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The analytical model of the 2D tokamak magnetic field for the test particle simulations is proposed. It is shown how to vary the
model parameters to obtain the plasma shape with the different ellipticity and triangularity. The problems of the particle direct losses
in tokamak are discussed. The loss cones of the particles are calculated for the different initial radial locations. The minimum trapped
particle energy required to escape from the plasma due to the first orbit losses is found numerically for the different ion species.
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YUCJIEHHOE U3YUYEHUE MPAMBIX IIOTEPH 3ANIEPTBIX YACTHUIl B TOKAMAKAX
H.A. A3zapenkos, JK.C. KonoHeHko
Xapvroeckuii Hayuonanvhulil ynusepcumem um. B.H. Kapasuna,
nin. Ceoboovl, 4, 61077, 2. Xapvros, Ykpauna

Ipennoxena aHanuTHYeckast MoJedb 2D MarHUTHOTO TOJIST TOKAMAKOB JUIsl MOZIEIUPOBAHUS METOIOM TeCTOBBIX uacTHIl. ITokasaHo,
Kak MOCPEICTBOM H3MEHEHHUs MOJEIbHBIX MapaMeTpoB AOOHTHCA CEUCHHUS IUIa3Mbl C Pa3HBIM 3HAUYEHHEM SIUIMOTUYHOCTH U
TpeyronsHOCcTH. [IpoaHann3upoBaHEl BOMPOCH! NMPSMBIX MOTEPh YACTHI[ B TOKamakax. I1ocTpOeHBI KOHYCHI IOTEph YACTHIl UL
Pa3IMYHBIX HadaJbHBIX PAIUAIBHBIX MOJOKeHHIl. UHMCIeHHO HaliieHa MUHUMANbHas SHEPrus, IpH KOTOPOH BO3MOXKHA HpsiMast
HOTeps 3aIlePTHIX YaCTHIl U3 IUIa3MBL, JUISl Pa3IHYHEIX COPTOB HOHOB IIa3MBlL.

KJIIOYEBBIE CJIOBA: yron BpamarensHoro npeoOpa3oBanusi, otoOpaxenue [lyankape, 3ameprTble M HpOJETHBIE YaCTHIHI,
IIpsSIMBbIE IOTEPU, KOHYC IOTEPb.

YUCJIOBE JOCJIIJKEHHSA ITPAAMUX BTPAT 3AXOIVIEHUX YACTHHOK Y TOKAMAKAX
M.O. A3zapenkos, K.C. KoHoHeHKO
Xaprxiscokutl nayionaneHuil ynieepcumem im. B.H. Kapaszina
nn. Ceoboou, 4, 61077, m. Xapkis, Ykpaina

3anponoHOBAHO AHAIITHYHY MOJEIb JBOBHMIPHOTO MArHITHOTO ITOJISI TOKAMaKiB JUII MOAETIOBAHHS METOJOM TECTOBHX YAaCTHHOK.
IMTokazaHo, SIK OUISIXOM 3MIiHH MOJICJIBHHAX ITApaMeTpPiB OTPHMATH IIepepi3 IIa3MH 3 Pi3HUM 3HAUCHHSM eINTHYHOCTI Ta TPUKYTHOCTI.
[MpoananizoBaHO MUTAHHS NPSIMHX BTPAT YaCTHHOK Yy TOKamakax. [100yJoBaHO KOHYCH BTpaT YaCTHHOK JUIS Pi3HUX MOYATKOBHX
paiaibHUX MOJIoKeHb. {1 pi3HUX COPTIB i0HIB IJIa3MH YMCIIOBUMH METOJaMH 3HAIICHO MiHIMallbHY €HEprito, IpH SIKiii MOXJIMBa
IpsiMa BTpaTa 3aXOIUIEHUX YACTHHOK 3 TIIIa3MH.

KJIFOYOBI CJIOBA: kyTt obepraipHOro mnepeTBOpeHHs, BimoOpaxkenHs Ilyankape, 3aXOIUieHi Ta MPOJITHI YaCTHHKH, HpsAMi
BTpaTH, KOHYC BTpAT.

The test particle simulations play an important role in the understanding of the processes of particle transport in
the present-day fusion devices such as tokamaks and stellarators. This method allows not only to verify the properties of
the particle motion in the given magnetic field configuration [1] but also to estimate the radial dependence of the
transport coefficients [2,3] as well as to calculate the heat loads on the different plasma-facing components [4].

Another important application of this technique is the study of different mechanisms of particle losses. In this
paper we perform the numerical calculation of the particle orbits and direct losses of the hydrogen ions in a tokamak
geometry. It is an important problem with respect to the fact of energetic tail production under the ICRF plasma heating
in minority heating regime [5] which could decrease the plasma confinement. The purpose of the work is the study of
the particle energies required to escape from the plasma for the different radial particle locations.

TOKAMAK MAGNETIC FIELD MODEL

In present-day tokamaks and stellarators the plasma is confined using the strong toroidal magnetic field. In order
to compensate the radial drift and provide the confinement of particles the magnetic field should be made twisted. In
stellarators the confining magnetic field is fully produced by the 3D external magnetic coils. In tokamaks the set of
planar toroidal field (TF) coils is used to create the toroidal magnetic field. The rotational transform is produced due to
the induced current flowing in the plasma.

In contrast to the inherent 3D structure of the magnetic field in stellarators the tokamak geometry usually has the
symmetry over the toroidal direction. Neglecting the effects with the toroidal ripple of the magnetic field due to the
finite number of TF coils (for example, the number of TF coils for tokamak JET is 32 but could be switched to 16 to
study the enhanced ripple losses [6]) the tokamak magnetic field can be considered as a 2D structure.
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We use the orthogonal curvilinear quasitoroidal coordinate system (r, 6, ¢), where r is the radial distance from the
plasma center, 6 and ¢ are the poloidal and toroidal angles, respectively (Fig. 1). This coordinates are linked to the
cylindrical (R, o, Z) via the relations: R = Ry + r cos b, ¢ = —¢, Z = rsinb, where Ry is the major plasma radius.
The Lame coefficients for the coordinate system considered are the following: h, =1, hg =7, hy = R. We also
introduce the quantity h(r,0) = hys/Ro = 1+ (r/Rp) cos @ which will be useful for further calculations.

The stationary equilibrium magnetic field B(r, ) = (B,; By: Bj) should satisfy the equations:

divB = 0, (1
L 4ro
rotB = — ;. )
C

In the low S case only the toroidal component of the plasma current is non-zero. Assuming the symmetry over the
toroidal direction and using the explicit expression fgr 0B
= 1 1 0By
(rotB)r = — 5 ¢)—E%—0 3)
the standard radial dependence of the toroidal component of the magnetic field is obtained
B¢(T7 9) = BORO/R: BO/h(Tv 9)7 (4)
where By is the magnetic field at the plasma axis.
Now we examine the expression for the divergence of the magnetic field

~ 1 /0 0 0B,
divB= — | —(rRB,) + = (RB — | =0.
iv B <8T(TR )+80(R 9) + 1 8¢) 0 (%)
Under the assumptions made it is simplified to the condition
7] 7]
E (Th(r79)br) + % (h(/,«7 0)()9) =0. (6)
We now introduce two scalar functions ® and ®5 in the following way:
1
bT(Tﬂ 0) = (I'l (7', 9)3
rh(r,0
bo(r,0 | )<I> 0 @
Q(T, ) - h(?", 0) 2(7’, )
Then the equation (6) transforms to the condition:
o 0% _ g
o a0 ®
The magnetic field B is expressed in terms of the scalar functions as follows:
1
= (I)l (7" 0)
- By r ’
B=——1 ®(r,0) |
el W ©)

FACTORIZATION OF THE SOLUTION
Among all the functions ®; and ®, which satisfy the equation (8) we will consider only the solutions that could
be written in the factorized form:

Qy(r,0) = Fi(r) G1(0) + f1(0),

10
(1, 0) = Fy(r) Ga(8) + folr). (10)
Using the separation of the variables one readily obtains
F G
= = =, 11
1= 5 o (11)

where F| = dFy/dr, G}, = dG5/df. Due to the finiteness of the solution at 7 = 0 we have the additional condition
f1(0) = 0. Then the magnetic field model (9) transforms to the expression
1Gy(0) [, Fo(r')dr!
fa(r) = v Fa(r) [y Gu(#)de" ) (12)
1
It should be emphasized that specifying any functions G1(8), Fa(r), f2(r) and constant -y the magnetic field model in
the form (12) automatically satisfies the equations (1) and (2).

By

B =50

CIRCULAR MAGNETIC SURFACES CASE
If we set v = 0 the magnetic field will have zero radial component B,. = 0. From the equation of the magnetic
field lines
di x B =0 (13)
it is immediately obtained that the magnetic surfaces will have the circular form, r=const.
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We will now connect the function fo(r) with the rotational transform profile +(r). From (13) we obtain the
equation which characterizes the twisting of the magnetic field line

dd Ry
ag = 7 M) far) (14)
Let us denote t*(r) = (Ro/7) f2(r). Then the magnetic field is written in such a simple form:
B = Bo/h(r,0) (€5 + (r/Ro) 1" (r) &). (15)

The function ¢*(r) is often called to be the rotational transform when using the magnetic field in a form (15). We will
show below that in a general case it is not true, and ¢*(r) is the rotational transform profile only in the limit of the large
aspect ratio.

The solution of equation (14) with the initial conditions 6y = 0, ¢o = 0 can be written in the following form:

1 0 do
o(0) = L*(r)/o 1+ (r/Ro) cost (16)

The principle branch of the solution valid for —m < ¢ < 7 can be found analytically

- ! 2 : Lor/Ro (0
0= 1—«me2a“g<VI+ﬁRo@<2>> i

For 6; o = +m we have ¢1» = iﬁ. Adopting the definition of the rotational transform we obtain

* /1 —(r/Ro
number of poloidal windings

=< AO/A$ >= =" 1= (r/Ro)?

«r) [Ad number of toroidal windings O (r/Ro) (18)

Here «(r) is the exact rotational transform profile which is confirmed by the numerical integration of the field line

equations. Finally, the more accurate expression for the magnetic field model with the circular magnetic surfaces and

¢(r) as the rotational transform profile has the form

—» By R o(r)(r/Ro)
B(r,0) = Cp+ ————tl &y |. 19
r.0) hvﬂ><¢ T~ (r/Ro)? ' )
To feel the difference between two models (15) and (19), let us to use the typical parameters of the JET tokamak:
Ry =296cm, a =90cm, «(r) = 1/(1.1 + 3.0(r/a)?). The radial difference between the surfaces where +(r) = 1/4
and .*(r) = 1/4 is about 3 cm which could become important when the magnetic islands are presented in the plasma.
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Fig. 1. The quasitoroidal coordinate system (7, 0, ¢) Fig. 2. Poincare plot of the D-shaped plasma surfaces

D-SHAPED MAGNETIC SURFACES
Previously the strong plasma-wall interaction was prevented by using the limiters. In the such tokamaks the
magnetic surfaces have almost circular form. But now with the development of divertor concept only a few tokamaks
use the limiters. Most of present-day tokamaks operate with the non-circular plasma shapes. In this section we will
show how to define the model parameters to obtain the magnetic surfaces with a different ellipticity and triangularity.

The numerical integration of the magnetic field line equations
o = h(r.6) @1(7.0)
r
9O _ oy )0y, 6 0
%—T (7’, ) Q(Tv )
is performed by the sixth order Runge-Kutta scheme (RK6). The initial point of each line is chosen 6y = ¢ = 0. The
initial radial grid is uniform, ro;/a = 0.1i, ¢ = 1,2,..,10. Each magnetic field line is followed for 2000 toroidal

revolutions. The Poincare plot (the collection of intersection points of the magnetic field line with the chosen poloidal
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plane after each toroidal turn) for the surface is produced. Except the rational magnetic surfaces where ¢(r) is the ratio
of two integer numbers, the magnetic field line in tokamaks is not the closed curve but fills up ergodically some surface
which is called as the magnetic surface.

The elliptic surfaces are obtained if we choose G1(0) = sin(26). For example, defining v = 0.025, Fy(r) = r, the
ellipticity of the magnetic surfaces is equal to £ = 1.05 near the axis and £ = 1.27 at the plasma edge.

The more general form of plasma surfaces is the D-shaped configuratuion with the non-zero triangularity §. Such
surfaces can be obtained by adding the term proportional to sin(36) to G;(f). For example, if we choose
G1(0) = sin(26) — 0.5 sin(36) the magnetic surfaces will have the shape shown in Fig. 2. In the considered case the
ellipticity varies from k£ = 1.04 at the center to k = 1.21 at the edge. The triangularity increases from zero at the center
to § = 0.135 at the plasma edge. The radial dependence of k(r) and () could be controlled by the appropriate choice
of the function F»(r).

SIMULATION RESULTS

There are two groups of particles with the different type of orbits in a tokamak. Depending on the initial particle
pitch-angle A\ = )| /v and the spatial location it could be either passing or trapped. The passing particles with the
substantial parallel velocity rotate around the torus and form the drift surface. This surface is close to the magnetic
surface but is somewhat radially shifted inward or outward depending on the sign of A. Also the drift rotational
transform which characterizes the twisting of the particle orbit differs from that of the magnetic field line. The trapped
particles have low parallel velocity, at some point they are reflected from the high magnetic field side of tokamak.
These particles do not complete the full turn around the torus, the poloidal projection of their orbits resembles the
bananas. The banana trajectories of the hydrogen ions with the energy W = 30 keV are shown in Fig. 3. It should be
noted that the trapped particles with A > 0 turn up radially inward while the particles with A < 0 have the outward
radial motion. With the increase of the energy higher than some critical energy W, the banana width will be enough
large for the particles to be lost from the plasma volume. In contrast to ripple losses or heating induced losses this
mechanism of particle losses is always presented in tokamaks. It is usually called as the direct or first-orbit losses
mechanism.

The separation between the trapped and passing particles in the velocity space occurs for some value of the pitch-
angle A°". In the limit of zero banana width it is given by the expression [7]

MO = 4+, /2¢/(1 +¢), 1)
where € = /Ry is the inverse aspect ratio of the magnetic surface considered. The result (21) stands for the case of
particle location at the equatorial plane (6 = 0). For finite particle energies the values of A" are slightly modified and
the separation cone in velocity space becomes asymmetric.

Z (cm) Z (cm)
a) Ao = 0.57 b) Ao = —0.61
ro/a=0.7 ro/a=0.7
0o =0 0o =0

Initial position

R (cm)

R (cm)

Fig. 3. The banana trajectories of the trapped particles of the hydrogen with the energy W = 30 keV:
a) Inward banana trajectory (Ag > 0) b) Outward banana trajectory (Ag < 0)

The loss cones for the hydrogen ions for two radial surfaces are shown in Fig. 4 and Fig. 5. The minimum energy

W, required for the trapped particle to escape from the plasma volume for different radial magnetic surfaces has been

calculated for three ion species: hydrogen, deuterium and fully ionized carbon ions. The results are presented in

Table 1. As expected, the critical energy strongly decreases with the approach of initial surface to the edge. This
happens due to the radical dependence of the banana width on the particle energy [8]

Ar=2vz,/TorL (22)

o
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where py, is the Larmor radius and 7 is the initial radial coordinate of the particle.
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Fig. 4. Loss cone for 79 /a = 0.7 for hydrogen ions Fig. 5. Loss cone for 79 /a = 0.8 for hydrogen ions

Among the considered species the deuterium has the lowest critical energy. It is twice smaller than the
corresponding energy for the hydrogen. It means that with the increase of atomic mass number the energy W,
decreases. The carbon ions have the same charge-to-mass ratio as deuterium ions. Their critical energy is three times
larger than deuterium ones. This results in the following scaling for the critical energy as a function of ion charge state
number (Z) and atomic mass (A) (Table 2):

Wepr o< Z2/A, (23)
which is in agreement with the results of formula (22).

Table 1. W, values for different radial locations and ion species

o NG, - Hydrogen, A/Z =1 | Deuterium, A/Z =2 | Carbon C*", A/Z =2
W,, (keV) W,, (keV) W,, (keV)

0.6 | -0.556 | -0.596 112 56 335

0.7 | -0.592 | -0.621 57 28.5 171

0.8 | -0.626 | -0.644 23 11.4 68.5

0.9 | -0.656 | -0.664 5.2 2.6 15.5

Table 2. The ratio of W, to W, i for different ion species
H | D T |3He | *He | CF | Aribt | Apl7+ | Aplst
Wer/Werm | 1 12 | 1/3 | 4/3 1 3 6.4 7.2 8.1

The obtained dependency implies that the tritium ions have the lowest critical energy and they will be lost stronger
than the rest of the ions. The impurity ions have much higher critical energy than the hydrogen isotopes. It means the
impurity should be heated selectively in order to extract them without the loss of plasma confinement.

CONCLUSIONS
The analytical model of 2D tokamak magnetic field has been developed which allows the simulations of particle
motion in plasma with the non-circular shape. The first orbit losses of particles have been simulated. The radial
dependence of the minimal energy required for the particle to be lost from the confinement volume has been calculated.
The obtained loss cones in the velocity phase space can be used to estimate the particle flux induced by the external
heating.
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