YK 513.88

r. s. JIOSAHOBCKHFII, KQHO. pus.-mam. Hayx

0 CONMPSHKEHHOM INMPOCTPAHCTBE
K BAHAXOBOH PELWIETKE

IMycrs (R, X, W) — OpPOCTPAHCTBO C BIIOJNHE O-KOHEY-
HOH Mepoi; S — NMpPOCTPAHCTBO BCeX KOHEYHBIX BEIIECTBEHHBLIX H3Me-
puUMBbIX (YHKUMH Ha HeM (W — SKBHUBAJIEHTHBIE (DYHKIHMH, KaK OOBIYHO,
oroxaectssorest). ITycth X ecTb 6aHaxoBO HA€aNbHOE IPOCTPAHCTBO
Ha (2, X, p), T. e. X ecTb 0aHaXOBO NPOCTPAHCTBO, sBJsIOLIEECA
BEKTOPHBIM IIOAIPOCTPAHCTBOM B S H YIOBJETBOPSIOLIEE YCJIOBHIO:
e x€X, yeS, |y[<|x o ygeXu |yl <|x]

Bygmem cuurath, uTo HOcuTeab X ecThb Bce Q. JlyanbHoe mpocT-
panctBo X' K X cocrour H3 BceX y€S TaKuX, 4TO ||y|x =
= sup{S]xyIdu:xeX, [|%]lx < 1}< . W3 Teopembr 6 [l] Kak

]
YACTHBIH CJIy4yall BBITEKAaeT CJeyIollee YTBEPXKIEHHE.

Teopema A. Kasicoui z € L* (R, £, w) npedcmasum 6 eude z = xy, -
ede xe€ X,ye X' Hpu smom || 2|, =1inf{||x|x]|yllx:x€X, ye X',
xy =7z}

OcHOBHasi IeJdb HACTOsIEH 3aMeTKH — 0000IIeHHe TeopeMbl 6 H3
[1]. Ona feX* wueX uepe3 fu) o603Haunm ¢(yHKUHOHAN Ha Jeii-
creyiomeli no dopmyne fuy(x) = f(ux), x¢€L=. Tlomoxum K =
={f(u)2f€X*1 uEX}.

Cre nyromas Teopema, obobiaromasi reopeMy A, sBJISETCS YacTHBIM
cJlyuaeM OCHOBHOT'O pe3yJ/bTaTa HAacTOsIIeH 3aMeTKH.

Teopema B. K ecmo xomnonenma (m. e. noaoca no mepmurosocun
Byp6aku) e npocmparcmee (L*)*, conpsasennom K L=, npuiem 0is
arobozo "geK  cnpasedauso  pasercmso || g |l pewy = ME{|[Flxs X

X uilg:feX* ueX, fw =g}
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Ham kaxercsi, 4TO pe3yJbTaThl TAaKOTO THIA MOTYT HaHTH mpy
JIOXKEHHSI ¥ BHE DaMOK TEODHH BEKTODHBIX PElIeTOK (CM., HallpHMe
pa6ory [2], B KOTOpPOH HCHO/Nb3yeTCS OMH YACTHBIH CJIydaH Teq
pembl A, mony4eHHBIH B [3]).

§ 1. TepmuHosOorussi ¥ 0603HAYECHUS

ComnpsikeHHOE K HOPMHPOBaHHOMY IPOCTPaHCTBY X
o6osHauaercss X*. B TepMuHO/IOrHH M 0003HAYEHHSAX M3 TEODHH IOJy.
yOPSIOYEHHEIX TIPOCTPAHCTB MBI cjaeayeM .MmoHorpadpuu [4]. g
npou3BosibHOro K-mpocrpanctBa X uepes W (X) obGosHauaeM erg
MaKcHMaJ/ibHOe paciiupende, X H X CyTb IPOCTPAaHCTBAa BCEX pery.
JIIPHBIX M BIIOJIHE JIMHEHHBIX (YHKIMOHAJNOB Ha X. DjeMeHT x K.
JquHeana X HasbIBAaeTCs OCKOAKOM 3JeMeHTa y € X, ecau (y — x)dx,
Onement 1 K-muueana X HaswiBaerTcsl eduHuyeil (Wnu caaboH enuHu-
nei), ecr x A 1 >0 Vx > 0. HakoHeu, BMECTO TEPMHHOB «HOPMAJIb-
HBI TOJJIMHEa », «HOPMaJbHOE IOANPOCTPAHCTBO», NPHHATHIX B [4],
MBI HCIIOJb3yeM 0oJsiee KOPOTKHE TEPMHH «HIEal».

§ 2. dopmyaupoBka OCHOBHO! TeopeMbl

Hamr ocnoBHo#t pesysbrar 6yaer chopMyaHpoBaH AJis
CJIeYIOUHUX ABYX CHTYAIlHH.

Curyanusa 1. X —06auaxoso KN-npocrpanctso, W = W (X) —
€ro maxkcumajbHoe pacumpenve. B W ¢ukcupyem emununy 1. Uepes
M ofo3nayaeM HJeas OrpaHHYEHHBIX 3JeMeHTOB B W, cocTosuuuil u3
Bcex x ¢ W rtakux, uro ||x|[,,=inf{A>0:|x|<Al} < oo. Hanowm-
HuM, uyto W ¢ equHuueill 1 sBJAfETCS MOJMYYIOPSIOYEHHBIM KOJBIIOM
(cm. [4, r1. 'V, § 8]).

Curyanusa 2. X—KB-minean c exunuueii 1, mpuueMm 1 ectb
KBa3MBHYTPEHHSsI TOYKA KOHYCa ITOJIOKHUTENbHEIX 3jemeHToB X . ITo-
cJeJlHee O3HAYaeT, YTO HJAea] OrpPAaHMYEHHBIX 3/JEMEHTOB IJIOTEH MO
Hopme B X. 31ecb M coctour u3 Bcex x € X TaKux, uTo ||x||y =
=inf(AZ=0:|x| <M} < oo,

3ameruM, uro KB-nuHeanbl TAaKOTO THNA KaK B CHTyaluu 2
H HecKoJbKo Oosee obwmue wuayyanuch B [5] u [6]. B atux paborax
OblIM ITOCTPOEHBI peai3alid yKasaHHBIX IIPOCTPAHCTB B BHIE IIPO-
CTPAHCTB pPAaCIIMPEHHBIX HENpPephIBHBIX (QYHKLUMHA Ha MOAXOIALIMX
TOIIOJIOTHYECKHX TIIpocTpaHcTBaX, HyXKHO, OJHAKO, OTMETHUTh, YTO
K KB-nuneanam, usyuasmmMmcst B [5] u [6], oueBHAHEIM oGpa3om mpH-
menuMa Teopema bB. 3. Bynmxa o0 yc/JIOBHSIX BHYTpPeHHEH HOpMaJib-
HocTH (cM. [7, c¢. 13]), mosToMy OCHOBHBIE pe3yabTathl [5] M [6] mo
CyLIECTBY CYTb Be€CbMa 4YaCcTHbIEe CJy4YaH PE3YJabTaTOB, ITOJYYEHHBIX
B [7—9]. HanomuuM Taks:ke, uro B cHryauun 2 X c exununei 1
ABJsAETCS 0006LIEHHBIM [OJYYIOPSA0YEHHBIM KOIbLOM (cM. [4, ra. V,

§ 8] u [7]).

‘
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Takum o0pa3oM, B 00eHX paccMaTpuBaeMblX CHTYaUHAX JJIs
yu¢X Vx €M onHO3HAUHO ompeneseHO IpousBefeHne ux € X. Jto
jaeT BO3MOXKHOCTb 110 VfeX* VueX mnocTpouth (yHKIHOHAJ
fun: € M*, neiictBytomui mno dopmyae fuy = f(ux), x € M. Ilonaraem
K=1{fw:feX* uecX}. B obeux paccMaTpPUBAEMBIX CHTYyaLHS5X
cnpaBelyiuBa CcJelyiomas Teopema.

Teopema 1. K ecms xomnoumenma 6 npocmpancmee M*, npuuem
oaa Vg € K cnpasedauso pasercmso || g ||y, = inf{]| Fllxe a5 : [ € X%
u€Xs fuy=g}

OcraBiasicss yacTb 3aMETKH IIOCBAIIEHA JOKa3aTe/JIbCTBY TEOPEMbl
1 msast o6enx yKasaHHBIX CHUTYyalui.

§ 3. Hekoropbie JeMMbI

1°. B aroM nyHKre paccMaTpuBaeTcs CHTyauus 1.
3amernMm, uto M* ectb KB-npocTpaHCTBO C aJAMTHUBHOH HEPMOI,
1. e. (L)-mpocrpanctBo B cmbicie Kakyrauu. Ilias g € M* moaaraem
J(@ =g(l). B mpocrpancree W (M*) ¢ukcupyeM Kakyio-HHOYIb
epuHuIly 1,, Mocsie Yero MOXKHO TOBOPHTb 00 YMHOXKEHHHU 3JIEMEHTOB
B W (M¥*). Eciu H — npousBosibHEIH nzuean B B W (M¥), To nyanbHoe
npoctpancteo H' = {h' ¢ H¥:hh' ¢ M* pns VheH. Ecam || - || —

MOHOTOHHasi GaHaxoBa HopMma Ha H, To AayanbHast HopMa | - [|" Ha H'
onpenensiercs  dopmynoin |[h' || =sup{J(|hh'|):he H, |[h] <1},
heH'

QukcupyeM Kakylo-HuOynp enununy 1; B W (X*) u nycts
R: W (X*) > W (M*) ectb COOTBETCTBYIOLIAA KAHOHUHECKAS PEAAUL3AYUA
(cm. [10, Teopema 3.1]). MiubiMu cioBamu, R ecTb usomoppusm W (X*)
Ha HEKOTOPYIO KOMIOHEHTY mpoctpancTBa W (M*), yroBaeTBopsiouHit
caeAyIONMM JIBYM YcaoBusim: a) i Ve X*Vg e M* cnpasennuBo
(fydgVu € X) = (Rf & dg); 6) R(1,) ecTb OCKOJOK 3JemeHTa 1,
PaccmorpuM Tenepb mpoctpaHcTBo (R (X*))', nyanbHoe K R (X¥).
Kaxapiit « € X ecrecTBeHHBIM 00pasoM MOPOKJAeT BIIOJHE JHHEHHDIH
¢yukuuonan Ha X* mnostomy ana Vu € X OJZHO3HAYHO ONpENesieH .
sanemedt S (u) € (R(X¥)), ynoBierBopsiomuil  ycJaoBHIO [ (u) =
=J(R(f)S(w) mna VfeX* 3necp R(f)S(u) ectb npoussereHHe
B cMmbicie yMHOXKeHus B W (M¥),

AnaJjoruuHo, 175 Kaxaoro x € M onHO3HAUHO OMpPECTEH 3JIEMEHT
P(x) € (M*', ynoBnerBopstoumuii ycsaosuio g(x)=J (gP(x)) aasa
Vg e M*,

Jdemma 2. (ue X, xcM, udx)=(S(u)dP(x)).

JoxasarteabcTBo. Pukcupyem e, e; ¢ W Ttakue, 4to €,x = x,
e dey, eq+ e =1, e = u. Jlns i = 01 nonoxumX” = {f € X*: f (v) =
= f(ve) Ve X}; Mi={geM*:g(y) =g(ye) Vy c M}.

Slcno, uro X§, X —CyTb JU3BIOHKTHBIE KOMIIOHEHTEI, 00pasyo-
e passioxeHue npocrpaHcTBa X*, a M, Mi—cyTb AH3BIOHKTHBIE

KOMIIOHEHTBI, o0pasyioliie pa3/oXeHue npocrpaHcTBa M*,
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3amerum, uro f(u) =0 Vfe X}, g(x) =0 Vge M5, nosTomy
S(u) € (R(X}Y)'s P(x)eM3). Tenepb OCTaloCh TOJBKO JOKasary,
yro R (X§)dMi. Bospmem mnpousBosbubie f€ X3, g€ My, vex_
Tax KaKk [ (y) =f(@©y) =F(ewy), yeM, g(y)=g(ey), yeM, g
u3 e,de, clenyer f,ydg. Urak, R (f)dg. Jlemma nokasana.

Jdemma 3. [Ira awboix feX*, uecX cnpasedauso pasercmeg
fw) (@ R(f) S (w), 2de cnpasa cmoum npouseedenue R (f) na S ()
8 cmoicae ymroxcernus ¢ W (M¥).

JHokasareanbctBo. [lpexne Bcero samerum, 4to R (f) S (v) € M*
10 caMOMY ONpeJeNeHHI0 NyalbHOro npoctpaHcTBa. O003HAUHM Yepes
E MHOXeCTBO BCEeX OCKOJKOB eJHHHIBI 1. Hocrarouso y6enuThes,
4T0 fuy (€)= (R (f) S (u)) (¢) mnna Vec E, ubo auneiiHass oboJiouka E
njaotHa no Hopme B M. ®uxcupyem Ve, € E u monoxum e, = 1—e,,
Hna veX mnonoxum - fo(v) =f(ev), [f1(©)=Ff(e;0); f°(v) =

= (R () S @) (eq), fi,) = (R ('S () (ey). 3amernm, uto f° (v) + /* (0) =

=RAS@ M) =JRFES@)=F(), Tem cambm [+ =
I'onaX(eM, yto f°(w) =0 npu ve X, vde, IleficTBurenvHo, f° (v)

=(R()S©) () =J (R(})S©) @P (ey) = J (0) = 0, u6o S (v) dP (e,)
B cuay JemMmbl 2. AmnHajornuno y6expaemcs, uto f!(v) =0 npu
veX, vde,. Tenepp scHo, utro fodf, f.df*, f,df°. Kpome Toro,
for Gf1s fo+ F1=f"+ f* =f. CnenoBarensHo, f, = f°, f; = f', OTKyxa
Fur (eo) = [ (eg) =fo () =P (0) = R (DS (W) €,)y ~ Tem ~ cambim
T (e9) = (R ()'S (&) (e). Jlewwa noxasara.

. B srom nyHKTe paccmarpuBaercs cutyanus 2. Ilycers R : X* —
—>-M* €CTb omepaTop cyxeHus, T. e. R(f)=fl, mna feX* Tak
Kak M nnotHo B X mo Hopme, To R uHbekTuBeH. B W (M*) ¢uxcu-
pyeM exuHMLY, BBoAMM ¢yukuuoHan J(g) =g(1), ge M*, mnocne
3TOTO MOXKHO TOBOPHTb O JAYaJbHBIX IIPOCTPAHCTBAX /ISl HA€aJOB
us W (M*). Has xaxjaoro u¢X OJIHO3HAYHO ONPENEJICH 3JIEMEHT
S (u) € (R(X*)', ynosnerBopsiomuii  ycaoBuio [ (u) =J (R (f) S (v))
s VieX*.

Tenepp MOXHO yOemHTBCH, 4YTO JemMMa 3 CHOpaBeJJIHBa U Jsi
cutyauuu 2. JloKasaTeJbCTBO 3TOro, KOTOPOE CXOJHO C paccyKie-
HUsAMH 1. 1°, MBI OomyckKaeM.

3°. Jemma 4. Hycmb V — K-npocmparcmeo, H — KB-aunean,
Agasuougutica  auretinot noocmpykmypoid 6 V. O6oswnawum uepes ¢
Haumenowutl udear 6 V, codepacawjut H, u dars ¢ €y noroscum
lo]l, =ini{||Ally:heH, |$|<h}. Tozda (b, |[-I|,) ecmo Ganaxoso
KN-npocmparcmeo,

Hec/i0)kHOE JI0Ka3aTeNbCTBO 3TOH  JIEMMBI, OCHOBAaHHOE Ha pe-
3yabtare paborhl [1], MBI omyckaem.

§ 4. JlokasareancTBO Teopembl 1

JlokasarenbCTBO TiPOBOAUTCA ~ OJHOBPEMEHHO 15t
JIJIH oﬁeux paccmarpuBaembix cutyauud. Ilosoxum masi kpatrkoctu
RX*, llolly =R (@) llx. 212 @@ H=S8(X), [h]|,=

88



~ ]St (W) ||y m1m hecH. Yepes M*(®) o603HaUHM NPOEKUMIO Ha
KOMIIOHEHTY npoctpakcTBa W (M*), mopoxaennyio @. B cuiy Jjemmbl
3 JJs1 JOKasaTeNbCTBa TeopeMbl | JOCTaTOYHO JIHIIL YCTAHOBUTH
cTIpaBeJINBOCTb CJEAYIOUIMX YTBEpIKAEHHH:

a) chpaBeIyiMBO paBeHCTBO K = M* (D);

6) nisi Vge M*(®) cnpasenanBo paBeHCTBO || g ||, = inf X
x{lell-ally:0e®@, heH, g=ogh}.

OGo3Hauum uepe3 ¢ wuzmean B W (M*), nopoxjaeHuvi H, u Iis
g€ nonoxum || ¢, =inf{||A|l,:heH, [¢|<h}. B cuny nemmb 4
(¥, |+ ll, ects GanaxoBo KN-mpocTpaHCTBO.

ITokaxem, 4yTO

B) ¢ =@, ||~ llo=1|- Il

JlelicTBHTeNbHO, Kaxkaoe u3 Tpex MuoxectB @, ¢, M*(D) mo-
poxkpaer B W (M*) oamny u Ty xe KommnoneHTy. [lajee, sicHO, 4YTO
@ smasercss ¢pynnamentoM B ¢’ u g Vo € @ umeem [[@ || = sup X
x sup{J/ (Ighl):heH, |[h],<1}=sup{JQUey]):9ed, [[9[,<
< 1} =|l@|l, Tenepp, Tak kak @ ecTb ¢yHIaMeHT B s | e
coBrmajgaer C CYKEHHeM HOpPMBI || - Hq; Ha @ u obe HOpMBI ||« [[4»
[l -]l ; YHHBEpPCAJbHO IMOJNYHENPEPHIBHEI® W YHHBEPCAJbHO MOHOTOHHO
OJIHbI, 3aKJl04aeM, YTO B) CIIPaBeJJIHBO.

[Mpumenum Temepb TeopeMy 6 w3 [1l. B cuay 3TOH Teopembl
HMeeM: '

r) M* (@) = {op: @ e @, €}

1) wis Vge M*(®) cnpaBexiuBo  paBeHCTBO || g [, = inf X
X{lollpll¢ll,:0e®@, b€, g=qd}.

Ocraercs 3aMeTHTb, YTO M3 T) H J) OUYEBHIHBIM 06pa3oM CJEAYIOT
a) u 6). Teopema 1 nokasana.

B 3aksiouenue aBTOp BhIpaxkaer GaarogapHocTs mnpodeccopy bB. 3. Bysuxy 3a
BHIMaHHe K Hacrosimleil pa6ore u A. M. DByxBasoBy 3a mNpoBepKy J0Ka3aTesbCTB.
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