m— [ Eytip + Lotio } = ['Lh }’02_ | Doy + L3y | | D2 |
W SLaIA 5o Ogisont cepduontla ol )
Ty = LsL? = L S G161 = oy G161 g
TP B+ LDy Lol | | By
@ 7 ] [ 9
Ty = L1L2 = ~LIL2A Ohg‘&G? — T‘)‘ OG2G2 J
i DiLy+ L1E; LiL, ‘ i D, T, ]
P.'. == [ Igr Ogrg_r ] ; Pr £ [ 0g~r OGTQT ] :
Og:0. (Y. deg. Ao,

7 (2 Ogg -
B o B | R~ g, = oY

i R R T

™~
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ST SRR TR |
Ry (2) = (15 —2Tr)"". (10)
OTmeTuM, 9TO OHEPATOPHI B JIEBBIX YACTAX JBYX HEPBBIX PABEHCTB ABJISIOTCH
OIEpATOpaMi B IPOCTPAHCTBAX Gr, & B IPABBIX MACTAX SAIACAHBI MATDUIHBIE

NPEJICTABIIEHHS TEX JKe CAMbIX OIIEPATOPOB B IIPOCTPAHCTBAX Gy & Gy MaTpuamble
3JIEMEHTBI OI1ePaTOPOB K, MMEIOT BUT,

Kr = errlg"7,, B, = PrKr]g‘1,7 B: e PrKrlg‘r; Cr= errlg,r-

B ananorudHOM CMBICTIE IIOHUMAEM U OcTaslbHble paseHcTBa B (10).
13 OT (1) n npencrasnenuit (10) ciuenyer undyyuposanroe OT
Sojin N Fra
AlLl = LQKQ = = Ui Ut (].1)
Otcrona crnemyer, 4To
P = {Ky, L1,701, K2, La, 2} (12)
ABJIfIeTC MHTEPIOJISIMOHHON 3a1adyell CTHITHECOBCKOIO THUIA C MacIITAOHBIMU
npocrparcrBamu {G1, Ga}.
Onpenenenne 6. Murepnonauuonnas 3aaa4a (12) nasbBaercs cyorcemuem
MHTepPHOJIAIHOHHOM 3anaun (5) Ha moanpocTpancrsa G; u Go.

Omnpepesierne 7. O606mmeHHas UHTEPNOALNOHHAS 3a1a4a (5) HA3bIBAETCH
8noAHE Heonpedesen o, ecim

Kl = {gl}>a K2 € {g2}>7 Ulh o 091 & h= 0H7 U2h == ng < h= OH (13)

C obobuienHol BIIOJIHE HEONPENeIeHHOl 3aa4eit (5) cBaAXKeM PE30JabBEHTHYIO
MATPHUILY

U, — [ o B } L [ I + 203 Ryy (2 )K;1u2

——zv{RTl*(z)Kl_lvl
% O ub Ry (2) K3 'ug

Iy — zu Ry (2) K{ Moy (14)
Bnecs Rr+(z) = (Ig, — 2T})~Y, r = 1,2, a pasbuenue Ha GJOKH IOHUMAEM B
coorseTcTBAM C npencrasnenuem H @ H. fcwo, uro O®P U; rosomopdra B C\

[Tycte nana BHiosHe HeompeesieHHAsT 0000INEeHHAS HHTEPHIOIAIMOHHAS 380398
(5) u ee pesonbBenTHAs MaTpuna onpexenena B (14). Torna dopmymna

5(2) = {m(2)p(2) + 01(2)a(2)} - {ea(2)p(2) + fr(2)a(2)} (15)

ycTaHaBJINBaeT OMEKTHUBHOE COOTBETCTBHE MEXKY pemeHusMu F oB6o0menHol nH-
TEPIIOIAIMOHHON 3aJa4l ¥ KJIaCCAMH SKBHUBAJIEHTHOCTU Soo CTHITHECOBCKUX I1AP.
3pece a(z), Bi(2),
JenenHble B (14).

3. BripoxxjeHHas MHTEPIOJSIUOHHAs 3a/1a4a. B srom pasnene Mol 6y-

A€M paccCMaTpUBaTh OOOOLIEHHYIO MHTEPIOALMOHHYIO 331a4y /s CTHJIThECOB-
KX (pyHKImi

n(z), 01(2)

— 6J10KH pe30osbBeHTHOM MaTpuipt U;(2), onpe-

P ={K1,L1,v1, K2, La,us} (16)
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B BBIPOXKIeHHOM ciay4ae. OH XapakTepu3yoTcs TeM, 9T0 XOTA Obl OIUH U3 OIepa-
TopoB K, uMeer HeTpuBHaNbHOE #1p0. Kpome Toro, macmrabHble IPOCTPAHCTBA
Gr, 7 = 1,2 Oynem cuynTaTh KOHEYHOMEPHBIMIL.

Onpenenenune 8. Ilapa nmognpocTpaHCcTB g} C Gp, v = 1,2 Ha3bIBaeTCA CO-
IVIacOBaHHOM napoit noanpocrpascTs Tina X ais BRIPOXKIeHHON 0600IIeHHOM 1H-
TepnoNsANuOHHOH 3a4a4n (16), eciiu BBINOIHEHb! CJIELYIOIINE YCIOBUS:

1) oba moampocTpaHcTBa G, SIBISIOTCA HEHYJEBBIMH ¥ XOTS OBl OZHO M3 3TUX
MOANIPOCTPAHCTB HE COBIALAET CO BCEM IIPOCTPAHCTBOM Gy ;

2) BBIITOJIHEHBI YCJIOBUS

L1P, = P, P, PiLy = PLyP; (17)

(P, 0603Ha9aeT OPTONPOEKTOP IPOCTPAHCTBA G, Ha MOANPOCTPAHCTBO Gy );
3) nmpocTpaHcTBa G, IIPEACTABUMbBI B BUJE NPAMOH CyMMbl

Gr = g~,~i~ker K;; (18)

4) cyxenne P MHTEpHO/SLMOHHOH 3a4aun P Ha Iapy NOAIPOCTPAHCTB Gi i
Go SIBIISIETCS BIIOJIHE HEONPEIEICHHON 0BOBLIEHHON HHTEPIIOSAAOHHON 3a1aueil.

IycTs pana BbIpOXKAeHHas 060OILIEHHAsT HHTEPTIONINUORHAS 3ahada (16), s
KoTopoit G1 1 Go SBJISIOTCS COIVIACOBAHHOM Mapoi mognpocTpancrs Tuna XK. Pac-
CMOTPHM OPTOT'OHAJIBHOE PA3JIO’KEHUE

gr=Gr@Gr1 T=1,2. (19) i

B cooTBETCTBAM C ITUMU OPTOrOHAJIBHBIMIA PA3JIOKEHUSIME UMEIOT MECTO CJIe/y-
1omue MaTpuaHbie npezacrasienus (M. (3], [4])

P [ K. B, ] [ I Ogga } [ A ] [ I; KB, ]

T i1 . ¥ B » .
By C; BIK; g 6.¢... 9%, Og0. 1o,

(20)

IToncrasum B OT (1) Gaounbie npeacrasienus (10) must oneparopos Li, Lo,

vy, Uy 1 6109nble npencraBiaenus (20) mus oneparopos K1, Ko. Ionyunm

Kl.il ";fJQI-{Q || RlDl b B1i/1 — EQB2
BiLi — E2Ky — LyB} | B{D: + BiK{ 'B1Ly — E3By — LyB3K; "By
| 0ug | 0145 (21)
0183 | s |
N3 OT (1) cnemyior eine aBa TOXKIECTBA
To K, b Ko I 52 Wt &= teVry 7 = 12,

IMogcrasum B 91! TOXKAECTBa Gounble npeacrasnenus (10) mas oneparopos T,
Up, U, T = 1,2 u 6nounsie npeacrapnenus (20) gas oneparopos Ky, Ko. IToayuum

kI -THR, | _1.B, + K, D? + BT
BT} — D, K, - T,B} | B}D} + B}K;'B,T} — D, B, - T, B} K, 1B,
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(7)

5

(18)

'B g~1 bil
\JTavei.
6), msa
K. Pac-

(19) -

) CIIEIY-
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~ A N g ‘ :
£ ’U,T'U Uru l UT'U ’Ur’l;l:: T == 1’ 2 i (22)
Up D) — OpUy | Up O — Oty

Teopema 1. ITycmo dara 8viposicdertas 0606UeHHAA UHMEPTOAAUUOHHAA 30-
dawa P = {K1, L1,v1, K2, L2, us} cmuamvecoscrozo muna, 0is xomopoti Gi uGo
ABAAOMCA cO2AaC08aHHOT napoti noonpocmparcme muna K. [Tycmv unmepnoas-
yuornan 3adawa P = {K1, 1,91, Ko, Ly, lia} aeasemea cyocernuem unmepnoas-
yuornol 3adavwu P na nodnpocmparcmea G u Go. ¥ nyemv F u F obosnanarom
COOMBEMCMBENHO MHOMCECTNBA PEUEHUT) UNMEPTOAAUUOHHOT 3adan P u P.

0P s € F mozda u moavko mozda, xozda s € F u

O (2)2 5 8(2)y =W (z), or=1.2," € CI\{ZUZ). (23)

3decw
®.(z) = —ByK; 'Ry (2)ir + 2Ry, (2)Dr Ry, (2)0r + Ry, (2 )vr, (24)
U.(2) = -BIK- RTzuT-}—zRT zDRTzu,+RT (25)

Joxasameavcmeo. Ilycts s € F. Torma s ynosnersopsier cucreme OMH (6).
[lopcraBum npexcrasnerust oneparopos (10) u (19) B (6). IHomyunm

I Osq || Kr Ogg |[ Ig KB
B : K’I‘_l I(;'.- Og-rgr Og;r Og.r (J:'f' Igr

’ { R ) gD ] AR e

2 0, 06,am:
| {"7's(2) — 27~ s*(2)}/{z - 2}
YMHOXKUM 3TO HEPABEHCTBO CJIEBA M CIIPaBa HA ONEPATOPbHI
T 150 O FOu; Iz, —K7'B|Oyg
B I{ IQT' OH?‘ GT ! Og~f' GT Igr OHT GI' f
Hony4anm
K, Og a. Ry, (2)[0,2"1s(2) — 1iy)
Os¢6  Og ®,(2)2" " 1s(2) — ¥p(2) > O0g o6.an  (26)

{7 ) -7 @}z -2
Orcropma (r = 1,2)

K, I Ry (2) { orw(z) — ir } 22" 1s(2) = U.(2
[ * I {ZT_IS(Z) wt Er—ls*(z)}/{z o 2} —>- Oa q)'r‘( ) S( ) gnd ‘Ilr(*’)‘ (27)
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Taxum 06pa3oM, s € F i BBIIOIHEHbI COOTHOMIEHHS (22).
, Hao6opot, mycts s € F u BbinosHers: cooTHomerns (22). Tora BBITOMHSIOTCS
HepaBeHcTBa ¥ paseHcTsa (27). Obpainast NpuBeleHHbIE TOIBKO YTO PE3YJIbTATHI,
} nostyduM, 910 8 yposiersopsier cucreme OMH (6), re. s € F. ]
, Teopema 2. I[Tycmv dana 6viposrcdernnas 0606WeHHAA UHMEPTLIOAAYUUOHHAA 30-
{ dawa P = {K1, L1,v1, K2, La,us} cmuamsvecosckozo muna, 048 KoOmopot G uGo
p AsAAOMCA cozracosannoti napoti nodnpocmparcme muna K. Iycmo unmepnoas-
' YUOHHAA 3a00Ma P = {K 1 Ll,vl, Kg, Lg,uz} ABAACMNCA CYIHCEHUEM UHMEPTLONA-
yuornotli 3adavu P wa nodnpocmparcmea G u Go. ¥ nycmv OD

! i [ & b ] Iy + 203 Ry (2)K5 'z | —201 Ry (2) KT '

! 1= - (FURF 3 = g > g
‘ | o6 3Ry (2)K5 g ’ Iy — zu”{Rfl.(z)K1 1y
ABAAEMCA PEZONLEEHMHOT MAMPULET 6NOAHE HEONPEJENEHHOT UNMEPTLOAAUUOH-

‘1 3 noti 3adavu , a ®.(2), U.(z), r = 1,2 onpedenernv. popmyramu (24) u (25).
Toz0a umerom MeECMO PABEHCMEA

] (28)

1 U1(2)Bi(2) — 21(2)81(2) = Ry, () (BIKT 0 — 1), (29)
{ B1(2n () ~ 11(2) (2) = Ry, (2)La (B3 K3 iz — 12), (30)
Uy(2)Bi(2) - 282(2)01(2) = 2By, ()L (BIRT ' - 11),  (3)
i 2@o(:)7(2) - Va(2)én (2) = Ry (2) (B K iz — ). (32)

i JHoxasameavcmeo. Vimeem
i ¥1(2)B1(z) — @1(2)41(2)
{[ 1K Ry, (2) + 2Ry, () D1 Rz, ()| + Ry, (2) ul}leT (2) Ky iz
—{[-BIKT R, (2) + 2Ry, (2)D1 Ry, ()t + R, (2)in }
{ [—B1 K{'Ry, (2) + 2Ry, (2)D1 Ry, (z)] i + Ry z)z“)l} Ry, () K7 vz
i gt [-B;‘f{;lzﬁzf1 (2) + 2Ry, (2) D1 Ry, (2) ] [ulz")l y: vlul] Ry (2)R7 V12
| +Ry, (2) [~a1f;; - ﬁla;] Ry (2)K7 or2
‘ ~[-BiRT Ry (2) + 2R, (2)D1 Ry, (2)| 91 — R, ()01
g [-B;fqlnﬁ (2) + 2Ry, () D1 Ry, (z)] (BT} — Ty Ry, (2) Ry 12
| H +Rj, () [—B;T; 1 o f g :i*lé;] Rz (2) Ry Vi 2
;i - [-BiR Ry, (2) + 2Ry, () D1 Ry, (2)] 51 = Ry, (2)n
.1_ = [~ BIET Ry, (2) + 2Ry, (VD1 Ry, ()| BaTy R (2) KT Vo2 '
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AYUOH-

5).
(29)
(30)
(31)
(32)
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+ [~B’1‘I§'1‘1RT-I (2) + 2Ry, (2)D1 Ry, (2)| T K R ()R M2
+Rj, (2) [-B;Tl* 3 DK, + Tléf] Ry (z)f(;lblz
P [—B’{f{l‘l}?ﬂ (2) + 2Rz, (2)D1 Ry, (z)] % — Ry, ()

= [ R Ry, ()R T} Ry (BT - 2Ry (D1 Ry, (K0T Ry () K
~zY1*RflRT1(z)lelRT;(z)Rl"l 4 z2RT~1(z)DlRTI(z)lelRTf(z)I?l‘l
*zRg (z)B;‘T{*RTI. (2)K" + 2Ry, (2) D1 K, Rj. (K2

+2Ry, (2)11 B Ry (2) KT + BiK[ 'Ry, (2) — 2Ry, (2)D1 Ry, (z)] ¥y — Ry, (2)b1

= [zl'?vf,1 (z)jlej"l (Z)(—ZRHT; & Zlel et (I == 2T1)I~{1 - kl(f = ZTI*))
: 1
X RTi' (2)K]
+Bfkf1RT1(z) (zklf“f — 2D Ky + Ky(Bi— sz‘))Rfi.(z)f(l"l
~2Ry, (2)Bi T} Ry ()R + 2B, ()T1 B} Ry (2)RT |1 = Ry, ()01
% [B{R{lRfl () — 2Th) K Ry () KT
—zRy, (z)BfoRT; (2)E' + 2Ry, (Z)TIB;RT;(Z) R’fl]fn — Ry, (2)D
= R; (2) [(1 —2T)B! - 2BITr + lefi’f] Rz ()70 - Ry, (2)n
= Ry, (2)(BIK 01 - 1),
B 570i 11enouKe paBeHCTs IepBoe paBeHcTBo cueayer u3 (24), (25) u (28), a Tperse
-u3 (22). ®opmyna (29) xokazana. Popmyisr (30)-(32) HoKa3bIBAIOTCS AHAIOTWY-
HbIM 0Opa3oM. O
Teopema 3. [Tycmv dara 6v1podtcleran 0600UEHHAA UHTMEPNOAAYUUOHHAR 30-
dava P = {K1,L1,v1,K2,La,u2} cmuamwvecosckozo muna, ora xomopot Gy u
Gy asasomes cozaacosannoli napotl nodnpocmparncme muna X. Ilycmo enoane
HEONPEJENEHHAA UHMEPNOAAYUOHHAA 3adava P = {Kl,Ll,'Dl,Kz,Lz,ﬂg} ABNA-
eMCA CydHCEnuem unmepnoasyuonnot sadavu P na nodnpocmpancmea Gi u Ga.
H nyemw pesoaveenmmuan mampuya 3adavu P onpedenena 6 (28).
Toz0a gopmyaa
i L ) - s
5(2) = {M(2p(2) + 81 (2)a(2) } - {a1(2Ip(2) + Bi)a(2)} (33)

ycmanaeausaem buexmueHoe coomeaememaeue meaHcoy peueruamu F 0606wernnot
mtmepnomuuonnoz‘i 3adaMu P U KaAaccamMu 3KBUBANEHTNMHOCTMU CTNUAMBECOBCKUT
nap, YO08ALMEOPANUUL YCAOBUAM

T (B;fqlaz i@ az) p(z) = (Bi"f(l‘lf)l o) ﬁl)q(z), (34)

(B;k;laz - 112);)(2) sl (B;i{;lf)l A ﬁl)zq(z). (35)
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Aoxasameavcmeo. 3aMeTuM, 4TO €CIM HEKOTOPasi CTHJITHECOBCKAsl Iapa ymo-
BeTBopsieT yciosusM (34) u (35), TO 9TUM YCIIOBUSIM YIOBJIETBOPSIIOT M BCE 9K-
BUBAJIEHTHBIE NAPHI.

Iycte O® s € F. ITo Teopeme 1 5 € F u, clief0BATENBHO, OYCKAET TIPE/-
craienue (33). Kpome toro, Bemosinenst pasescrsa (23). Ilogcrasum B (23) mpen-
crasnenne (33). ITomyunm

0,(2)2" " {M(2p(2) + 81(2)a(2) } = () {1 )p(e) + Br(ela(a) ), r=1,2
Orciona
(2" 1@, (2)1 (2) - ¥r (2) @1 (2))p(2) = (\Ilr(z)ﬁl(z)—z"IQT(z)Sl(z))q(z), r=12

BocnonszoBasmuce dopmysamu (29) - (32), noayuum (34) u (35).

ITycts Teneps OD s(z) momyckaeT nmpexcrasierue (33) u /1o CTHITHECOBCKOM
naps! col [p(z), q(z)] Bbmossens: ycnosust (34) - (35). U3 (33) caenyet, uro s(z) €
F. U3 ycnosuit (34) - (35) u Teopems! 2 caenyior yenosus (23). ITo Teopeme 1
s(z) e F. |

Omneparopsr Ay : H — G, A :H — G 3amaium dopmysramu

Ay = B{K[ oy — 01, A = B3K; up — . (36)

JIemma 1. Cmuamvecosckan napa col [p(z), ¢(z)] ydosaemsopaem ycaosuam
(84) u (35) mozda u moavko mozda, xK02da oHa YOOBAENEOPAETN YCAOBUAM

Ap(2) =0, Aig(z) = 0. (37)

Hoxasamenvcmeo. Ilycts crunTsecosekas napa col [p(z), ¢(2)] yrosnersopser
ycnoBusim (34) n (35). YmuokuMm (35) cieBa Ha onepatop — Ly u cinoxum ¢ (34).
Iomyunm

(I & zi,zi,;) (Bi& o - fq)q(z) e

Otciopa n u3 Toro, uyro det(f — zizﬁ{) HE paBeH TOXECTBEHHO HYJIIO, CJIEIyeT

Bropoe u3 paseHcTB (37). IlepBoe paBencTBo B (37) 10Ka3bIBAETCS aHATIOTMYHBLIM

obpaszom. Ouesnano, uyro u3 (37) caexyror (34) u (35). o
PaccmoTpiM oproroHasibHbIe pa3ioKeHuUst

H =ker A; ®im A}, H =ker Ay & im A3. (38)

Jlemma 2. ITodnpocmpancmesa im A7 C H w im A3 C H opmozonaavro .
Hoxazameavcmeo. JlokarxkeMm paBeHCTBO

( ,{fl,A;fZ):O; VfIGGI, vf2€ga2-




a ymo-
CE K-

npes-
Ipen-

OBCKOWM
s(z) €
peme 1

(36)

108UAM

(37)

BOpSIET
c (34).

JIeLyeT
"MYHBIM

(38)

Lbl .
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[ocraTouno gokazarh pasencrBo A; A3 = O. lmeem
* * yr—1~ a ~% yr—1 ~ ¥
A1A2 = (BIKI (D3 Wored 'vl) (U2K2 B2 o UZ)

= [mikt, 1] [ 3 ] fas )| K52 ]

- Ki B Ly Dy
= B*K 1 —'I A 1 1} -
[ L0 8 ]{ {B{ &) Og,e, Ln
i;g 09251 [ f{g By ] I: _[2'2_132 }
E; Ly B; C 5o
s & Ly B[ KiBs
= —|0, BIK{!B, =4 [ - [ 3
o, sikm -] o 3|
F Ly Op.a 0
=1 of 2 g o o
| e S S B

B sroi#i nenouke paseHcTs TpeThe paseHcTBO caeayeT w3 OT (1), a mocnexnee —
u3 pasencts C, — B*K1B, = O, r = 1,2 (cm. dopmyiry (20)). O
IIycts P; u Py 0603Ha4ai0T OnepaTopbl OPTOrOHAIBHOIO IIPOEKTUPOBAHNS Ha
nojnpocrpanctea im A} u im Aj coorsercTBenHO. V3 eMMBI 2 HENOCPEICTBEHHO
BBITEKAET CJICAYIOMIAs JIeMMA.
Jlemma 3. Cmuamvecoscxas napa col [p(z), ¢(2)] ydoeaemsopaem ycaosuam

(87) (uau, wmo mo oice camoe, ycaosuam (34) u (35)) mozda u moavko mozda,
K020a 0HQ YIOBAELMEOPAEM, YCAOBUAM

Pop(z) =0, Pig(z)=0. (39)
PaccmoTpuM OpTOroHalibHOE Pa3jioXKeHue IpocTpaHcTBa H BHIA
H =H @ im A & im Aj. (40)

OTHOCUTENIBHO TAKOI'O PA3JIOXKEHUS MATPUYHBIE NPEJICTABJIEHHUS OIEPATOPOB Op-
TOrOHAJIbHOI'O NPOeKTUpoBauust P; u P, UMeoT BUL

Ox OimA; H OimA; H
Pr=| O ima; lima; Oim A3 imA7 |,
| Ot ima; Oima; may Oimag ]
H OimA; H OimA; H
P=| Oy im A} Oim Az Oim A3 im A3
| Ot imay Oma; imay Timag ]

Teopema 4. ITycmb dara 6viposicdermas 0606WEHHAA UHMEPNOAAYUOHHAA 30-
dava P = {K;, L1,v1, K2, La,us} cmuamvecosckozo muna, das, KOmopot cywe-
cmeyem coeaacoearman napa noonpocmparems G u Go muna XK. ITyems enoane
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HeonpedeseHHas UNMEPNOAAYUONKAA 3adava P = {f( 1,i1,61,l~(2,i2,ﬂ2} ABNA-
EMCA CYIHCEHUEM UHMEPNOAAUUONHOT 3adavu P Ha nodnpocmparcmea G u Go.
H nycmo pe3osveenmman mampuua unmepnoisuonnot sadawu P onpedesena 6
(24).

Tozda opmyra

s(2) = {M(2p(2) + 8@} - {a(@p) + A@e) T @)

ycmarasausaem OGUEKMUBHOe COOMBEMCMEUE MEHCIY PeweHUAMY F 0600wWeHHOol
UHMEPNOAAUUOKRHOY 3a0avyu P U MmaxuMu KAGCCAMU IKBUBAAEHMHOCTY CTUA-
MbECOBCKUT NAP, 8 KOMOPHE umeromcea napv. col[p(z), q(z)]euda

[ 5(2) Oimar 7 Oimay
p(z) = | O im A} Tim Oim 43 im A%

| O ima; Oima; ima; Oimay ¢

[ a(2) Oima; # Oz ) e
9(2) = | O ima; Oima; Oim A3 im A}

| O% imaz Oimaj ima; Lima; |

30ecy mampurHbie NPEICMABAEHUSA ONEPATMOPOS YKA3AHDL 8 CMBICAE OPTMOZ0HAN-
no20 pasaooicenun (40). Hapa col[p(z), §(z)] asasemca npouseosvroti cmuamoe-
coeckoti napoti OP, NPUHUMAIOWUT HANENUA 60 MHOdCecmae onepamopos {H}.

Loxasameavcmeo. B reopeme 3 ycioBust (34) n (35) MOXKHO 3aMEHUTH SKBU-
BasieHTHbIME yeioBusiMu (39). ITocie aToro ciieayer BOCIONb30BATHCH JIEMMOI 5.2
u3 craTbu [4]. o

JIUTEPATYPA

1. Tioxapes FO.M. O6iast cxema pelieHusi HHTEPIOISIUOHHBIX 3a7a9 B KJIacce
Crriarbeca, OCHOBaHHAs Ha COIVIACOBAHHBIX MHTErPAJIbHBIX IPEICTABICHHAX
nap HeOTPUIATENbHBIX oneparopoB. 1 // Maremarnyeckasi dhusnka, aHaIN3,
reomerpust. — 1999. - T. 6. - N 1/2. - C. 30 - 54.

2. Bolotnikov V., Sakhnovich L. On an operator approach to interpolation
problems for Stieltjes fanctions // Integr. equ. oper. theory. — 1999. — N 35.
- P. 423 - 470.

3. ybosoit B.K. NnnedunuTHas MeTpUKa B HHTEPHOIANUOHHON npobaeme [11y-
pa mast ananurndeckux dyuakuumit [V // Teopus dbyukuuit, dynk. ananmms u
ux npuioxkenus. — 1984. — Boim. 42. — C. 46 - 57.

4. Bolotnikov V. Degenerate Stieltjes moment problem and associated J — inner
polynomials // Zeitschrift fiir analisis und ihre anwendungen. — 1995. - V.14.
- N3. - P. 441 - 468.




ABNAA~
- u Ga.
AEHA B

(41)

ueHHot
cmuA-

20HAND-
VUAMDE-
6 {H}.
b 9KBU-
tMOit 5.2

O

B KJIACCE
BJICHUSIX
AHA/IN3,

polation
.- N 35.

eme [y~
\HAJIU3 U

J — inner
. — V.14.

BripoxierHasi HHTEPNIONSUMOHHAA 384848 JJIsi CTUITHeCOBCKUX dyHKuuit 127

10.

11

12,

Bolotnikov V. On degenerate Hamburger moment problem and extensions of
- nonnegative Hankel blok matrices // Integral Equations Operator Theory. —
1996. =025.=N3. — P.-2563 — 276.

Bolotnikov V., Dym H. On degenerate interpolation, entropy and extremal

problems for Schur functions // Integral Equations Operator Theory. — 1998.
- 28. - N2. - P. 275 - 292.

Hwokapes FO.M. Beipoxknennas 3amaga Hesaunuuusr — [Tuka // YKp. Mar.
XKypH. — 2005. — T.57. — N10. — C. 1334 — 1343.

Sakhnovich L.A Interpolation theory and its applications. — Dordrecht,
Boston, London: Kluwer Academic Publishers, 1997. — 197 p.

Kosamumuaa UW.B., Tloranos B.II. Unnedbunurnass merpuka B npobieme

Hepanmnune-Iluka // JAH Apm. CCP. - 1974. - 59. - Bem. 1. - C. 17
= 22.

[Toranos B.II. Ipo6uo-nuneiinbie npeobpasoparust mMarpui. VccnepoBanust
[0 TEOpUHU OLEPaTOpoB M ux upuioxkenusiv: C6. ayd. Tp. (u3x. Mapuenko
B.A.). — Kues: HaykoBa nymka. — 1979. — C.75-97.

Kosamummna U.B., IToranos B.I1. Paguycer kpyra Beitis B MaTpudHoil 11po-
6neme Hesannuunsl — Ilnka // Teopusi oneparopoB B OyHKIHOHAIBHbIX TIPO-

cTpaHcTBax u ee npuiokenns: C6. Hayd. Tp. — Kues: Haykosa mymka. — 1981.
- C. 25 - 49.

IToranos B.II. K Teopun marpugnbix kpyros Beitisg. @yHKInonaabHbIi aHa-

- M3 ¥ npukJaanas MaremaTuka: C6. Hayd. Tp. (u34. Mapuesko B.A.). — Kues:

13.

14.

Haykosa ngymka. — 1982. — C. 113 — 121.

Kosamummua V.B. Ananurnyeckas Teopusi OJHOrO KJacca MHTEPIOJIAIUOH-

ubix 3aga4. // 3. AH CCCP. Cep.maTem. — 1983. — T.47. — N3. - C. 455 -
497.

Hiokapes FO.M. O nHeonpeneneHHOCTH HHTEPIOISIMOHHBIX 3aJa4d B Kjacce

Crunrbeca // Maremaruaeckuit cbopuuk. — 2005. — T.196. — N3. - C. 61 —
88.




Bicuuk Xapkiscbkoro nanioHaabHoro yuisepcurery imeni B.H. Kapasina
Cepia "MaremaTuka, IpUKIalHa MATEMATHKA 1 MexaHika"
YIK 517.9 Ne 826, 2008, ¢.128-133

The Taylor expansion for a-holomorphic formal power
series

K.Verbinina
V.N.Karazin Kharkov National University, Ukraine

00
Let a be a quasinilpotent element of a Banach algebraand f(¢) = 3 ca.(" a
n=0
formal power series over C. Some analogs of the Taylor expansion f(a+h) =
3% o 2 f™(a)h™ are obtained.

n=0 n!

2000 Mathematics Subject Classification 4630, 47A60.

1. Introduction

Holomorphic functional calculus goes far in the operator theory and its
applications (for example, [1]-[5]). The essential part of this calculus are operator
and Banach algebraic analogs of the Taylor expansion (see [3], Sections 3.19 and
26.4, [11], Chapter 1 and [14], Sections 10.36-10.38). Adduce one of the variants
of such expansion. Let B be a Banach algebra, 2 an open set in C, a € B, the
spectrum o(a) of a contains in §2, and consider a function f holomorphic in .
Then there exists § > 0 such that for all h € B, ||h|| < 6, ha = ah we get
o(a+h) C 2 and

o0
1 n n

fla+h)= go =M@, (1)
(see [11], Chapter 1, §4, Proposition 11). At the end of 60-s S.Grabiner developed
some formal power series functional (operational) calculus for quasinilpotent
operators [6], [7]. Recall that an element of a Banach algebra is called
quasinilpotent if its spectrum reduces to just one point {0}. S.Grabiner discussed
the convergence of operator series f(a) = Y o, cna” with respect to the various
operator topologies. In the work [8] he studied the case when an operator f(a) is
defined not everywhere (i.e., it can be unbounded). In [6] formal power series were
used to solve some finite convolution integral equations. Note, however, that there
are no the Taylor expansions in the Grabiner’s functional calculus. We obtain in
the present paper two analogs of the Taylor formula (1), for f a formal power
series with the supplementary property of a-holomorphy (see Definition 2.1).
The notion of a-holomorphic power series was studied in [10] in connection with
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considering the holomorphic solutions of some linear differential equations in a
Banach space (see also [12]). First, we consider the case the element a is nilpotent,
h meets some additional condition, and f is an arbitrary A-holomorphic power
series (Theorem 3.1). As the next step we put some restrictions to the growth of
coefficients of a power series f({) and the decrease of powers of a (Theorem 3.2).

2. Preliminaries

oo

Let B be unital Banach algebra, a € B, and f(() = Z cnC"™ a formal power series
=0
over C. Now set g
o0
h2a) o= Zana"z", z € C.
n=0

Then f(za) is a power series with respect to z and with coefficients from B.
Denote by R,(f) the radius of convergence for f(za).

Definition 2.1 We say that f({) is a-holomorphic if Ry(f) > 0.

Remark 2.2 Suppose that the power series f has a positive radius of convergence
R(f). Then such series is a-holomorphic for each a € B. If p(a) is the spectral

radius of a and |z|p(a) < R(f), then f(za) stands for the result of applying the
holomorphic function f to za.

Cite now some examples of the quasinilpotent elements a and the a-

holomorphic formal power series with zero radius of convergence (see also [7]
p.652, and [10]).

Example 2.3 Suppose that the element a is nilpotent, a™ = 0, then
m—1
f(za) - Z cnanzn)
n=0

that is, each formal power series f(() is a-holomorphic and R,(f) = +oo0.

Example 2.4 (integration operator) Let H = L%(0,1), B = B(H) is the
algebra of all bounded operators on H and a is the integration operator, i.e.

(a€)(z) = f{(y)dy,§ € L%(0,1). It is well-known that
0

T

@6)@) = =5 0/ -y, el < n2l (@)
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and o(a) = {0} (see, for example, [9] solutlon of Ne 641). Consider now the

following formal power series: ¢({) = Z n!¢™. It is easy to deduce from (6)
n=0

and the Cauchy-Hadamard formula that ¢ is a-holomorphic, R,(¢) = 1 and

z(y)

(p(za)f)(z) = &(z) + ! mdy, |2] < 1.

3. Main results

Theorem 3.1 Let B be a Banach algebra, f(z) =Y pop cxz® be a formal power
series over C, a, h € B and ha = ah. Suppose a is milpotent, a™*t! = 0, f is
h-holomorphic and h satisfies the following condition:

Jy > 1¥n € N: |[RM] < 4"||A" . 3)
Then f is (a + h)-holomorphic,

flalath) = 3 O, @

n=0

and Ro+n(f) 2 v " Ru(f)-

Proof: Note first that f(®)(za) is well defined since a is nilpotent. Now show that
£ is (a + h)-holomorphic and Rg4n(f) > v ™Rn(f). Let k > m, then (a + h)* =
S0 Claih*=i and ||(a + h)¥| < Yo Clllal|l - 5] < M T, CLIIRE)),
where M = maz{||a’|| : 1 < j < m}. Accordmg to (3) we have:

“hk—j“ - ,yk—j”hk-—j+1” o i ’)’k J+(k—j+1)+-+(k— I)Hhk” - k]-‘ Hhk“
Since Cg < kI, we could obtain now

3 R : 1) 3 i iet
/MOl - [IR=31] < Y M a9~ T3 k| < Mig~ 3 kE ¥ leul - 18],

and

: J
T {/MCJex] - ||hF7]| < =L

T 3/ MClexl - IR+31] < e,

i.e., the power series > ;2 ., C,{]ck| - ||a?|| - ||R*I||2* is convergent with |z| <
Y~ IRy(f), 5 =0,...,m. Hence the series Y 5o, ck(a + h)¥2* is convergent in the
disk |z| < y"™Rp(f). Use these observations to obtain

ool k
3" CRlex] - [l - [1B7] - |2I* < +oo, (5)

k=0n=0




The Taylor expansion

ow the where |z| <y ™Rp(f). Hence

om (6) -

o n, k— .2 k—n k ok
nd Z a+h) Z Ck (Z Cra "h”) 2 Z (Z cxCra ) =
k= n=0 n=0 \k=n

o0 oo 1
Z (Z cxk(k—1)...(k=(n— 1))a’“““z’°'") A = 37— f0) (za)hnan,
n!
n—O k=n n=0
|z| <4 ™Rp(f). The theorem is completely proved.
d

al power Discuss now another analog of (1).

9, 18 Theorem 3.2 Let B be a Banach algebra, f(z) = Y pep cx2® be a formal power
series over C, a,h € B and ha = ah. Suppose that a, h and f satisfy the following
conditions:

3)
M3 M2
AMy, My, M3, >0 VYneN:|e| < MPR)P, |7 < C ')ﬁ,Hh"H < (—%
: (6)
(4) Then f is (a + h)-holomorphic,
o= 1
Y = f(n) n.n
f(z(a+h)) = ZO —f™ (za)h2",
=

how that ;

+ h)k.= and Roin(f) > %R (o - p)r, where R is the radius of convergence of the series

[RF, - ol ia?", p and o are the order and the type of the entire function ¥ (z) =

S0 (Shoo lab]1 - 19][) 2 respectiviy.
1R . 0o |1 k|| k o |1pk||k :
Proof: Let pq(2) = D peolla®||2" and pa(z) = > jeq [|R7||2%. It follows from (6)
that both ¢, and ¢y, are entire functions of a finite order less then 4 and normal
type ( see [13], Chapter I, §2). Therefore ¥(z) = @a(2)¢n(z) is of finite order less
m then and normal type too ([13], Chapter I, Theorem 12). Hence
A 4
k
Tim *| (k"8 k=3l . ||k
Jim < (RDP | 3 llak=al1- [I11] ) < +oo, (7)
=0
vith ‘|z | < (see [13], Chapter I, §2). As in the proof of Theorem 3.1, we need to check (5) on
ent in the a neighborhood of zero. Since CP < 2%, we deduce from (6) and (7):
- lex|2
o 13 \j il (Z Cplia=| nhnn) J A s Zouak SR
n=
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k
< 20y T \‘ (k)P 3 Cpllak=n] - |h]| < +oo.

n=0

Moreover, the inequality z—r7 < Jim {‘/ |ck| Zﬁ:a Cpllak—n|| - ”hn”) <

S 1
2Tim { (J,H)JH\/(/cv)ﬂ( ko llak=n| - ||h"||) shows that Reyn(f) > 1B (0 p)7.
The theorem is proved.

a
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On the coincidence of the Limit Point Range and the Sum
Range along a filter of filter convergent series
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We study filters F for which the equality LPR = SRz holds. We
characterize filters F for which every JF-convergent series has a null
subsequence. This property with the one which we call the unbounded gap
property of F imply that LPR = SRx. The unbounded gap property of F
(existence of A € F, A = (a,) such that the sequence of g, = ant+1 — a,
is unbounded) is a necessary condition for this equality. The equality does
not hold for any ultrafilter.
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1. Introduction

The sum range of a series on real line (the set of sums of all its convergent
rearrangements) is described by the famous Riemann’s theorem:

Riemann’s theorem Let Y 77 z) be a conditionally convergent series of real
numbers. Then for every s € RU {+o00} there exists a permutation 7 such that

Zzil Lr(k) = S-

There is a number of generalizations of the Riemann’s theorem to more general
series (vectors, functions, etc. [4]), or more general types of convergence [1], [2],
[5]. The authors of [2] considered two generalizations of the usual convergence: the
statistical convergence and the convergence along even numbers. They obtained
the full description of the sum range along both the statistical convergence
filter and the 2n-filter. Surprisingly, the simplicity of a filter does not mean the
simplicity of the problem. And the description of the sum range along 2n-filter
appeared to be much more complicated than along the statistical convergence
filter. Besides the two usual cases of one point or the whole real line, the sum range
can be an arithmetic progression a + AZ, a, A € R (for the statistical convergence
filter) and shifted additive subgroup of the form a+{c1z1 +- - +cz)| zx € E, ¢; €
Z, S%_, ck is even}, where E is an e-separated set (for the 2n-filter).
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On the equality LPR = SRz for F convergent series

In this paper we continue the study originated in [2], but instead of considering
concrete filters we study classes of filters for which the description of the sum range
can be given explicitly. We study a class of filters F with the following property:
for every F-convergent series the sum range along F of it coincides with its limit
point range.

Recall that a filter F on N is a non-empty collection of subsets of N satisfying
the following axioms: () ¢ F; if A,B € F then A B € F, and for every A € F
if B> A then B € F.

A sequence (z), n € N in a topological space X is said to be F-convergent
to z if for every neighborhood U of z the set {n € N : z, € U} belongs to F.
The filter convergence of series is naturally defined as filter convergence of the
sequence of its partial sums, i.e. a series Y z is F-convergent to s if the sequence
(sn) = (3_%=1 k) is F-convergent to s (and we write s = F- ), x or simply
§ =)z &}, when there is only one possible summing index).

In particular if one takes as F the filter of sets with finite complements (the
Fréchet filter), then F-convergence coincides with the ordinary one.

The natural ordering on the set of filters on N is defined as follows: F, > F;
if /1 D F». A maximal in the natural ordering filter is called an ultrafilter. The
Zorn lemma implies that every filter is dominated by an ultrafilter. A filter 7 on
N is an ultrafilter if and only if for every A C N either A or N\ A belongs to F.

A filter F on N is said to be free if it dominates the Fréchet filter. Below
when we say “filter” we mean a free filter on N. In particular every ordinary
convergent sequences and series will be automatically F-convergent. More about
filters, ultrafilters and their applications one can find in every modern General
Topology textbook, for example in [6].

Definition 1 A point s belongs to the sum range along F of the series y  xy if
there exists a permutation w such that )z xr) = s. The set of all such points is
called the sum range along F of the series Y zp and is denoted by SRz () w).

We need also the following definition from [4].

Definition 2 A point s belongs to the limit point range of the series Y xy if
there exists a permutation m and an increasing sequence of naturals (my) such
that im0 Z;’Z‘l Tr;) = 8. The set of all such points is called the limit-point
range of the series > xy and is denoted by LPR(} ).

It is easy to see that LPR(} xj) is a closed set and SRz(D zx) C
LPR(> zy). In [3] it was proved that LPR()_ z) is a shifted closed additive
subgroup of the space in which the series lives. In particular, on the real line
LPR(Y_ xx) can be either R or ) or an arithmetic progression of the form a + AZ.
More about series rearrangements whose terms are elements of a Banach space or
of other topological linear spaces one can find in [4].

In this paper we consider series whose terms lie in the field of reals. When we
write a subset of naturals A C N in the form of sequence (a,), we mean that it is
increasing.
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2. Sufficient and necessary conditions for the equality LPR = SRz

It is the specificity of the usual convergence that every conditionally convergent
series after rearrangement converges to every given in advance real number (the
sum range is R).

Proposition 1 Let F be a filter on N. The following conditions are equivalent

1. For every sequence (xx) such that series Yz F-converges SRr(Y xy) is
either R or one point x € R.

2. For every sequence () such that series x) F-converges it follows that
Tk —k—oo 0

8. F is the Fréchet filter.

Proof. Implication (3)=>(1) is the usual Riemann rearrangement theorem; (3)=>(2)
is the necessary condition for the usual convergence of series. To show the inverse
implications (1)=>(3) and (2)=>(3) let us suppose the contrary. F is not the Fréchet
filter means that there is some infinite C' C N such that A = N\ C € F. Denote
by E the set AN(C +1) and let (zx) be the following sequence: zj is 1 for k € E,
—1for k € (E—1) and 0 for the rest k € N\ (EU(E —1)). Then ) x} F-converges
to 0 but SRx(}_ zr) C Z and zx Ak—oo 0. O

Thus, the sequence convergence to 0 is the characteristic property of the usual
convergence of series. Let us describe a class of filters with a weaker property.

Definition 3 A filter F is said to have 1-shift property if for every A € F there
is s € A such that s+ 1 € A.

Proposition 2 Let F be a filter on N. The following conditions are equivalent

1. For every sequence (x) such that ) xp F-converges there is a null
subsequence (z,, ).

2. F has 1-shift property.

Proof. (2)=>(1). Let > rx = z and suppose that (zx) has no null subsequence.
Then there is § > 0 and N € N such that |zgx| > § for k > N. For £ = §/4 let us
find A = (ax) € F, with a; > N, such that |z — Y0¥ | z,| < ¢ for every k € N.
Take s € A such that s +1 € A then we come to a contradiction:

s+1 s
€> I-T—Z-’Dn| -3 |xs+1l—|x——Za:n| >0—€> 2.

n=1 n=1

(1)=>(2). Suppose that there is A = (ax) € F such that s € A implies that
s+1¢ A, that is ay + 1 < ag4+ for all k € N. Denote di = ap — ax—1, where
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ag= 0, and let (z3) be such sequence: z,, is 1 for n € A, in the case of odd dj, set
Za,_,+1 = =1, in the case of even dj set z,, |41 = —2, and set T, = (—1)" %1

for a_y +1 < n < ag. Then )z F-converges but (z)) has no null subsequence.
O

Definition 4 A filter F is said to have the unbounded gap property if there is
A€ F, A= (an) such that the sequence of gn = an4+1 — ayn is unbounded.

Theorem 1 Let F be a filter which has the 1-shift property and the unbounded

gap property. Then for every F-convergent series Y xy. the equality SRx()_ ) =
LPR(Y x)) holds.

Proof. We proceed the same way as it was made in [2, Theorem 2.2.1.] for statistical
convergence.

From the existence of a subsequence (zy,) such that zp, — 0 it follows
that we can select a subsequence (z, ) such that 3°°; zx, < oo. Note, that
absolutely convergent series does not change its sum (and hence F-sum) under
any permutation o, so we can write

o
Z To(k) = Z Vo(k) T Z 2k,
F P k=1

where (vg) is the sequence (zx) with 0 substituted for all Tk, and zx = Tp — Vg
So without loss of generality we may assume that there are infinitely many zeros
among the original series terms .

Let y be an arbitrary element of LPR()_ xzy) with m and (my) being the
permutation and the sequence corresponding to y from the definition of LPR. To
obtain the permutation 7 for which y = >z, let us take A € F, A = (an)
such that (gn) = (an+1—a,) is unbounded and find a subsequence (gy, ) such that
gn, = My — My for all k € N with mg assigned to be 0. We arrange elements of
our series in the following way:

Anq Ang —0any —M]

T e e
0+...+0+£E7r(1)+...+1:7r(ml)+0+...+0+

Tr(my+1) T oo+ Ta(my) + 0+...+0+.’L‘,r(m2+1) +. o+ Trmg) T
ang —0ng —M2

For this permutation 7 the series ) ) evidently F-converge to y.
O

Theorem 2 Let F be a filter which is not Fréchet. The unbounded gap property

is a necessary condition in order to fulfill the equality SR7 (> zx) = LPR(Y. x,)
for every F-convergent series Y x.
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Proof. Assuming that the unbounded gap property does not hold we construct
F-summable to 0 sequence (zx) such that SRz(> zx) # LPR(}_ ).

The idea of the construction is the following. Let 1 be the desired limiting
point which is not the F-limit. For the series terms, to make 1 € LPR(} zi), we
take some integers y; from which we can make presentations of 1 as a sum of a
fixed number of terms. The monotone growth of the number of these terms and
the uniqueness of each presentation will result in that 1 ¢ SR# (> z). Adjoining
(—yk) to (yx) and infinitely many zeros, if needed (to provide F-convergence to
0), we will get the sequence (x)) we need.

First, before we chose yi, let us ascertain that ),z = 0. Since the filter
we consider is not the Fréchet filter, there is A € F with infinite compliment
C. This allows us to rearrange our series grouping yx and —y in pairs. Denote
E=AN(C+1), E=(ey,e,...) and let ¢, = yi, Te,—1 = —Yi and the rest set
zero: o = 0 for k € N\ (E U (E — 1)). We obtain the F-convergent to 0 series
E.’L’k.

We take yi, € Z\ {0} such that (Jyx|) is a rapidly increasing sequence. The
elements y, form a tree. Its structure is as follows:

(a) for every s € N there is d(s) such that y, = Zi(::)iz;s) Yk;
(b) d(1) =2,d(s+1) =d(s) +s+ 1.
© n=1

(d) Yags)+i = 2 EZS}H_I lye] +1, 0<i<s; andfrom (a)

(€) Yd(s)+s = — ZZS&ES)_I Yk + Ys-

We use the following terminology: {yx}72, is the decomposition tree of 1, the
set {yk}d(:;&s) is the decomposition of ys, first level of the tree is y1, n-th level of
the tree is the union of decompositions of all the elements of (n — 1)-th level. The
sum of all elements of every level equals 1 for the decomposition tree of 1 and
equals —1 for the decomposition tree of —1 (the set {—yx}32 ;).

Observe that 1 € LPR(Y_ z). One can reorder and sum (zx) for example in
the following way: first take 1, then add 0, then add —1 with the decomposition
of 1, then add 0, then add decomposition of —1 with the second level of the
decomposition tree of 1, etc (if we do not have infinitely many zeros then we just
do not add them).

Let us show that any permutation 7 can not make ) - Zy(k) = 1. Supposing

the contrary we find B = (b;) € F such that 22‘:1 Tr(k) =1 and ZZ‘:;I +1Zn(k) =
0 for every 7 € N. Consider two possible cases.

The first case: there is NV € N such that with every element z € {:z,,(k)}%:l, T
the —z € {:c,,(k)}zi;_“gi 41 forall i > N. In this case the set {%(k)}iﬁ 1 has to contain
with every y the —y in its turn. And we get )z Trx) = 0.
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The second case: there are infinitely many 7 € N for which we can
find z € {:c,r(k)}iii;i +1 that —z & {x,,(k)}%:gi +1- Take the modulus largest
g€ {xy k)}k .41 that —z ¢ {zﬂ(k)}::£i+1' It is either an element of the
decomposition tree of 1 or of —1. Without loss of generality let us reckon that
T = Yp, i.e. belongs to the decomposition tree of 1. Consider the decomposition

yk}Z(s()fs ) to which yp belongs. If not all s + 1 elements of this decomposition is

contained in {z,r(,c)} kb, +1 then EZ’:;{ +1Zx(k) # 0, because yj, are chosen in such

a way that any sum ZZ(::);(T) Oryk, 0 € {0,1,—1} is ether +y, or is modulus-

greater then Zd(s) } |yx|. It follows that there are infinitely many ¢ € N for which

exists a decomposition that is contained in {x,r(k)}z,i__fgi +1- This contradicts our
assumption that F does not have the unbounded gap property. [J

Though we do not know whether the 1-shift property is a necessary condition,
it is essential. To see this let us consider an example.

Proposition 3 If F contains an arithmetic progression, i.e. an element A of the
form gN + n, where ¢ > 1 and 0 < n < q, then there is a sequence (xy) such that
series Yz F-converges and SRx(Y_ zr) # LPR(} xi).

Proof. Let us take F-convergent to 0 series of the following sequence

n q q
-~ e s i e -~
(i e el pimalinhihe wostieotilinait dbrmsds mitasd s

For every permutation o such that Zma(j) F-converges we can find B € F,
B = (b;) C A such that max;<j<n0(j) < by, ie. all 0-s are already summed.
Then every sum Z;‘zl To(;) can be represented as a sum of summands with ¢ non-
zero terms in each. Every summand is the sum of m “—(¢—1)"-s and g —m “1™-s,
0 < m < q which is (1—m)q. Thus we have SRx(>_ zx) = gZ and 1 € SRz (>_ x)
but 1 € LPR(Y =z). O

In particular we have that neither the set of all odd numbers nor the set of all
even numbers can belong to a filter with the property SRz (> xx) = LPR(} zk).
Therefore every ultrafilter does not have the studied property.

Acknowledgment. The author would like to express his gratitude to his
scientific advisor, V. Kadets, who has posed this problem to him, for fruitful
communications, and for his help in preparing this text.
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BHyTpeHHSIsT TeOMEeTPHs IPACCMAHOBa MHOT000pasust
TICEBJOEBKJINI0BA TPOCTPAHCTBA,

M.A. 'yprenngge, IL.I. Creranuesa

Banopootccruti HAUUOHANLHBIE YHUBEPCUMEM
Yrpauna

Wsyuaercss COBOKYIIHOCTH HEM3OTPOIHBIX INIOCKOCTEH IICEBIOEBKINIOBA
npocrpaHcTBa uHzekca 1. Beemena rnilaikasg CTPYKTypa, oOOpejeseHa
MEeTpUKa, HaiJeH BUJ METPUKH B JIOKAJIbHBIX KOODAHMHATAX, MOJIyYeHDI
BbIpaxkenus i cumBosioB Kpucrogdenss mepBoro @ BTOPOro poja
YPABHEHUSI Fe0Ie3UIeCKUX JIMHHAMN.

2000 Mathematics Subject Classification 58A05.

Vzyuenue BHyTpEHHEN reOMETPUN MHOT000pa3us HAaUiHAETCsL C BBEJIEHHS MeT-
puku. B ciydae norpykeHHOro MHOrooOpasusi METPHKa Ha HEM WHIYIUPYeTCs
METPUKOH O0OBEMIIIOIIEr0 MPOCTPAHCTBA. BHYTpEHHSsS reoMeTpusl IpaccMaHOBa
mHoroobpasust G(I,n) l-nockocTelt B €BK/IMIOBOM N~IPOCTPAHCTBE XOPOILIO HM3Y-
yena. B pabore K.Jleiixtseiica 7] HaiimeHsl Bce PUMAHOBBI METPHKH MHOI000-
pasust G(l,n), MHBApUAHTHbIE OTHOCHTEIbHO TPYIIIBI JBIKEHUH €BK/IMIOBA N~
npocrpanctsa. B [8] }O.Bour onpenenun merpuky Ha G(l,n) Kak cymMy KBajpa-
TOB | CTAIIMOHAPHBIX YIVIOB MEXKIY IBYMsl OECKOHEYHO OIN3KUMHU [-TIJIOCKOCTSIMHA 1
chopMyIUpOBas TEOPEMY O BUJE 9TOH METPHKHU B JIOKAJIbHbBIX KoopauHaTax. Tam
K€ METOJaMM BApPHUAIMOHHOIO MCUMCJIEHHS IOJIyYeHbl YPABHEHUSA Ie0Ie3uYecKIX
nannit MHOroobpasust G(I,n) u u3ydeHsl 3aMKHyTble reojesnyeckne. OCHOBHbIE
pe3yJIbTaThl MCCIEIOBAHMSI CTAHIAPTHBIX I'PACCMAHOBBIX MHOr006pa3mii MOKHO
Haiitu B 0630pHoii cratbe A.A.Bopucenko, F0.A . Hukonaesckoro [2]. B moorpa-
duu [1] FO.A.AmunoBa uccienoBano nommuoroobpasue mMuoroobpasus G(l,n) -
rpaccMaHoOB 00pa3 HOBEPXHOCTH.

Co BTOpoOIit mosioBuHEI XX BeKa pacTeT uHTepec K auddepeHnuaibHol reoMeT-
PHM IPACCMAHOBBIX MHOT000pa3uil [-TIJI0OCKOCTEH I1CeBIOEBKIIN/I0BA IPOCTPAHCTBA.
J1.Maasuxac B [4] moka3asn cyiecTBoBaHMe MHBAPUAHTHON METPHKH IDACCMAHO-
Ba MHOroo0pasusi [-IiockocTelt nHAEKCa k B IICEBAOEBKIMIOBOM N-IIPOCTPAHCTBE
HHIEKCA M, NOKa3aJI, YTO 9Ta METPUKA MPEBPAIAeT I'PACCMaHOBO MHOrooGpasne

B IIPOCTPAHCTBO DWHIITEHHA MOCTOSHHON CKAJISIPHOM KPUBU3HBI IPU BCEX JOILY-
CTHMBIX 3HAUYEHUAX K U M.
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B manHOl crarhe u3y4daercs IpacCMaHOBO MHOr00Opasue HEeU30TPOIHLIX (-
IJIOCKOCTEM, MOrPy>KEeHHOe B TICEBIOEBKJIMIOBO N-IPOCTPAHCTBO MHAeKca 1. Ile-
JIbIO CTAThU SIBJISIETCS IIOJIy4YEHHE SIBHOTO BHa METPUKH 3TOr0O MHOroo6pasus B
JIOKAJIbHBIX KOODAMHATAX.

1. Tnagkasi CTPyKTypa 1 MeTpUKa BO MHOXKECTBE IUIOCKOCTEN

EBKIMIOBBIM N-MEPHBIM NPOCTPAHCTBOM HAa3bIBAETCA N-MepHoe addunHOoe
IPOCTPAHCTBO, B KOTOPOM 3ajiaHa OuinHelHas ckajaspHas Gyskuus ¢(Z, §) AByxX
BEKTOPHBIX APTYMEHTOB Z, ¥, YJOBJIETBOPSIOIIAs YC/IOBUAM CHMMETPHYHOCTH M
HEeBBIPOXK IeHHOCTH [5)].

Oyaruuio p(Z, J) Ha3bIBAIOT CKAJIFPHBIM IIPOU3BEIEHNEM BEKTOPOB I, § 1 060-
3HavaT (Z,7). CKajusapHble NPOU3BEAEHUs (e"z-,e“j) BEKTOPOB Oa3uca SIBJSIOTCS
KOMIIOHEHTAMH JIBaXKJbl KOBAPHAHTHOTO TEH30pA @ij, KOTOPbIN Ha3bIBAETCA MeT-
pugeckuM. Ecim (Z,7) = 0, TO BEeKTOpBI Ha3bIBAalOTCsl OpPTOroHaabHbIMK. CKa-
JISIpHBIA KBaJIPAT BEKTOpa T ompenessercs dopmynolt 72 = (Z,Z). EBkiuaossl
IPOCTPAHCTBA HA3bIBAIOTCA COOCTBEHHO €BKJIMIOBBIMHU, €CJIM B HUX JJIs J1060r0
BekTOpa Z # () MMeer MecTO HepPaBeHCTBO Z%? > 0, ¥ NCeBIOEBKINIOBBIMH, €CIIH
2 nna T # 0 MOXKeT NPHHMUMATH TIONIOKHUTENbHbIE, OTPUIATETbHbIE U HyJIEBbIe
3HaveHus. B 9TOM ciyyae BEKTOPbl Ha3bIBAIOTCH COOTBETCTBEHHO €BKJIMIOBBIMH,
IICEBIOEBKJIVJIOBbIMUA ¥ M30TPONHBIMU. B ICEBIOEBK/INIOBOM MPOCTPAHCTBE IIPH
HOPMHPOBAHHH BEKTOPOB HEOOXOAMMO HCIOJIb30BATh POPMYIIY € = %2: JJIst €B-

KJIUJOBBIX BEKTOPOB U POPMYTy € = 7_%5 - /151 TICeBIOEBKJINIOBBIX BEKTOPOB.
IMToce HOPMUPOBKH BEKTOPBI IIPUHSTO HA3bIBATH EAUHHYHBIMA U MHUMOEIUHUIY-
HBIMH COOTBETCTBEHHO.

OproroHanbHblil 6a3uc ICEBIOEBKIINAOBA IPOCTPAHCTBA, COCTOSIINN U3 e1u-
HUYHBIX ¥ MHUMOEIMHUYHBIX BEKTOPOB, 1O QHAJOTMH C €BKJIMIOBBIM IPOCTPAH-
CTBOM, Ha3bIBAETCS OPTOHOPMHUPOBAHHBIM, & KOOD/AMHATHI BEKTOPOB OTHOCUTE/ILHO
Takoro 6a3uca - J1eKapTOBBIMH.

ITpocTpaHCTBO ¢ METPUYECKUM TE€H30POM gijj = eiéf , TIIe 5{ -cumBos1 Kponeke-
pa, e; = —1,& = 1,7 # 1 HA3BIBAIOT NCEBIOEBKIINAOBLIM TTPOCTPAHCTBOM HHJIEKCA
1 u obosnavator !R,. CkanspHoe IpOU3BEJeHNe BEKTOPOB I, { B IPOCTPAHCTBE
1R, OTHOCHTENBHO OPTOHOPMMPOBAHHOTO 6a3|Cca MOXKHO 3ammcaTb B Bue ZE 7,
rne E' = diag(~1,1, ..., 1).

PaccmorpuM B 1 Rjy, MHOXECTBO HEM3OTPONHBIX (IICEBJOEBKIMAOBBIX W €B-
KJINZOBBIX ) [-IIJIOCKOCTEH), IPOXOASANINX Yepe3 Havalo KoopAuHat. Byzaem, mo ana-
JIOTHY C €BKJIMIOBBIM IIPOCTPAHCTBOM, HA3bIBATH 3TO MHOXKECTBO I'DACCMAHOBBIM
mHoroobpasuem u obosuauars G(I,1+ p). B upocrpancrse IRHP B TPAcCMaHOBOM
MHOrooOpasuy eCTECTBEHHO PACCMATPUBATH JABa I10JMHOI006pa3u: IICEBI0eBKIU-
JIOBBIX [-TIOCKOCTEH M eBKIMIOBBIX [-1i10cKocTel. s Kaxkporo nogMuoroobpa-
3151 OTHOCHTEIBHO 106010 hukcuposanHoro 6asuca rnosyvaeMm p X [-MaTpuily Jio-
KaJIbHBIX KoopauHat. CnemmamsupyeM 6asnc {€;,6,}(i = 1,...l,a = [+1, ..., l+p)
Kak ¥ B pabore [2] u oGosnauum wepes Z = {EF}(i =1,..,l,u = 1,...,p) MaTpw-
Iy JIOKAJIbHBIX KOOPAMHAT [-TIJIOCKOCTH OTHOCHTENIBHO 9TOro H6a3uca. [lepeitmem k
6asucy {f;, fa}, CBSI3aHHOMY C 6a3ucom {€;, €, } COOTHOLIEHUAMU &E f] = éjE' fi
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n éaE'fg = 'égE'fa(j =1..,=10+1,..,1 +p). JAna nommHOroodbpa3usi mces-
JOEBKJIMJOBBIX IIJIOCKOCTEH HaMU MOJIYUYEHO yCIOBHE

QE|Q' = (B, +2'2)7}, (1)

KOTOPOMY YIOBJIETBOPsieT MaTpuna () nepexona OT 1IepBoro Hasuca KO BTOPOMY.
Marpuily JIOKaIbHbIX KOOPAMHAT [-IIJIOCKOCTH OTHOCHTEIBHO BTOPOro Hasuca
Oynem obosnadars N = {n}’} (j = 1,..,l,v = 1,...,p). CBa3p MexAy AByM:
HabopaMu JIOKAJIbHBIX KOOpAuHAT 3amaercs dpopmynoit N = ZQ).
Hnst [-nnockocreit mogMHOroo0pa3usi €BKINI0BBIX IIJIOCKOCTEN JIOMydYrM TaK-
JKe IBa HAbOpa JIOKAJbHBIX KOODIUHAT, CBA3b MEXK Iy KOTOPHIMH YCTaHABINBACTCS
C TIOMOIIbIO MaTPUIB ) , IS KOTOPOi

QQ' = (B + Z'EZ)™. (2)

Oopmyusi (1) u (2) siBAsSIIOTCS aHATIOraME COOTBETCTBYIOMEN (hOpMyJIBb! B3 PaGoThI
[2].

Merpuky B IpaccMaHOBOM MHOrOODpA3n¥ IICEBIOEBKJIN/OBA IIPOCTPAHCTBA
lRH_p ompesiesiuM POpPMYJIOi

ds? = Tr|(E + ZE 2" YdZ(E' + 2'Z)dZ} (3)

JUTST TICEBIOEBKJIMIOBBIX ILTOCKOCTEH 1 hopmysion
ds? = Tr[(E' + ZZ")"'dZ(E + Z'E Z)~'dz! (4)

JUIsT €BKJINIOBBIX TIJIOCKOCTE.

ITokaxkem, 4TO JAHHOE OIPEIE/ICHNE SIBJISIETCA €CTeCTBEHHbIM, U B 9TOH MeTpH-
Ke KBaApaT PACCTOSHUA MEXKIY HOCTATOUHO OAN3KHMHU IJIOCKOCTSIMH DaBeH CyM-
Me KBaJIpaTOB yIJIOB, KOTOpbIe HUKe Oy yT Ha3BaHbI cTanuoHapubiMu. s aroro
MOCTPOUM CBSI3HOCTb I'PacCMaHOBa MHOro00pa3usi, COIVIACOBAHHYIO C METPUKON
(cumBonbl Kpucroddesnst 11 pona), BeiBeseM ypaBHEHHs T€OIe3WIECKUX JIHHUM 1
BBIYHMC/IMM PACCTOSIHME MEXKIY JOCTATOYHO OIM3KMMHU [-TIJIOCKOCTAMH TPACCMaHO-
Ba MHOT000pa3us IIPOCTPAHCTBA 1RH_,,.

2. Cumsouiel Kpucroddens I u Il poxa, reogesudeckue nuHIR

2.1 Cnyyaii rpaccMaHOBa MHOTOOOpa3usl €BKJIMIOBa IIPOCTPAHCTBA

Hcxonst u3 BAJ@ METPHKHU IPAcCMaHOBa MHOrooOpa3us eBK/IMIOBA IIPOCTPAH-
crBa Rjyp , METPHYECKHII TEH30D 3ANNCHIBACTCH CleAyionmM obpasom [2]

Juiywi) = (Bp + ZZY (B + 2°2) 71 (5)

Jl151 IOy YeHus! BaK (bl KORTPABAPUAHTHOrO MeTpHdeckoro Tersopa gkt (i)
3aNuIIeM Pa3/oXKeHUe KOMIIOHEHT METPUYECKOrO TEH30PA ¢(ui)(vj) B PAA O Iepe-
vennbM ! B oxpectHOCTH Hysast. C TOYHOCTBIO 0 GECKOHEYHO MAJbIX BTOPOIO
NOPSIIKa OH MOXKET OBITh 3aIlNCaH B BHIE

Iuiywi) = (Bp — ZZ4)(Ey - 28 2)],
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nJIu B Koop,zmx-xa'rax
Iy i) = (82 — ELEY) (8] — €2€2) = 648] — reces — sleker + 0(¢Y),  (6)

re «, 8 - HHAEKCHI CyMMHPOBAHUSL.

O60o3HauNM 5Z§$‘§3?+6{ ¢¥€Y = f. Kommonentsi Tensopa g+ 1) Gyzem Hexath
B Buge gW)(7) = 6757 + F + O(&*) Tpebysi, aTo6s1 g(ui)(ak) glek)) = §v5]. Torpa
JIeTKO TIoJiy4nTh, 4yT0 F' = — f. Taknm 06pa3om, HCKOMOE pasiioXKeHne NMeeT BHUJ

g = gusl 4 oreees 4 slekel + O(e%). (7)

B pumanosom mpoctpancTse cumpoiibl Kpucrodbdens I u II poma sasasiorca
MHBApDUAHTAMH BHYTpEHHeH reomerpun. Ins HaxoxaeHus: cumsosioB Kpucrod-
dens I posa B OKaNIBLHBIX KOOPAUHATAX BOCIOJIb3yeMcs: (POPMyYJIOi

1, 99uiws) |, 99wiey | 99w
/s

IMTocne nuddepenunpoBanusi, 3aMeHbl HHIEKCOB U IPUBEJIEHH TOAOOHBIX Clia-
raeMbIX IOJIYYUM

T iywi) () = —000i€ — 80%€r.

Jns naxoxaenus: cumsoios Kpucroddens I pona 6ynem ncnonp3oBarh pas-
JIOYKeHWe METPHYEeCKOTO TeH30pa B PAA MO cTemensM &I B OKPECTHOCTH HyJsl C
TOYHOCTBIO JI0 OECKOHEYHO MAJIBbIX YeTBEPTOro Iopsaka. Torga B COOTBETCTBUH C
dopmynoit

AR R (B1)(pk)
Louiyws) = Lwiwi). (809

TIOJIY 9UM

L) 5y = —20005€) (8 — £4€7) + O(€Y).

Teome3uyeckoil MuHME B PUMAHOBOM IIPOCTPAHCTBE HA3BLIBAETCH KPUBAs ITO-
ro MpOCTPAHCTBA, KACATEIbHbI!I BEKTOP KOTOPOi IIEPEHOCUTCSI BIOJIb HEe Hapal-
nenbHO. CriexoBaTeIbHO, YPABHEHUS N€ONE3MUeCKUX JIMHUN MOXKHO IOJIYyYUTb H3
YPABHEHHH IapaJiIeIbHOTO IIEPEHOCa B BUIE

. k * .y e
& +T5uee =0 )

[ToncraBnsisi B 9T0 ypaBHEHHE BhIpaXkeHue st cuMBojioB Kpucroddens 11 poxa,
3aIMUIEM YDABHEHHUS [eOJE3UYECKIX B JIOKAJIBHBIX KOOPAMHATAX Z = {55.‘ }

Z-2ZZYE+22Z%)7'Z =0.

2.2 Cayyait rpaccMaHoBa MHOrooGpa3ust [1CEBI0EBKIINI0BA IIPOCTPAHCTBA

Hns uomydenust cumBosioB Kpucroddesnss u ypaBHEHHsT reoJe3muecKux Ji-
HUil I TPacCMaHOBa MHOTr000pa3usi IICEBLOEBKINA0BA TPOCTPAHCTBA MOCTYTIUM
TaKuM 2Ke 06pa3om.
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N3 dbopmyst (3) MerpryecKuilt TEH30p OAMHOTO0OPA3HS [ICEBIOEBKIINIOBBIX

IVIOCKOCTEl IpaccMaHOBa MHOTOOOPA3Usl IIPOCTPAHCTBA lRH_p MOYKHO 3alHUCaTh B
BUJIE

Iuiywi) = (B + ZE'ZY)V)W(E + 2 2) ).

O6pamenve marpunpi (E+ZE Zt) naer E—ZE' Z+0(Z*). [lnsa Bropoi marpu-
b MOXkHO 3amucats (B +21Z) "1 = (E'(E+E 21Z))™! = E' —~E'Z'ZE +0(Z%).
B f10Ka/IbHBIX KOODAMHATAX, C TOYHOCTBIO J0 GECKOHEYHO MAJILIX TPETHEro MOpsi-
Ka, TIOJIy4nM

Iui)vg) = 0Ll — BebPE%e; — eiblEle tY + O(EY).

AHaorn9Ho, s MOAMHOrc00pas3us eBKINAOBBIX TIOCKOCTEH 9TOr0 MpOCTpaH-
cTBa

Juiyws) = (B + ZZH)™ (B + Z1E'Z)™Y),
HJIH, B KOOPAUHATHOM BuUIE
I(wi)(vj) = 5;:5;16'3 £ 6;:5115?51'631 3 5{%55&5:& * 0(54)-

Hns naxoxaenusi cumponos Kpucroddens I poga Bocnosnbayemest hopmyinoit
(8). B pesynbraTe momy4mm, 9TO AJisl IICEBAOEBK/IMAOBBIX ILIOCKOCTEN

Lluiywinay = —€16;810,€5 — eieidihe! + O(°),
a U1 eBKJIUIOBBIX ILJTIOCKOCTEN
T (ui)wi),(81) = —€pEudI0, € — epen 830067 + O(E°).

st Haxoxk neHnst cumBosioB Kpucroddens I1 pona Oyaem ncmnoss3osaTs pas-
JI0YKEHAE METPUIECKOrO TeH30pa B PsJ| M0 cTenensM &' B OKpecTHOCTH HY:s ¢
TOYHOCTBIO 710 GECKOHEYHO MaJibIX ueTBepToro mnopsiaka. Cumsosisl Kpucrodde-
jst 11 poma my1st moMHOroo6pasnit nceBIOEBKIINIOBBIX M €BK/HIOBBIX IJIOCKOCTE
HMEIOT, COOTBETCTBEHHO, BH/L

TR iy = —~26,0068€) (8 — ergheqtd)

k
TN ;) = —20065€] (€04 — e, EL€D),

Ypasuenus (9) reose3ndecknx ceMefcTB NCEBJOEBKIINIOBBIX LIIOCKOCTEMH B JI0-
KaJIbHBIX KOOPAMHATAX 7 = {E;‘ } 6ynyT nmers BuI

%= 2ZE ZYE+ZE Z) 112 =0, (10)

a JUIsl Te0IC3UYeCKUX CEeMEHCTB eBKJIMJOBBIX IIJIOCKOCTEH 3TH ypDABHEHWUS 3alli-
IIyTCSI B BUJE

Z - 2224E ok ZZN 1 =0 (11)
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Jns nocrpoenus npuMepa reoJe3uvYeCcKHX CeMefcTB B TPACCMaHOBOM MHOIO-
0o0pa3uu TCEeBAOEBKINI0BA IIPOCTPAHCTBA BBEIEM IOHSATHE CTAIMOHAPHBIX YIVIOB
rapsl [-1tocKocTeit.

3. CranuoHapHbIe yIVIBI IapbI [-IIJIOCKOCTEH 1 [-IeJIMKOU/IbI IICEBIOEBKIINI0BA
IPOCTPAHCTBA

B eBkmaoBOM npocTpaHCTBE B3aMMHOE DACIOJIOKEeHHe Iaphl [-IIOCKOCTel T
U T OMHO3HAYHO 3aJaeTcst HabOPOM YIJIOB ;%1 = 1, ..., 1 co 3navenusivu u3 [0, 7w/2].

TH yriIbl ONPENEIAIOTCS KaK CTAIMOHAPHBIE 3HAYEHNUS YIVIOB MEXKY HPOU3BOJIb-
HBIMH BEeKTOpamu @ € m u b € 7 [8].

MpbI He MOKEM OCTaBUTH H€3 UBMEHEHHUSI 3TO OTIPEle/IEHNE B CLydae IPOCTPaH-
CTBa lRH,p, ITIOCKOJIBKY B 3TOM IIPOCTPAHCTBE BEKTOPbI HEPABHOIIPABHBI U 3HAYE-
HUsSL yIJIOB MEXJy HUMHU HE BCErJa MOXKHO CPDABHUTb MeXIy cOoOOii.

Ilycte m m 7 - jBe [-IUIOCKOCTM IpacCMaHOBA MHOr0OOpa3usi IPOCTPAHCTBA
IRH,,. PaccMoTpuM ABYMEPHYIO IJIOCKOCTD, IIPOXOAAILYIO Yepe3 Hadaslo KOOPAU-
HAT ¥ NEPHEeHAUKYJISIPHYIO KaXKI0M U3 MJIOCKOCTEH 7 U 7. YT0J MEXAY NPAMBIMU
nepeceveHust TOM JBYMEPHOH MJIOCKOCTH C IUIOCKOCTSIMHU 7T U T OyZeM Ha3bIBaTh
CTAIMOHAPHBIM YIVIOM ILIOCKOCTEH T U T, & cCaMy JBYMEPHYIO ILJIOCKOCTD - YIJIOBO’
2-TIJIOCKOCTBIO.

ITokaxkeM, YTO BCErjga CyIIECTBYET [ YIIOBBIX 2-TIJIOCKOCTEN, JacTh U3 KOTO-
PBhIX MOTYT BBIPOXKJATHCS B 1-INIOCKOCTH, a Tak>Ke, YTO Jobble JBe yIJIOBble 2-
[JIOCKOCTH BIIOJIHE OPTOTOHAJIbHBI.

Byzsem 101b30BaThCsl IOHSITHEM MATPHYHOW KOOPAMHATHI [-NIOCKOCTH. Tak
naspiBaior (! + p) X l-marpuiyy, crosnbriamMu KOTOPOH ABNAKTCA KOOPAUHATHI Ha-
IPaBJISIIONIAX BEKTOPOB 3TOM III0CKOCTH [6]. Y106HO 3anUCHIBATH €€ B BH/IE CTPOKH
HAMPABJIAIONAX BEKTOPOB [-IIJIOCKOCTH.

Iycts A = (@1d2...a;) ¥ B = (biby...b;) - MaTpUYHBIE KOOPAMHATHI MLIOCKO-
cTeif T M T cooTBeTCTBEHHO. [Ipou3BoJIbHAS ABYMEpHAsl IUIOCKOCTH, IepeceKaio-
mas JaHHble, UMeeT MaTpudHylo koopaunary C = (€182), rae ¢ = AA, ¢ = BM,
At = (A1...)), Mt = (uy...pu1). Byzsem uckaTh Ty ABYMEPHYIO IIIOCKOCTb, KOTOPast
TepenesuKy/IAPHA KaX 101 13 njaockocTelt 7 u 7. B Takoit niockocTH cymecTy-
10T BeKTOpHI d) = 181 + aplz,do = (11 + [ala Takue, uTO

d_lEI(—li e 0s
JgEIBi == 3 (12)

S e
Cucremy (12) MOXKHO 3amucaTh B MATPUYHOM BHIE

(AN + a3 BM)'A = 0,
(B1AA + BoBM)!B = 0,

iy,
011(AtA)A SE az(BtA)M =

B1(A'B)A + B2(B'B)M =0
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U pacCMaTPUBATH Kak cucTeMy ypasHeHuil orHocutesibHo A u M. Hac unrepecyior
HEHYJIEBbIE DEIIEHUsI 3TOM CHCTEMBI, TIO9TOMY

al(AtA) O!Q(BtA)
B1(A'B) [B2(B*'B)

Mpbl MO2KeM YIIPOCTUTH IOCTIEIHEee ypaBHEHUe, ec/ii BbiOepeM B JaHHBIX IJIOC-
KOCTSIX 7 B T OpTOHOpMupoBaHHsie Gasucsl. Torga (A'A) = E', (B'B) = E' B ciy-
Yae [10IMHOr006pa3Ust NCEeBI0eBKINIOBLIX mIockocTeit, u (A'A) = E, (B'B) = E
B CJIyuae NMOoIMHOro00pasusi eBKIMI0BBIX IIOCKOocTell. B nepBoM cityuae mostydum

-0

o E ay(BtA)
Bi(A'B) BE

Ucnons3ys (3, ¢.59], MoxKeM IpUBECTH 5TO ypaBHEHHE K BHJY

= 0.

/ /

| E'(A'B)E (B'A) - 942 ) =
%;% ecTb cobcTBeHHble 3nauernst Marpuupsl £ (A'B)E (B'A). Tak kak
9Ta MATPUIA COBNagaeT ¢ MaTpuuei u3 pabors [6] B.A. Posendenbaa, To nocues-
HEe YPaBHEHNE UMEET POBHO [ AefiCTBUTEIbHBIX KOPHEH, 0 KaXX10My M3 KOTOPBIX
MOYKHO ONPEIENUTh BEKTOPbl di U do, IPHYEM PAa3HbIM COGCTBEHHBIM 3HAYEHH-
M COOTBETCTBYIOT BIIOJIHE OPTOIOHAJILHbBIE YIVIOBbIE 2-IIJIOCKOCTH. YTOJ MEXKIY
BeKTOpaMi d ¥ dy paBeH CTAIMOHAPHOMY YIUIy JAHHBIX [-TIJTOCKOCTeil.

Ilycrs [-mmockocT# m u T HpOCTpaHcTBa 'Rjy, He UMEOT OOLIMX HAIpABIE-
HUH. DTO BO3MOXKHO TONIBKO ecyi | < p. Tak Kak yrjoBble 2-IINOCKOCTH BIIOJIHE
OPTOrOHAJIBHBI, TO NPH [ = p OJHA U3 YIVIOBBIX 2-IUIOCKOCTeN 0bs3aTe bHO Oyner
IICEB/I0EBK/INA0BOM, ocTanbhble [ — 1 yriioBsix 2-1miockocTeil - eBKIngIoBbl. B op-
TOHOPMHPOBAHHBIX Gasucax {d;} B mtockoctu 7 u {b;},4 = 1,...,1 B IWIOCKOCTH T
CTAIIMOHAPHBIE YIJIBI 3TUX [-IJIOCKOCTEH OIPeesIsiioTCs U3 PABEHCTB

Besmmuunsr

(_J,lElgl = Ch(pl,&iEll—)i = AES P s (13)

Ecnu xe | < p, To 1mb0 mMeeT MECTO OTIMCAHHBIH BBIIIE CIy4ail, Tub0o Bce yIVIOBbIE
2-TIJTOCKOCTH €BKJIMIOBBI M TOTHA IJIsT CTAIFIOHAPHBIX YIVIOB IIOJIYYHUM

&iE’Ei 08 @i, 8 = 1 s L (14)

ITycTs Tenepb HanpaBisION¥e MOAIPOCTPAHCTBA [-INIOCKOCTEH T U T UMEIOT
k obuux HaIpaBIEHUMN.

Eciu 3T m10CKOCTH TICEBI0EBKIIMIOBEI U CPEIN UX OOIIMX BEKTOPOB HET IICEB-
JOEBKJINI0BA BEKTOPA, TO k CTAIMOHAPHBIX yrjioB paBHb! (), a ocrangbHbE | — k
HaxoAsATCst U3 paBeHCTB (13), B KOTOpBIX @ = 2, ..., 1 — k. Ecaun xe nceBnoeskaunios
BEKTOD [-ILJIOCKOCTEN 7 U 7 HAXOAUTCS Cpean k OOIIUX BEKTOPOB MX HANPAaBIISIIO-
IUX MOIIPOCTPAHCTB, TO BCe | — k HEHyJIeBbIE CTAIMOHAPHBIE YIVIbI PEATH3YIOTCS

B €BKJIMOBBIX 2-TUIOCKOCTSIX W [O3TOMY HAXOAATCsE U3 paBeHCTB (14), B KOTOPBIX
=l —k
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Eciu »ke 1u10ckocTd 7 W T €BKJIMAOBBI U MMEIOT k 0Omux HampasieHuii (oHn
MOTYT OBITH TOJBKO €BKJIMIOBBIMHU), TO Ipy | < p CPeAd CTALMOHAPHBIX YIJIOB
k yrjioB paBHBI HY/I0, & [AJisl OCTQJIbHBIX [ — k YIVIOB BO3MOXKHbBI OB CJIydas:
b0 OfHA U3 YIVIOBBIX 2-IIJIOCKOCTEH SIBJISIETCSI TICEBIOEBKJIMIOBOM, & OCTaIbHBIE
€BKJIMIOBbI, JIUOO BCE yIJVIOBbIE 2-IVIOCKOCTH eBKJINIOBbL. Eciu ke | > p, To | — k
HEHYJIEBBIX CTALMOHAPHBIX YIVIOB Haxoasitcs u3 ¢opmyn (13), B koTopbIX i =
2,..,0—k.

PaccMoTpuM OffHOIApAMETPUYECKOE CeMeHCTBO [-TLIOCKOCTEN TIpaccMaHOBa
MHOr006pa3usi NCEBI0EBK/INI0BA IIPOCTPAHCTBA lRHp, obuasiaoniee TakKuM CBOH-
CTBOM: CTALIOHAPHBIE YTUIbI MEXK1y TPOU3BOIBHOI [-IJIOCKOCTBIO ceMefcTBa 1 (PUK-
CHPOBaAHHOM [-ILUIOCKOCTBIO NPONOPUHOHAJIbHBI. Takue ceMefcTBa Ha3bIBAIOTCH [-
reskonzamu [6].

HemnocpemcTBeHHO# MPOBEPKO MOXKHO yOEIUTHCSA B TOM, YTO [-TE€IMKOMIBI B
mHoroo6pasuu G(l,l + p) ABAAOTCA Teoe3nuecKuMu JuHusAME. g sToro BeI-
6epeM OpTOHOPMHMPOBAHHbINA 0a3uC aHAJIOMYHO omMcanmio B pabore [1, ¢.300 |.
IIycte r(r < l) cranuoHapHBIX YIJIOB HEe paBHBI HymoO. B kaxxmo#t u3 r yrio-
BBIX 2-TIJIOCKOCTEH BhIOEDEM BEKTOD, JIeXalluil B (PUKCHPOBAHHOM TJIOCKOCTH Ce-
MelCTBa, ¥ OPTOrOHAJIbHBIM €My BEeKTOp. Tak Kak yIVIOBBIE 2-IUIOCKOCTH BIIOJIHE
OPTOrOHAJIbHBI, TO MOJIyYUM HAOOP U3 27 NONAPHO OPTOTOHAJIBHBIX BEKTOPOB. [lo-
[OJIHUM, B CJIy4ae HEeOOXOZLMMOCTH, 3TOT HaOOp A0 OPTOTOHAJILHOro Ha3mca BCEro
IPOCTPAHCTBA U HOPMEPYEM BEKTOPbI 3Toro H6asuca. Torma Hanpasssonpe BEKTO-
PbI IIPOU3BOJILHON MJIOCKOCTH CEMENCTBA IICEBIOEBKINIOBBIX IIJIOCKOCTEH MMeIoT
BHJ,

Z1 = ch(pat)ér + sh(pit)erq,

To = cos(Pat)€q + sin(pat)eati, @ =2, ...,

B, =€u, =1k el ti€]0,1].

B Bbibpannom 6a3uce MaTpudHAs KOOPAMHATA IPOU3BOJIBHON IJIOCKOCTH
MeNCTBa UMEEeT BUJ,

[ ch(eit) 0
0 cos(pat)




I'paccManOBBI MHOrOOOpa3us NCEBIOEBK/IMIOBA TIPOCTPAHCTBA

a MaTpulla JIOKaJIbHbIX KOOpAMHaT

(th(cpli) 0 o000 00
0 tg(pat) ... 0 0 0
Z= 0 0 caonbgbont): 00000 (16)
0 gt SR R
X Mg gu ¢ MRSy IRl 0

Herpynno y6emurbca B TOM, 4ro Z yaoBjerBopsier ypasreruto (10), To
€CTb [-TeJTMKOUJI SIBJISETCS reoae3nyeckoit sunueit. s [-reamkonna eBKIHI0BBIX
II0CKOCTel 6a3uc BhiGepeM Tak, YTO HAIPABJSIONINE BEKTOPHI IIPOU3BOIBHON [-
IUIOCKOCTH OYIyT UMETh BUJL

%) = ch(pi1t)ér41 + sh(prt)er,

Fo = c08(at)Cast +Hein(pat)en, @ =2,...,1.
AT MR RO W 5 -3 (1 1

Matpuia JIOKaJTbHBIX KOODPAMHAT TAKOH IUIOCKOCTH OyZeT yIOBJIETBOPATH
ypaBrenuio (11).

4. Paccrosinne Mexy [-IJIOCKOCTSIMH.
ITokaskeM, 4TO IpM MCHOIL30BaHUM HOPMYIIbI (3) KBAAPAT PACCTOSHUS MEXK-
Ay [-IUIOCKOCTSIMU PaBEH CyMMe KBaJPATOB CTALMOHADHBHIX YIVIOB JAHHBIX IJ10C-
Kocreit. PaccMoTpuMm e H0CTATOYHO OJIM3KME IICEBIOEBKJINIOBBI [-ILIOCKOCTH.
[IycTb cranuoHapHbIE YTVl MEXKY HEUMH PaBHBI ;. PaccMoTpuM [-resmkoni, co-
JepKauuit ase ganuble [-1tockocTH. Kak nokasaHo Bblle, MATPHIA JIOKAIbHbIX
KOOPAMHAT MPOU3BOJILHON TIOCKOCTH [-IeJIMKOUA MOXKET ObIThb IPUBENEHA K BU-
ay (16). Borumcsisis paccrosiHue MeXAy STUMH IUIOCKOCTAMHE 10 dopmyie (3),
HOJTY 9UM
ds? = (p? + ¢ + ... + ¢)dt? (17)

I

1
s=/0 \/¢%+go%+...+<p,2dt=\/go%+go§+...+<pf.

Taxnm 06pa3oM, MbI Kak 1 B CJIydae rPAcCMaHOBa MHOT000pa3ust €BKJIH/0BA IIPO-
CTPAHCTBA MMEEM METPHKY, CBA3AHHYIO CO CTAIlHOHAPHBIMU YTJIAMH.

,ZIJ[?I BbIYHMCJ/IEHUS DPACCTOAHUSA MEXKIAYy A0CTaTOYHO OJIUBKHAMHA €BKJIHJ0OBbIMH
l-mnockocTsiMu Bocnosib3yemesi popmyiioit (4) , KoTopasi 110c/Ie HHTerPAPOBAHUA
TaKk>Ke npuBoiuTes K Buay (17).

Buemnnii Bug dopmyasr (17) Takoil ke Kak U B CIy4ae eBKIHA0BA IIPOCTPAH-
CTBa, HO UX COJEepKaHus pa3inudubl. OoHA U3 YIVIOBBIX 2-IJIOCKOCTEN MOXKET ObITh

[ICEBAOEBKJ/INIOBOM, a 3HAYUT OJVH U3 CTallMOHAPHBIX YIVIOB MOXKET OKa3aTbhbCHd
MHUMBIM.
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[1;“, ITonyuennsie B ctaTbe (hakThl BHYTPEHHEH T€OMETPUN IPACcCMAHOBa MHOTO00-
i pas3us IICEBAOEBKINI0BA IIPOCTPAHCTBA MOXKHO B JAJbHEHIIIEM HCIOJIb30BATh IS
g U3y4eHHusl rpaccMaHOBa 00pa3a MOBEPXHOCTH B 9TOM IIPOCTPAHCTBE. '

i JINTEPATYPA
ﬁ.

1. Amunos FO.A. T'eomerpus mommuoroobpasmit. — K.: Haykosa aymka, 2002. -
| 467c.
i

i 2. Bopucenko A.A., Hukonaescknit FO.A. Muoroo6pasusi I'paccmana u rpaccMa-
il HOB 06pa3 mogmuoroobpasuit //YMH - 1991. - T.46. Bem.2(278). - C.41-80

I[ﬂ i‘ 3. Tantmaxep ®@.P. Teopust marpurn - M.: Hayka, 1967. - 575c.

i 4. Maasukac 1. K pumaHOBOI reoMeTpun rpacCMaHOBBIX MHOrooOpasuil HEm3o-

TPOIHBIX TOANPOCTPAHCTB ICEBIOEBKINIOBA POCTPAaHCTBA // V4. 3amucKH
Tapryck. yu-ta - 1974. - 342. - C.76-82

i 5. Pamesckuit I1.K. PumanoBa reomerpusi u TeH30pHbIi aHanu3. - M.: Hayxka,
i 1967. - 664c.
|

I 6. Poszendenvn B.A. HeeBkimaosbr nmpocrpancrea. - M.: Hayka, 1969. - 547c.

| 7. Leichtweiss K. Zur Riemannschen Geometrie in Grassmanschen
‘ i Mannigfultigkeiten // Math. Zeit. - 1961. - N4, - S.334-366.

8. Wong Y. C. Differential geometry of Grassman manifolds // Proc. Math.Acad.
Sci. USA. - 1967. - P.589-594




Bicuuk Xapxkiscbkoro HamjonadbHOro yHiBepcurery imeni B.H. Kapasina
: Cepia "MaremaTuka, NpUKJIAJHA MaTeMaTuKa i MexaHika"
YK 539.3 Ne 826, 2008, ¢.151-164

MeTo/1 rpaHUYHBIX UHTErPAJIbHBIX YpaBHEHHI B
IPOCTPAHCTBEHHBIX AMHAMUYECKUX 3a7a4aX MEXaHUKH
pa3pylleHns] MATEePUAJIOB C MEXKCJI0eBbIMU TPEUIMHAMU

B. A. MeHbIIuKOB

Hruemumym mexarnury um. C. II. Tumowenxo HAH Yrpaurov
Kues, Yxpauna

IMTomyueHa cUCTeMa TI'DAHUYHBIX HHTETPAJBHEIX YDABHEHHWH JJId MaTepH-
aJloB C TPEIIMHAMM Ha IIOBEPXHOCTH pa3Jesa CpeJ NpH JHHAMUYECKOM
HArpy»Kenuw. B ciiyvae IUIOCKON ITOBEPXHOCTH pasjesia U TapMOHUYe-
CKOrO HAUpy>KEeHHsl [PEeICTABJIEHBl COOTHOLIEHUS [/ CHHIYJIAPHBIX sIIEp
UHTerpaJbHbIX ypaBHenuit. Ha ocHoBe MeToga IpaHHYHBIX 3JIEMEHTOB
paccUNTaHLl TApaMETPhl MEXaHWKH Da3pylIcHHs IIa OHMaTepHajoB C
KPYrOBBIMH TPEIIUHAMH B ILUIOCKOCTH pa3lesia IpPH HArpy2>KEeHUU BOJIHAMU
PaCTSKEHUA-CXKATHA U COBUTA.

2000 Mathematics Subject Classification 7T4R10, 74M99, 45E99.

1. Beenenue. Mero rpaHuIHbIX WHTETPANbHBIX YDAaBHEHUI B CTATUYECKUX
3aJ249aX MEXAHUKW TBEPAOTO TeJa, [O-BUOUMOMY, OBLI BIIEDPBbIE UCIIOJIBL30BAH B
paGorax Rizzo u Cruse (1, 2]. Janbueitimee pa3ssuTue oH noayunna B paborax A.H.
I'y3st u ero yueHuxoB [3, 4] NpUMEHNTENBHO K AMHAMUYIECKMM 3aJa9aM MEXaHHKH
paspyILeHus 11 OMHOPOXHBIX Tes. HacTrosmas craThs NOCBAIIEHa BOIPOCaM UC-
TOJIb30BAHMST METOIA TPAHNYIHBIX WHTErPAILHBIX YPABHEHUN [IDU PEIIeHUU 3a/1a4
MEXAHWKH Da3pyIIEHHUs] COCTABHBIX YUPYIHX CPeJl ¢ TPEIIMHAMH B TPAHHLAX HX
paszesia Ipu JUHAMUYECKOM HArPY KEHUH.

2. ITocranoska 3agaum. Ilon paspymenneM Tejga MOHUMAIOT HCYEPHAHUE
UM Hecylel criocOGHOCTH, KOTOPOE IPOMCXOIUT M3-38 HECKOJBKUX (PaKTOpPOB, B
YACTHOCTH, BCJIEACTBHAE HAKOIJIEHUS MOBPEXKJIEHHI U HEKOHTPOJMPYEMOTO POCTa
rpemuH. CornacHo obuiedyHKIMOHAIBHOMY METOLYy MEXaHNKH paspylueHus [5)
JOKAJIbHOE Pa3pyIIEHHe ONPEIe/sTeTCs KPUTEPHIMU BUIa

f(K1, Krr,Kqir) =0,

rae f — Hekast (PYHKIMS, ONpeesemMas SKCIepuMenTanbuo, K; — koadduimen-
eI HHTeHCHBHOCTH HanpspkeHuit (KVIH) HOpMasibHOrO OTpbIBa, HONEPEYHOrO U
IPOLOTIBHOTO ¢BUra (IIEpBOM, BTOPOI M TpeTbeil MOIbI COOTBETCTBEHHO).
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152 B. A. Mesbnkosn

‘ H1st k0a(ppuipeHToB HHTEHCUBHOCTH HAIIPSIPKEHHH [I€PBO#i, BTOPOil U TpeThel
it MOJBI TIPH AMHAMUYECKOM HATPYKEHMH OOIIEN3BECTHBI BbIPAYKEHUS

K= max lin(l) V2rrogi(r,t), t €T =[0,00), (1)
r—

rze 0yj(r, t) — KOMIOHEHTB! HAIPAXKEHUS Ha TIOBEPXHOCTH CIEIIeHHs cpef y PpoH-
TA TPELIWHbI, T — PACCTOsSIHUE OT (PPOHTA TPELHbI O TOYKH, [Je HAMWJIEHO Ha-
npsi>keuue; t — BpeMd.

Coornomenust (1) MOryT GBITH MCIIOIB30BAHBI /IS TPELUMH B KOMIIO3UTAX HA
IPaHUIE pa3fe/a Cpej IPH YCJIOBHH, 9TO T HaxoxuTcd BO/M3u GpoHTa B 06IaCTH
KOPPEKTHOCTH PEIUeHHMs, KOTOPasi ONPEAENISIeTCsT CAeLyOUnM yeIoBueM u3 [5)

@

1> % >eh. @)
31ech R — xapakTepHBI#f paxmep TpeIuHsl, 3 — GHynpyras MOCTOSHHAS Ma-
TepuaoB
g1 i (AR (1) (M) 1 3,,0m)
TRL SNt ne AN MR e

O BT D@ T = m) g fm)

PaccMoTpuM GECKOHEYHOE YIIPyroe TeJO B TPEXMEPHOM IIPOCTPAHCTBE, KOTO-
pO€ COCTOUT M3 ABYX OXHOPOJHBIX M30TPOIHBIX TEJI, 3AHUMAIOIIKUX MNOH00IacTH-
nosynpocrpascTsa ™) ¢ pasHbIME PH3MKO-MEXAHUYECKEMH XAPAKTEPACTHKAMI
Am), . plme o™ (m = 1,2), 'V » 1 — peryasipabie rpanuup! mogobnacTei,
XapaKTepu3yIomuecs BHEUTHUMH HOPMAIAMU Np() | Npe). [Tonoxum, uro @y
I'® cocrost n3 Geckoneunsix ydacrkoB I'*() u ()| ofpasyromux obwmit yua-
crox rpamumpl I* = I*M) N T*@)| a makxe komeunsix yuacrkos IP(Y) u P2
obbeguHenre KoTopuix I'P = 17(1) Y P ppencrasaser coboit Tpemmry. OpPOHT
i TPEIUHbI HENOABYXKEH U SIBJISIETCS 3aMKHYTOI Imaakoit kpusoi Ha ™.

‘1 IIycTtb cocTaBHOE TE/I0 C TPELIMHON Ha IPaHUIE Pa3felia Cpel IHOABEPXKEHO
, JUHAMHYECKOMY HArpy KeHHUIO.

HanpsixxenHo-1eopMIPOBAHHOE COCTOAHUE KAaXKJAOrO M3 TeJl OIMCHIBAETCH
l yPABHEHUSIMHA JIMHEHHONW MMHAMMYECKONW TEOPUH YIPYTOCTH B IEPEMENIEHUSIX B
: OTCyTCTBUE OOBEMHBIX CHJI

(A 4 pm)grad diva™ (x, ) + u(MAu™ (x, t) = p™e2u™ (x,t),  (3)

'. xeQm teT,

Ha 061[],6M y4JacTKe rpaHulbl 3aJaM YCJI0OBUA INIOTHOTO KOHTaKTa

JUR—

u(x,t) =u®(x,t), p(x,¢) = -pP(x,t), xeI* teT,
il Ha IIOBEPXHOCTAX TPEIIUHbI — YCUIINSA

| pU(xt) =g (x,8), xel’™, te,

e ——————




Merox rpaHHYHBIX WHTErPAJbHBIX ypABHEHMI

p(2)(x, = g(z) (x,t), x€ 1"”(2), t €T,
a Ha OECKOHEYHOCTH — YCJIOBHUS, KOTOpbIE O0ECHEeYNBAIOT KOHEYHOCTh SHEPTHUH

YIPYroro Teja, 3aHUMAIOIIEro HEOTPAHUYEHHYIO 00/1aCTh.
Havanbnble yciioBust 3a1axuM B BUJIE

u™(x,0) = gradu™(x,0) =0, x e Q™.

Pemenne ypasaenuii (3) ¢ BplIENPHBEAEHHBIMYA KPAEBBIMH YCIOBUAME TIO3BO-
JSIT TIOJIyYUTh TapaMeTPhbl HAIPsKEHHO-Ie(OPMUPOBAHHOIO COCTOSIHUS BO BCel
omactu = QMO U Q) Onmako 310 ABIsETC CIOKHBIM, LOPOTOCTOSIIUM H
M3UIIHEM JeJI0M, U060 /Il BLIYHC/IeHNs IlapaMeTpPOB MeXaHuKK paspylienus (1)
HEOOXOAMMO HAUTH KOMIIOHEHTHI HAIPSKEHWH JIMIIbL HA CIEIJIEHHBIX ITOBEPXHO-
crsix BOsm3u pponTa Tpemmubl. [losTomy mepeiizeM OT 3aJadd B TpPeXMepHOil
00/1aCTH K 3aJ24€ Ha ee IPaHuUle.

3. I'panuuHble MHTErpajibHble ypaBHeHMs. B kaxmoii u3 noxobia-
creit Q™) nepemerenus IPeACTABEM Yepe3 IPaHUYHbBIE TEPEMEIIeHHs U TIOBEpX-
HOCTHBIE CHJIBI B BHE coorHomenni CoMubsibl, 160 B 9TOM CJIydyae He BO3HUKAET
sonpoc obocHoBaHMs (hOPMyYJIBI IPECTABICHNs peureHus [6)

™ (y,t) = / / p™ (%, 1)U (%, 3,8 — ) — ud™ (x, YW (x,y, ¢ — 7)dxar,
T p(m)
ye™ teT, j=1,23 (4)

AHaAJIOTUYHbIE COOTHOIIEHHUA MMEIOT MEeCTO IJisd KOMIIOHEHT BEKTOPa HaI'PDY3KHU

.0 = / / P, DK (x,y,t = 7) — u{™ (x, 1) ES" (%, y, t — 7)dxdr,
T p(m)

ye Q™ teTrg=123 (5)

3 = ab (b . U(m) i
ech X TOYKA HAOJIOACHUA, Y TouKka Harpyzxenus; U (x,y,t — 7),

") (x,y,t—7), Ki(;”) (%x,y,t—7), Fi(;n) (x,y,t—7) — dyHIaMEHTAIbHbIE PELIEHNs]
JIMHAMHYECKON TEOPUH yIPYTOCTH.

Vuntemas, aro I'D| I'?) — perynspusie moBepxsoCTH U mojaras, 4uTO Cy-
IECTBYET AOCTATOYHAs IVIAJKOCTb PACIpPEAeNIeHUH TIOTHOCTEH TPaHUYHBIX I1€-
peMeIneHuit ¥ MOBEPXHOCTHBIX CWJI, B cooTHOmeHusix (4) n (5) yerpemum TOUKY
npocrpascrsa y Ha (™), nomyanm ypasrenns na rpamine

;m) y,t)—/ / (m) U(m)(x,y,t—T)—ul(m)(x,T)Wi(;n)(x,y,t-—T)dxd'r,
T p(m)

AP0 = [ [ e 0yt 7) =l (7B (., £~ ),
T p(m)

(6)
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smecs y € I(M),

B 311 paBeHCTBa BXOAAT M3BECTHBIE BETMUNHbBI, KOTOPBIMHU SIBJISIIOTCSI TIOBEPX-
HOCTHbIE CHJIBI Ha yyacTKax rpasun IP(™) 1 nenspecTHbIE: IEpEMEIIEHNs Ha yYacT-
kax I'P(™) a rakxe TIOBEPXHOCTHBIE CUJIBI U IIEPEMEINEHUsT Ha yYIACTKaX [*(m),
st HAXOXKAEHUsT YKA3aHHBIX HEU3BECTHBIX MOCTPOUM CUCTEMY IDAHUYHBIX MHTE-
IPaNIbHBIX ypaBHeHMIt Ha ocHoBe (6).

['paHuYHbIE HHTErPAIbHbIE yPABHEHHs Ha nosepxHocTsx obmacreit Q1) u Q)
OyayT UMETb BUJ:

1
2070 = [ [ ey t-r)-ul™ xS v t-r)ixdr+
T 1p(m)

+/ / pgm)(x,'r)Ki(;")(x,y,t—T)—ugm)(x,r)Fi(jm)(x,y,t—r)dxdT, v € [PVan
T p*(m)

Ay, = / / o™ (3, VK™ 35, y, =) ™ (x, ) ES™ (x, ., t— ) dxcdr+
T pe(m)

+/ / p,(m)(x,T)K,-(;")(x,y,t—r)—ugm)(x,T)Fi(jm)(x,y,t——r)dxdT, ¥.& s
T p*(m)

1

s (m)(Yat) / / g,(m)(x,T)Uigm)(x,y,t—r)—u(. )(x T) W(m)(x y, t—7)dxdr+
T 1r(m)

+/ / me) (xa T)Uz(]m) (x,y,t——’l’)—u,’(:m) (x1 T)Wzgm) (X, y,t—T)dXdT, Y.< P*(m)' ‘
T px(m)

ITpoussenem 3aMeHy [EPEMEHHbIX B STHX YPaBHEHHSX, HCIIOIb3Ysl YCJIOBHSA
IIJIOTHOIO KOHTAKTa!

uD(x,t) = u (x,2), pP(x,8) = —p}(x,8), xeT*D),

P (x,1) = uf(x,t), 5P (x,t) = pi(x,8), x€T"®.

B obnacTu MI0THOTO KOHTAKTa IepeiieM K MHTErPIPOBAHUIO 110 ITIOBEPXHOCTH
I™ Takoi, 9TO Nr+ = Np.(2) = —Np«(1). Toraa nocse npeobpas’oBaHuit, ONUCAHHBIX
B paGore [7]| moay4nM cucTeMy IDaHHYHBIX ypaBHEHHI

1
39700 - [ [ o0yt - ryixdr =
T red)

2 “/ / ul (x, 7)) (%, 3, — 7)dxdr—




Merox rpaHHYHBIX HHTErPAIBHBIX YPABHEHMH

‘/ / prx, KD (%, 3,8 = 7) — ul(x, ) FS) (x,y,t = 7)dxdr, y €0,
5 i

2 (2) (y’ ) / / 952) (X, T)Kq,(]z) (X, Yt T)dXdT =

T re(2)

= —/ / u£2)(x, 7')Fi(j2)(x,y,t — 7)dxdT+

T 12(2)

+//p:(x’ T)Kz(_?) (x,y,t P> T) o u’ik(x’ 7')Fz(32) (x,y,t i, T)dXdT’ Y e Pp(Z),
TIG*

/ / gfl)(x,r)Ki(;)(X,y,t — 7)dxdt —/ / (4 )(x T)K( )(x,y,t — T)dxdT =

T pe(1) T rp2)
] :/ / uz(l)(x,'r)Fi(j)(x y,t — 7)dxdr —/ / 2)(x T) F(z) (x,y,t — 7)dxdT+
T re(1) T 1r(2)
’ + [ [oren) (KPxyt =)+ KDyt = 7)) dear-
4 R s
" // *(x*r F() (x,y,t — F(2)(x y,t—'r))dxd'r yer,
5 R

/ / (1)(x T)U (x y,t — 7)dxdr —/ / gfz) (X,T)U,i(f) (x,y,t — 7)dxdT =

T re(1) T 1r(2)
1
=/ / ugl)(x,T)Wi(jl)(x y,t—7)dxdr — / / (2) (x,7) W(2) (x,y,t—7)dxdT+
T re() T 1p(2)
//pl {x, T) U( ) (x,y,t —7)+ Ui(]?)(x,y,t - 7')) dxdr—
T I'*
- //u;‘(x, T) (Wi(jl)(x,y,t -7)+ Wi(jz)(x,y, t— T)) dedr, yel™. " (¥
S B

U3 pelneHnst 3TUX rpaHUYHbIX YPABHEHUN HAXOAATCH HEM3BECTHBIE: u( )(x,t),
(2
U, )(x, t) — nepememenns: Geperos TpemwwmHsl, u;(xX,t), pf(x,t) — nepemelnenns u
YCHJTUS, BOSHUKAIONME HA OBEPXHOCTH CLEMJICHHS] PA3HOPOIHBIX CPEI.
4. SInpa yHTErpaJIbHBIX YPaBHEHUMN. AHAINTHYECKOTO PEIeHNsI CHCTEMbI
IPAHMYHBIX UHTErPAJIbHBIX ypaBHeHHH (7) Ha CEroHALIHUN JEHb HE CYLIECTBYET.
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Ho u uncnenHoe ee pelrenne CONPs?KEHO € TPYJHOCTSIMH U3-3a GOJIBIIMX TOTPEG-
HOCTell pecypcoB KoMmbioTepa. IloaTomy, He cHIDKAsI 3HAYMMOCTH 337894, BBEIEM
OrpaHMYeHUs Ha THII HOBEPXHOCTH pa3fiesia Cpejl M Ha BUJ( AUHAMUYECKOrO Harpy-
JKEHUsI.

I[Tycre noBepxHOCTL pas/ena cpe/ OpeacTaBisieT coboii mI0cKocTb. JexapToBy
cucreMy koopauHaT OZ1Z2x3 PacmonokuM Tak, 4robsl ocu Oz; 1 OTy HAXOMU-
JIUCh B TUIOCKOCTH Pa3zelia MOJIyIPOCTPAHCTB.

IMonoxkum, uro Harpyska, JeHCTBYIOMIAsT HA COCTABHOE TEJIO C TPELTUHOMH, SB-
JIleTCsl TADMOHUYECKO# ¢ KPyroBo#f yacroroit w = 27 /7.

Torma dusuyeckue mapamMerpsl 3a/a4u IPEICTaBUMb] B BUIE:

p(x,t) = Re{p(x)e ™}, wu(x,t) = Re{u(x)e '},

rae p(x), u(x) — KOMILIEKCHbIE aMILTATYIBI.

B srom ciydae sapa us (7) npumyT Buz: Usj(X, y,w), Wii(x,y,w), Kij(x,y,w),
Fij(x,y,w); 31ech u Janee BePXHHE MHIEKCHI OnylieHbl. [1oy4uM BbIpaskeHus
JUISL YKA3aHHBIX SIAEP.

N3BecTHO, uTO DyHIAMEHTAIBHOE NIEPEMENICHNE TEOPUH YIIPYTOCTH B CIIydae
rapMOHMYECKOIr0 HArPY>KeHHs MOXKeT ObITh IIpEJICTaB/IeHO B BUjE [3]

or Or
Uij(x,y,w) = (1/) ij XE::@—%-) .

_ep(h) (1.1, _en(-l)d (1,1
g <12+z +1> F o aN\ET L)

o -lg) (3 3 _exp(- 11)62 3
- l2+l2+1 - l2+l1+1

B CBOIO ouepenpb ly = iwr/cy, la = iwr/cy, ¢1 ¥ cy — CKOPOCTH TPOIOJILHBIX H
IIOIIEPEYHBIX BOJH, 7 — PACCTOSHHE MEXKAY TOYKAMU X U Y.

Anpa Wij(x,y,w), Kij(x,y,w), Fij(X,y,w) onpeaensiorcs cieayiomumu co-
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Merox rpaHUYHBIX HHTErDAJbHBIX ypaBHEHMH
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rae ni(x), ni(y) — IPOEKIUH BEKTOPa HOPMAJIH.
Hcnonb3ys npencrasinenust GyHKU#A 1, Y ¥ UX IPOU3BOAHBIX psagamu Teitno-

pa 1o crenessMm [, ls [8] nosyuaem BbIpaskeHus J71s sIep CHCTEMb] HHTETPaJIbHbIX
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Fi3(x,y,w) = Fo3(x,y,w) = F31(x,y,w) = Fp(x,y,w) =0.

AHa/IM3 TI0JIYYEHHBIX COOTHOLIEHHH YKA3bIBAET HA IIPHCYTCTBHE B HUX OCOOEH-
HOCTEell KOPHEBOI'O THUIIA: 'r"3, r‘z, r1, Benencrsue wero B cucreMe (7) OymyT uB- :
TerpaJibl, KOTOpble HeOOXOIMMO OHUMATH B CMbIC/IE KOHEYHO YacTu 110 A jaMapy
[3, 9]. ITomxox ¥ COOTHOIIEHNUS [17Isi BBIYKMCIIEHNS TAKAX HHTETPAJIOB IIPEICTABIIEHb
B [10].

5. Meroa rpaHMYHBIX 3JIEMEHTOB. [Ipunuvasi BO BHUMaHWe, 4TO JeicTBY-
I01Ias Ha COCTABHOE TEJIO HArpy3Ka SIBJISETCSl FADMOHHYECKO, dusuyec-kKue ma-
paMeTphl 33Ja4i, TO ecThb ycuus P(x,t) u nepeMernenust u(x,t) B cucreme rpa-
HUYHBIX YDPaBHEHHH 3aMEHMM MX KOMILIEKCHBIMM aMIUINTyZaMu P(X), u(x), umesd
B BHJY YTO

p(x,t) = PRre(x) cos(wt) + prm(x) sin(wt),
u(x,t) = upe(x) cos(wt) + urm(x) sin(wt). (8)

Beinenus B ypaBHenusx (7) melcTBUTE/bHBIE M MHUMBIE YACTH, IIOJTYYHM
CHCTEMY MHTErpaJIbHBIX YPABHEHUI OTHOCHUTENBHO COCTABISIOUIMX KOMILIEKCHBIX
aMITUTYJ TIePeMeIeH il U yCH/INi IPM KOCHHYCaX ¥ CHHYCaX B pas3jioxeHusx (8).




MeTtoxn rpaHUIHBIX WHTEIPAJIbHBIX YpPaBHEHUI

HucienHoe pernenne nmpeoOpa3oBaHHON TaKUM 00pa30M CHCTEMBI ypDaBHEHUH
(7) 6yem uCKATH HA OCHOBE MPAMOTO METOAA MPAHUYHBLIX 3jieMeHTOB. [ls aToro
AIIPOKCUMHUPYEM TIOBEPXHOCTH TPELIMHbl ¥ IIOBEPXHOCTh CUEIJIEHUS ILIOCKHMH
MHOIOYTOJBHUKAMY — IPAHUYHBIMYU 3JIEMEHTAMH:

NT! NT? NT*

It = UFI’ = UI‘I, Bt UFz, Fz’ﬂerQ), i # Jy
g foct bt

roe N Fl, N Fz, NT" - konmuecTBO rPaHUYHBIX SJEMEHTOB HA ITPOTHBONIOIOAHBIX
IIOBEPXHOCTSIX TPENINHBI U HA TIOBEPXHOCTH CIEINIEHHS, COOTBETCTBEHHO.

Bocnosibayemest METOI0M KOJJIOKAIME C ITOCTOSTHHON aIllpoKCUManuei mnapa-
METPOB 3aJa4i Ha KaXKIOM IPAHMYHOM 3JjiemeHTe. Torma 11peobpa3oBaHHYIO CH-
creMy ypasHeHHit (7) MOXXHO 3anucaTb B MaTpu4HOil (hopme

B=AZ

3mech B — BEKTOD 3aJIaHHbIX HATPY30K, Z — BEKTOP HEM3BECTHBIX JAEHCTBUTEIHHBIX
U MHUMBIX COCTABJISIIOIIIX KOMILIEKCHBIX AMILUIMTYI( IIEPEMEIIEHIH U YCUIU.
Marpuiyy A 3anumieM B GJI0YHOM BHJIE

A Ap ]
A 9
[ Ag Ag |’ (9)

B CBOIO OY€pPEb

1 Ll el
Au"—‘[FFl : J, A12=[ . KF*],

0 F3 PR KE,
Ry on Ry, A\ Rp2aToogcl
Ay = [ wh w2, |’ Ay = w2 _uR | (10)
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(11)
BBIDAKEHUS J1JIsI F%‘g, Fllw, F%.,, Ff%, U}% UMEIOT AHAJOIUMYHYIO CTPYKTYPY H
nosy4aroTcs 3ameHoi B (11) unmekcor u saep;

Wi =
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Wiy, 0 0 0 W31Re i 5 ]
0 0 0 0 Ve am vt bt
0 0 0 0 W32 1 —W32
0 0 0 0 W32 o W32, 1 |
W13R,e i —W13}m Vi W23R£ Fi W23Im 1 0 0
| W13 Widg o W23 o W23 0 0 l
(12)

BBIPAXKEHWUSI JJIsT Wrg, K}u, K%‘,., W%«Q., KF. HUMEIOT Ty Ke CTPYKTYpY, 9T0 u (12),
OHH TIOJIy4al0TCsl COOTBETCTBYIOIIMMH 3aMEHAMH.

Ananuz Buga marpuusl (9) ¢ yuerom (10) — (12) moxasbiBaer, YTO OHa He
COINEPYKUT HYJIEBBIX YIEHOB HA [VIABHOM J(MAroHaJM, M, C/IEeJOBATEIbHO, CHCTEMa
JIMHEHHBIX aJredpandeckux ypaBHEHHI MOXKeT ObITh pelIeHa IIPSMBIM WU UTepa-
IIOHHBIM METOHaMHU.

6. IIpumepsl pacueroB. Pacuerrble nccnenoBanus K03hMUIIeHTOB NHTEH-
CHBHOCTHU HAIIPSKEHUH BBIIOJHEHBI JJIsi KPYTOBOM TpeuuHsl ¢ paguycom R =1
B IUTOCKOCTH COEIMHEHHs CJIEAYIOLINX Iap MaTepPUAJIOB: CTaJIb-aJIOMUHUNE 1 6Op-
3MOKCUAHAsA cMosa. Harpyska, meficTByrouiasi Ha COCTABHOE TeJIO, TIOAYMHAIACH
3aKOHAM TapMOHMYECKHUX BOJIH PACTSKEHUS—CXKATUS U CABUIa, KOTOPbIE PACIpo-
CTPAHSAJINCH TEPIEHAUKYJISIPHO K TIJIOCKOCTH CLEIIEHus cpel. VIHTeHCHBHOCTD Ha-
IPY3KH MEHSIJIACH 3a CYET yBeJU4eHus (YMEHbIIeHNsI) KPYTOBOM YaCTOTHI TaK, ITO
IpUBeJIeHHOe BOJHOBOE 4ucyo ke R = w/co R usmensutocs B uurepsade [0, 3] (3zech
Co — CKOPOCTb IIONEPEYHBIX BOJIH B AJIOMHUHUN).

Bepxusis u HUXKHsAS IOBEPXHOCTU GEPEroB TPEIIUHbI, IOBEPXHOCTD CLEIJICHUS
MaTEPHAJIOB AIIIPOKCAMHUPOBAHBI IIJIOCKUMK I'DAHHYHBIMY 3JIEMEHTaMHU, KOTOPHIE
CTyIIAJIUCH TIpK Npub/KeHn: K PPOHTY TpeurHbl. PazMep 3/1eMEHTOB B HAIIpaB-
JIEHHH Paauyca OKPYKHOCTH, IPUMBIKAIOIIUX HENOCPEACTBEHHO K (PPOHTY Tpeliy-
HBI ¢ ABYX CTOpPOH, cocrasisan /R = 0,002. B npenenax rpaHu<HOrO 3ji€MeHTa
napaMeTpsbl 3aQa9d II0/IArajJiuch HEN3MEHHBIMA.

BribpanHbie napsl MATEPUATIOB XapaKTEPHbI TE€M, YTO UX Ouynpyrue IocTosH-
uble (8 = 0,0305 st mapel cramb-amomusnit, § = 0,0682 nna maps 6op-
SMOKCUAHAsL cMoya) Haxogsarcs B mHTepBane or 0,03 mo 0,07, uro BMmecre c
r/R = 0,002 obecrieunBaer ycaoBHe KOPPEKTHOCTH pelneHus (2).

XapakTepuCTHKHU MCIIONb3YEMBIX B pacueTax MaTEpHUaJIOB ObLIM CJIeLy IUMU:
amomunnit — E = 70,3TIla, v = 0,347, p = 2700xr/m®; 60op — E = 385I'Tla,
v = 0,21, p = 2600xr/m; crams — E = 207TTa, v = 0,288, p = 7860kr/m’;
snokcunHas cvona — E = 4,6Ta, v = 0,36, p = 1380kr/m>.

B pesynbrare pemenns 3amaud A KadKIOH Iapbl MATEPHAJIOB NPH W3-
MEHEHHM 4YacTOTbl HArpy>KeHUs B 3aJaHHOM HHTEpBajle HaWIEHbI IapaMeTrpsl
HAIPSKEHHO-1e)OPMUPOBAHHOIO COCTOSIHUSI Ha OGeperax TpelmMHbI ¥ Ha CLel-
JIEHHBIX [I0BEPX-HOCTAX MaTepuaJsoB. Mcrons3ys HallieHHbIE KOMIIOHEHThI yCHIIHi
BO/M3M (ppOHTaA KPYTOBOI TpeuyHbl B OuMaTepuanax npy U3MeHAIOImeHcs YacTo-
Te HArPy’KeHHs, BbIYMUC/EHBI 10 COOTHOIeHusiM (1) Besmumnbl KO bUIIEHTOB
MHTEHCUBHOCTH HaIPSKEHNH.




Meroz rpaHHYHBIX UHTEIPAIbHBIX ypPaBHEHHI

Ha pnc. 1, 2 npeacrapiens! pacipe/esienns OTHOCHTEIbHBIX KO3DpHIHEeHTOB
wnrencnBrOCcTH Hanpsoxennit Ky = Kp/K§' u K = Kir/K$% B sasucumo-
cru OT TmapaMerpa ko R mjisl map: cTajib-aJIOMUHUIA, 6op-:-)nor<cmmas{ cMoJia TIpu
BO3JEHCTBAY BOJIHBI PACTSIXKEHUSI-CXKATHS.

Puc. 1: KUH nopMmanbHOro OTphiBa B OmMaTepuasax (BOJHA pACTAYKEHUS-
ckatust): 1 — cranb-amoMuHEl, 2 — 60P-9NOKCHAHAA CMOJIA
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Puc. 2: KH noniepeunoro capura B 6umaTepuanax (BOIHa PaCTIKEHUsS-CoKATHS ):
1 - cranp-amoMuHAH, 2 — GOP-3MOKCUIHAS CMOJIA

Bnecs Kjtot| K$tat — KWH nepsoit u BTOpOi MO/BI IIPU CTATHIECKOM HArpy-
JKeHUM DACTSIXKEHHeM /IS IAPBI CTATb-ATIOMHHHMIA.

Ha puc. 3 - 5 npusezienbl pacupe/iesieHusi OTHOCHTENbHbIX KO3(DDULIEHTOB
MHTEHCUBHOCTH HAIPIXKEHUN K; = KI/K“‘” Kn =K 11/ K} St“t u Kjp =

Krrr/K§tt s 3aBucumocty ot napamerpa kR aas map: CTanb—a.anHHnﬁ, 6op-
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SNOKCHIHAS CMOJa IpPH JeficTBUHM BOJHBI capura. K3t K$tat | pstat . KITH
I1epBoit, BTOPOil ¥ TPEeThell MOZBI HPH CTATHYECKOM HATPYXKEHHH CABHUTOM JUIs
1aphl CTAJIb-AJIOMAHUIA.
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Puc. 3: KIH nopmaneHOrO OTphiBa B 6MMaTepnanax (BosiHa casura): 1 — cramis-
AJIOMUHHUIM, 2 — OOP-3MOKCHIHAS CMOJIa

Puc. 4: KVH nonepeusoro cupura B 6umarepuanax (Bonma casura): 1 — crajs-
AIIOMUHAM, 2 — 6OP-3MOKCUAHAA CMOJIA

W3 mpezncraBieHHBIX DPE3yJbTATOB PACYETOB BHIHO, YTO MOJIOXKEHHUE TOYEK
MaKCUMyMOB B PACIIPEJE/IeHUAX OTHOCHTEIbHbIX KO3((MUIHEHTOB HHTEHCHBHO-
CTH HAIPS’KEHH#l CYIIECTBEHHO 3aBHUCSAT OT MEXaAHHYECKHX XapaKTEPUCTHK Cpe,
cocrasiisiolx Gumarepuas, u npu 6osburem napamerpe [ (KpuBbie 2 Ha PUCYH-
KaX) TOYKH MAKCHMYyMOB CMeIIAIOTC B CTOPOHY MEHBIIUX YACTOT HAIDYIKe-HHUS.
[unamuueckoe Harpy»ceHne B Cilydae AEHCTBHA BOJHBI PaCTSIKEHUS-CKATHS B




Meron rpaHMYHbBIX WHTETPAJIbHLIX ypPaBHEHMN
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Puc. 5: KMH npogmossroro casura B GuMarepuanax (BojHa casura): 1 — crasb-
AMIOMHHUI, 2 — 60P-3NOKCHIHAS CMOJIa

Gompimelt crenenn cka3piBaercst Ha Benuwdune KVMH sropoit mombr. Kpome Toro,
BIusiHMe quHamudeckoro Harpyxenus Ha KUH Bropoit Momer pacrer ¢ ysenuue-
HueM napamerpa § (puc. 1, 2). Ilpu neilcTBUM BOMHBI CABHMIa, OTMEYEHHBIE TEH-
nenunn npucymm KWH nepsoit mogm (puc 3-5).

7. 3akmouenne. Vrak, nosydena cucremMa rpaHUUHBIX HHTETPAIBHBIX YPaB-
HEeHWii J1/1 331241 O TPeIXHe Ha IPaHuIe pasjiesa yIpyruxX Cpell B KOMIO3UTHOM
MaTepuase IpH AMHAMH4ecKo# Harpyske. Jlist ciiydast TapMOHM-YECKOro HArpy-
XKEHUS U IIPH YCJIOBMH, YTO MEXXMATEepPUAJIbHAs [MOBEPXHOCTb SABJISAETCS IIOCKO-
CTbIO, IIPEACTABIIEHbl BHIDAXKEHUs! CHHTYJISIPHBIX €D MPAHUYHBIX UHTEIPAJIbHbIX
ypaBHeHHif. CucTeMa IpaHNYHBIX WHTErPAJIBHBIX YPABHEHHH CBEIEHA K CHCTeMe
JMHEeHHBbIX anrebpauyvecKnX ypaBHEHMII Ha OCHOBE IPSIMOTO METOJ[d TPAHUYHBIX
37€MEeHTOB. BhINoJIHeHbI pacyeTHbIE UCCIeA0BaHuA KO3 DU-LINEHTOB MHTEHCHBHO-
CTH HANPsYKEHHIT JJIs KPYroBo# MeK(da3HOo# TPelHbI B Iapax CTaJIb-aIlOMAHMM
1 60P-3NOKCHAHAS CMOJIa IPHA HArPY>KEHUH BOJIHAMA PACTSKEHUSA-COKATUA U CIABH-
ra ¢ u3MeHsOIeiicss Kpyropo#t yacroroi. [Ipo-aHasmsnpoBanbl pacipeesiennus
K09 PHIIEHTOB UHTEHCHBHOCTH HAIPSYKEHHUH B 3aBUCHMOCTH OT YaCTOTHI HATPY3-
KM U XapaKTEePHUCTUK OMMAaTEepPHAJIOB.
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