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We study the spectrum of electromagnetic waves emitted by oscillator, trapped in an external potential well. It is 
assumed that the natural frequency of the oscillator is much greater than the frequency of oscillations in the potential 
well. We consider the quantum model of emission with taking into account the recoil effect. The highest intensity of 
the absorption and emission lines is observed on the eigenfrequency of the oscillator when the recoil energy is equal 
to energy of the quantum of low-frequency oscillations in the potential well. 
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INTRODUCTION 
The scattering of high-energy photons by free elec-

trons results in a decrease in energy of photons due to 
the recoil effect (the Compton effect). This fact together 
with the phenomenon of the photoelectric ef-
fect confirmed the basic principles of quantum theory of 
radiation [1 - 3]. The processes underlying the interac-
tion of radiation and matter are characterized by an im-
pressive variety and form the basis for many physi-
cal research directions [4 - 6]. One of the problems that 
appears when considering the processes of absorption 
and emission by a matter is the problem of interac-
tion with the external radiation field of the oscillating 
particle trapped in the potential well formed by the spa-
tial structure of the medium. This problem requires the 
use of methods of quantum electrodynamics for describ-
ing the behavior of an excited oscillator in a potential 
well. 

The purpose of this work is to analyze the interac-
tion between a charged particle-oscillator trapped in a 
potential well and external electromagnetic field. We 
found that the highest intensity of the absorption and 
emission lines is observed on the natural frequency of 
the oscillator 0ω  when the recoil energy Er is equal to 
the energy of low-frequency quantum Ωh  (Ωis the fre-
quency of oscillations in the potential well). We also 
discuss the role of relaxation of low-frequency motion 
in the potential well due to emission of sound waves and 
conditions under which the relaxation does not affect 
the considered emission and absorption of high-
frequency quanta. 

1. THE EMISSION OF VIBRATING 
OSCILLATOR 

Following the method described in [1], we consider 
the quantum model of the oscillator with a charge e, 
mass m  and natural frequency 0ω , which oscillates as a 
whole in the potential well aligned along axis OZ. Let 
the oscillator emits the electromagnetic wave in the 

same direction (0; 0; )zk k=
r

. The components of the 
oscillator’s velocity vector are: 

0 0 0 0cos cosx xv v t a tω ω ω= = ,  
cos( )zv b t= Ω Ω .    

(1) 

The electromagnetic field can be found from 

1E A
c

= −
rr & , rotH A=

rr
.                               (2) 

The vector potential has the components 
( ) 2 cos( )xA q t kz δ= + , 0yA = , 0zA = . (3) 

Phase δ  depends on the oscillator orientation. The 
form (3) choice is determined by normalizing condition, 
so that the integral of the vector potential squared in the 
unit volume equals to unity and ( )q t  satisfies the equa-
tion 

2 0q qω+ =&& . (4) 
The total field energy inside V-volume is equal to 

2 2 2
2

1 ( )
24

VU q q
c

ω
π

= +& . (5) 

Let define the effective mass of the oscillator as 
2/ 4effm V cπ= . (6) 

As follows from Eqs. (1) and (3), the x-component 
of vector potential xA  in the location point of the oscil-
lator is equal 

( )02 cos cos sinx q t kb tA ω δ= ⋅ Ω + . (7) 
Suppose the particle occupies the lowest energy lev-

el in an external potential well and consider the case, 
when it remains inside the well after the emission or 
absorption of a quantum. That means the recoil energy 
to be insufficient for the particle to leave the potential 
well it stays in. After absorbing a high-frequency quan-
tum 0( )Eν ω= +Ωh , the particle gets the recoil momen-
tum mV and begins to perform slow oscillations inside 
the potential well. 

At that the conservation laws are kept: 
0( ) / sv mVω +Ω =h , (8) 

2 2mVΩ =h . (9) 
It is noticeable that the oscillation energy of the par-

ticle in the potential well equals to Ωh . That is why the 
exciting quantum energy has to exceed the oscillator`s 
energy 0ωh by this value. Assuming the condition  

2
0 2Mcω <<h , (10) 

is fulfilled and using Eqs. (8) - (9), we find the oscilla-
tion frequency inside the potential well 

2 2
0 / 2mcωΩ ≈ h . (11) 

When the recoil effect is taken into account, the ab-
sorbed and emitted quantum frequencies are shifted on 
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±Ω  and the expression (7) should be modified as fol-
lows: 

02 cos(( )cos( si) n )x q tA kb tω δ± ΩΩ += . (12) 
The Hamiltonian of the system including the oscilla-

tor and the field can be represented as [1] 
1

2
e eH p A p A e

m c c
⎛ ⎞⎛ ⎞= − − + Φ⎜ ⎟⎜ ⎟
⎝ ⎠⎝ ⎠

r rr r . (13) 

Thus, the interaction part can be determined as  
' x xevH A c−= . (14) 

Representing the system “oscillator in the potential 
well” as a set of oscillators with frequencies 

0m mω ω= + Ω  and imposing the condition of temporal 
synchronism one can find that for the frequency of the 
external field  

0( 1)mω ω= Ω+m , (15) 
the interaction Hamiltonian (14) takes the form  

0
0' 2 ( )cosx

m
m

ev
H q J kb

c
δ= − ∑ . (16) 

The upper sign in Eq. (15) corresponds to the emis-
sion of the quantum with taking into account the recoil 
effect (the frequency of the external field at this is 
greater than the proper frequency of the oscillator on the 
value of 2πΩ ). The lower sign corresponds to the ab-
sorption (the frequency of the external field at this is 
less than the proper frequency of the oscillator on the 
value 2πΩ ). Note that the correction to the matrix 
element due to the recoil effect is proportional to the 
small parameter 2

0 / mcωh  [8] both for the individual 
processes of absorption and emission, as well as for the 
Compton scattering, which combines these two proc-
esses. 

When the oscillator in rest, 0b = , the only term in 
the sum (16) is different from zero ( 0m = ): 

0
0' 2 cos .xev

H q
c

δ= −  (17) 

Thus, the frequency of the absorbed radiation 
0ω ω= +Ω  differs from the frequency of the emitted 

radiation 0ω ω= −Ω  on the value of 2Ω  that corre-
sponds to the value of the double recoil energy.  

For 0b ≠ , the interaction Hamiltonian for the most 
interesting case of the absorption and emission on the 
proper frequency of the oscillator 0ω  becomes:  

1' 2 ( ) cos .xe v
H q J kb

c
δ±

⋅
= −  (18) 

The interaction Hamiltonian for emission on the fre-
quency 0ω ω= −Ω and absorption on the frequency 

0ω ω= +Ω  is similar to Eq. (18), where 1( )J kb±  
should be replaced by 0 ( )J kb .  

Let estimate the value of the argument of Bessel’s 
functions. Since the frequency of low-frequency oscilla-
tions in the potential well is /QV bΩ =  and the energy 
of quantum Ωh  is equal to the recoil energy then [7] 

0 2.
b

kb
c

ω
≈ ≈  (19) 

The matrix element corresponding to Eq. (18) can be 
written as  

0 ' 12 ( ) cos .if ab nn
eH x q J kb
c

ω δ±= −  (20) 

The subscripts a  and b  indicate two states of the 
emitted ( , 1n n+ ) or absorbed ( , 1n n− ) field. For the 
absorption case 2 2 2

' , 1 01| | | | | |nn n nq q n q−= =  and for the 

emission case 2 2 2
' 1, 01| | | | ( 1) | |nn n nq q n q+= = + . 

Taking into account the expression for effective 
mass (6), we can write the matrix element for the spon-
taneous emission [1] 

2
2

01
0

| | hcq
Vω

= , (21) 

and 

( )
2 2

2 2 2
02

2 2
1

2| |

1
( ) cos ,

if ab ab
e hcH x y

Vc
n

J kb
n

ω

δ

= − + ⋅

+⎧ ⎫
⋅ ⎨ ⎬

⎩ ⎭

  (22) 

where the upper value corresponds to emission and the 
lower value to absorption. The transition probability can 
be found by taking the product of Eq. (22) and 

2 24 ( ) /ab hπ ρ ν , where ( )abρ ν  is the oscillation density, 
with taking into account the averaging over initial phas-
es 2cos 1 2δ〈 〉 =  

( )

2
2

2

2
2 2 2
03

2 2
1

4 | |

8 | | | |

1
( ) cos .

if if

ab ab

P
h

e x y
hc

n
J kb

n

π ρ

π ω

δ

= Η =

= +

+⎧ ⎫
⋅ ⎨ ⎬

⎩ ⎭

 (23) 

Note that the probability of absorption on the fre-
quency 0ω +Ω  and the probability of emission on the 
frequency 0ω −Ω  can be obtained by replacing 2

1 ( )J kb  
by 2

0 ( )J kb in Eq.(23). Multiplying Eq.(23) by 0ωh one 
can obtain the intensity of radiation along axis OZ and 
integrating over the angle ^k OZθ =

r r
 – the total inten-

sity over all directions.  
It is easy to verify that since 2 2

1 0( ) ( )J kb J kb>>  the 
intensity of absorption and emission spectral lines on 
the proper frequency of the oscillator 0ω  exceeds the 
intensity on the frequency 0ω ±Ω by an order. In the 
case of captured oscillator emission, the possibility of 
such phenomena was discussed in [7]. 

Note that the width of the potential well should be 
greater than b  and its depth should exceed the recoil 
energy. The proposed quantum-mechanical description 
may be more correctly clarify the mechanism of emis-
sion and absorption of γ -quanta without recoil [6]. 

2. ON RELACXATION OF LOW-
FREQUENCY OSCILLATIONS 

When the above-discussed system is placed in solid 
medium, it is necessary to consider a possibility of 
emission of a low-frequency phonon 

2
0 0( / 2 )QM cω ωΩ = h . The relatively low velocity ac-

quired by an oscillator due to recoil is often signifi-
cantly less than the phase velocity of phonons 
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2
0( / 2 )s Qv c M cω>> h . (24) 

This makes impossible the direct transfer of kinetic 
energy to phonon. This is evidenced by the inability to 
fulfill the requirements of conservation of energy and 
momentum. For example, it can be shown for the mo-
mentum that 

0

0 00
0 2 2

/ /

.
2 2

s

s
s

c v
cv

mc c vmc

ω
ω ωω

ω

>> Ω =

⎛ ⎞= =⎜ ⎟
⎝ ⎠

h h

h hh
h

 (25) 

However, if the oscillator is trapped to the potential 
well, its movement becomes irregular and it becomes 
capable to emit phonons. At this, the spatial period of 
low-frequency oscillations in the potential well 

2
0

2
00

2Q Q

Q

V M c cb
M c
ω

ωω
= = =
Ω

h

h
, 

 
(26) 

is much less than the wavelength of phonon oscillations, 
which frequency is equal to the frequency of oscillations 
in the potential well 

0
2

0

1
2s

s s

c ck b
v vmc

ω
ω

Ω
= = <<

h
. 

 
(27) 

Let estimate the lifetime of the low-frequency oscil-
lator. If the lifetime occurs much greater than the period 
of oscillations, the above consideration of the isolated 
system “oscillator in potential well” remain applicable 
for the case when this system is placed in medium. In 
other words, the relaxation processes caused by account 
of phonon spectrum can be neglected.  

In one-dimensional case the perturbation of the me-
dium density generated by low-frequency motion of the 
oscillator can be written as  

( , ) [ cos( )]внешн Q Qt x M x V tρ δ= ⋅ − Ω . (28) 
Its Fourier image is equal 

2

2 2 2( , )
4 2

[ ( ) ( )].
s

m kbk
v k

ωρ ω
πω

δ ω δ ω

= ⋅
−

⋅ −Ω − +Ω

 
 
(29) 

The inverse transform gives 
2

0 02 sin( , ) { ( sin(
8

) )}.
s

t k z t k zmbx t
v

ρ Ω
= Ω −Ω− + +  (30) 

Since the perturbation of the medium 
speed 0/su v ρ ρ= , the ratio of emission intensity to the 
energy of the quantum is equal  

0

1/
16 s

mI
ρ λ

Ω = Ωh . (31) 

The small parameter 0 sm ρ λ  here is equal to the ra-
tio of oscillator’s mass to the total mass of similar parti-
cles located on the wavelength of sound wave. The re-
laxation time of low-frequency oscillations 

08 /LF s mτ ρ λ π≈ Ω , (32) 
occurs, as was supposed earlier, much greater than the 
period of low-frequency oscillations in the potential 
well. Moreover, if LFτ  far exceeds the lifetime of high-
frequency quantum, the relaxation process does not af-
fect the character of emission and absorption of photons 
considered above. Note, that in the three-dimensional 
case the characteristic relaxation time of low-frequency 
motion 

3 2 2
0 0 03( / )( / )LF s mτ ρ λ ω π≈ Ω , (33) 

is proportional to a large parameter 3
0 /s mρ λ . This pa-

rameter is equal to the ratio of total mass of atoms with-
in a cube with edge λ  to the mass of single atom. The 
factor 0( / )ω Ω  is large too. In this case the lifetime of 
high-frequency oscillator may occur less than the re-
laxation time of low-frequency motion caused by emis-
sion of sound.  

CONCLUSIONS 
We considered the quantum-mechanical model of 

electromagnetic emission by one-dimensional oscillator, 
trapped in the external potential well. On the assump-
tion of the energy of the emitted quantum is much less 
that the rest energy of the oscillator ( 2

0 1mcω <<h ), 
the perturbation of the Hamiltonian matrix elements 
caused by the recoil effect can be neglected, that simpli-
fies their calculation.  

It is shown that the intensity of the absorption and 
emission lines at the natural frequency ω0 of the oscilla-
tor significantly exceeds the intensity of other spectral 
lines, particularly at frequencies ω0 ±Ω. This is caused 
by the equality of the oscillation energy in the potential 
well to the recoil energy, and the fact that the amplitude 
of the oscillation in the potential well in this case is 
comparable to the wavelength of the radiation. 

Such a quantum-mechanical description may be 
more correctly explains the phenomenon of emission 
and absorption of electromagnetic field quanta without 
recoil by the matter [6]. Really, the emission of the os-
cillator with Eigen frequency (natural frequency) 0ω  
produces the equidistant spectrum 0 nω + Ω  that can be 
considered as result of emission of a set of oscillators 
with oscillation amplitude proportional to 2 ( )nJ kb . 
Moreover, since the amplitude of low-frequency oscilla-
tions in the potential well b  is comparable with the 
emission wavelength 2 kλ π= , the emission and ab-
sorption on the proper frequency 0ω  dominates in this 
case. The nature of the high-frequency oscillator is not 
critical for the manifestation of the above-described 
properties of the system. 

Note, that the application of this model to descrip-
tion of emission and absorption of γ-quanta in crystal 
structures is possible when the relaxation time of low-
frequency perturbations exceeds the period of oscilla-
tions in the potential well and the lifetime of high-
frequency oscillator. 
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ИЗЛУЧЕНИЕ ЗАХВАЧЕННОГО В ПОТЕНЦИАЛЬНУЮ ЯМУ ОСЦИЛЛЯТОРА 
А.В. Киричок, В.М. Куклин, А.Г. Загородний  

Обсуждается характер излучения осциллятора, захваченного во внешнюю потенциальную яму осцилля-
тора. Собственная частота осциллятора значительно превосходит частоту его колебаний в потенциальной 
яме. Рассмотрена квантово-механическая модель излучения такого осциллятора в случае отличной от нуля 
энергии отдачи. В том случае, если энергия отдачи равна энергии кванта низкочастотных колебаний в по-
тенциальной яме, наблюдается наибольшая интенсивность линий поглощения и излучения на собственной 
частоте покоящегося осциллятора. 

 

ВИПРОМІНЮВАННЯ ОСЦИЛЯТОРА, ЗАХОПЛЕНОГО В ПОТЕНЦІЙНУ ЯМУ  
О.В. Киричок, В.М. Куклін, О.Г. Загородній 

Обговорюється характер випромінювання осцилятора, який захоплений в зовнішню потенційну яму. 
Власна частота осцилятора значно перевершує частоту його коливань у потенційній ямі. Розглянуто кванто-
во-механічну модель випромінювання такого осцилятора у випадку відмінної від нуля енергії віддачі. У то-
му випадку, якщо енергія віддачі дорівнює енергії кванта низькочастотних коливань у потенційній ямі, спо-
стерігається найбільша інтенсивність ліній поглинання і випромінювання на власній частоті осцилятора, що 
знаходиться у стані спокою. 


